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Preface

In recent years, the use of specialized statistical methods for categorical data has
increased dramatically, particularly for applications in the biomedical and social sci-
ences. Partly this reflects the development during the past few decades of sophisticated
methods for analyzing categorical data. It also refiects the increasing methodological
sophistication of scientists and applied statisticians, most of whom now realize that
it is unnecessary and often inappropriate to use methods for continuous data with
categorical responses.

This book presents the most important methods for analyzing categorical data. It
summarizes methods that have long played a prominent role, such as chi-squared tests
and measures of association. It gives special emphasis, however, 1o logistic regression
and loglinear modeling techniques. These methods share many features with linear
model methods for continuous variables.

The presentation in this book has a low technical level and does not require famil-
iarity with advanced mathematics such as calculus or matrix algebra. Readers should
possess a background that includes material from a two-semester statistical methods
sequence for undergraduate or graduate nonstatistics majors. This background should
include estimation and hypothesis testing and exposure to regression modeling and
the analysis of variance. '

This book is designed for students taking an introductory course in categorical data
analysis. But I also have written it for applied statisticians and practicing scientists
involved in data analyses. I hope that the book will be helpful to analysts dealing
with categorical response data in the social, behavioral, and biomedical sciences, as
well as in public health, marketing, education, biological and agricultural sciences.
and industrial quality control.

The material in Chapters 1-6 forms the heart of an introductory course in cate-
gorical data analysis. Chapters 2 and 3 survey standard descriptive and inferential
methods for contingency tables, such as odds ratios, tests of independence, and
Cochran-Mantel-Haenszel procedures. I feel that an understanding of methods is
enhanced, however, by viewing them in the context of statistical models. Thus, the
major focus of the text is the modeling of categorical responses. Chapter 4 introduces
generalized linear models for binary data and count data. Chapter S discusses logistic
regression for binomial (binary) data, and Chapter 6 discusses logiinear models for
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X PREFACE

Poisson (count) data. Later chapters connect these model types and show extensions
for a variety of problems. I believe that logistic regression is smore important than
loglinear models. since most applications with categorical responses have a single
binomial or multinomial response variable. Thus. [ have given more attention to this
topic than most introductory books do

1 prefer 10 teach categorical data methods by unitying their logistic regression
and loglinear models with ordinary regression and ANOVA models. Chapter 4 does
this under the umbrella of generalized linear models. Some instructors might prefer
to cover this chapter rather lightly. using it primarily to introduce logistic regres-
sion models for binomial data and loghnear models for Poisson data. Instructors
can choose sections from Chapters 7-9 to supplement the basic topics in Chapters
1-6. Chapter 7 covers topics bearing on the construction of both logit and loglinear
models, such as graphical representations, the use of ordinal information, and effects
of sparse data. Chapter 8 introduces logit models for multinomial responses, both
nominal and ordinal. Chapter 9 presents methods for matched-pairs data. Courses
having a biostatistical orientation might put more emphasis on Chapters 8 and 9 and
relatively less on Chapters 6 and 7. Courses having a social science orientation might
prefer the reverse. Throughout the text. asterisks appended to titles indicate sections
and subsections that are less important at first introduction.

This book is of a lower technical level than my book Categorical Data Analysis
(Wiley, 1990). I hope that it will appeal to readers who prefer a more applied intro-
duction than the earlier book provides. For instance, this book does not attempt to
derive likelihood equations, prove asymptotic distributions, discuss current research
work, or present a complete bibliography. Some features of this new book not con-
tained in the 1990 text include an appendix showing the use of a new SAS procedure
(GENMOD) for generalized linear modeling that can conduct nearly all methods
presented in this book, a section on association graphs (Section 7.1), and a chapter
providing a historical perspective of the development of the methods (Chapter 10).
In addition, this text maintains many features of the 1990 text, including

. aunified presentation based on generalized linear models,
. methods for ordinal data,

. exact, small-sample methods,

. models for multicategory responses.

. methods for matched pairs,

. more than 200 exercises, and

I N N N

. about 100 examples of real data sets.

Most methods presented in this text require extensive computations. For the most
part, I have avoided details about complex calculations, feeling that computing soft-
ware should relieve this drudgery. Software for categorical data analyses is widely
available in most large commercial packages. | recommend that readers of this text
use software wherever possible in answering homework problems and checking text
examples. The Appendix discusses SPSS for categorical data analyses and contains
examples of the use of SAS (particularly PROC GENMOD) for nearly atl methods
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discussed mthe text. For ease of reference, the methods are organized there according
to the text chapters in which they occur. The tables in the Appendix and many of the
data sets analyzed in the book are available from Statl.ib. This fie is available on the
World Wide Web at hup://lib.stat. cmu.edu/datasets/agresti.

I thank those individuals who commented on parts of the manuscript or who made
suggestions about examples or material to cover. These include Patricia Altham, Scott
Beck, James Booth, Jane Brockmann, Brent Coull, Al DeMaris, Harry Khamis, Svend
Kreiner, Stephen Stigler, Joffre Swait, Larry Winner, and an anonymous reviewer.
[ owe special thanks to Joan Hilton and Peter Imrey, who spent substantial time
reviewing the first draft and who provided numerous helpful comments. Atalanta
Ghosh helped to obtain some data sets and Brent Coull helped with graphical software.
Many thanks to Kate Roach at Wiley for her continuing interest and to the Witey
staff for their usual high-quality support. As always, special thanks to my wife, Jacki
Levine, for her advice and constant encouragement.

Finally, a truly nice by-product of this profession is the opportunity to meet people
around the world. Many of these professional colleagues have become valued friends
It is to them that | dedicate this book.

ALAN AGRESTI

London. England
October 1995



CHAPTER |

Introduction

From helping to assess the value of new medical treatments to evaluating the factors
that affect our opinions on various controversial issues, scientists today are find-
ing myriad uses for methods of analyzing categorical data. It’s primarily for these
scientists and their collaborating statisticians—as weli as those training to perform
these roles—that this book was written. The book provides an applied introduction
to methods for analyzing categorical data, emphasizing uses and interpretations of
the methods rather than the theory behind them.

This first chapter introduces fundamental statistical prerequisites. It reviews two
key probability distributions for categorical data, the binomial and the Poisson. It also
introduces maximum likelihood, the most popular method for estimating parameters
for categorical data, and illustrates its use for analyzing proportion data. We begin by
discussing the major types of categorical data and describing the book’s outline.

L1 CATEGORICAL RESPONSE DATA

Let’s first define categorical data, A categorical variable is one for which the mea-
surement scale consists of a set of categories. For instance, political philosophy may
be measured as “liberal,” “moderate,” or “conservative”; choice of breakfast cereal
might use categories “hot,” “cold,” “none™; a diagnostic test for Alzheimer's disease
might use categories “symptoms present,” “symptoms absent.” One and only one
category should apply to each subject, unlike the set of categories (liberal, Christian,
Republican).

Categorical scales are pervasive in the social sciences for measuring attitudes and
opinions on various issues. Categorical scales also occur frequently in the heaith
sciences, for measuring such responses as whether a patient survives an operation
(yes, no), severity of an injury (none, mild, moderate, severe), and stage of a disease
(initial, advanced).

Though categorical variables are common in the social and health sciences, they
are by no means restricted to those areas. They frequently occur in the behavioral
sciences (e.g., categories “schizophrenia,” “depression,” “neurosis” for diagnosis of
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2 INTRODUCTION

type of mental tliness). public health (e.g., categories “yes™ and “no™ for whether
awareness of AIDS has led to increased use of condoms), zoology (e.g., categories
“fish.” “invertebrate.” “reptile” for alligators’ primary food preference), education
(e.g.. categories “correct” and “incorrect” for students’ responses 10 an exam ques-
tion), and marketing (for example, categories “Brand A" "Brand B." and “Brand
C” for consumers’ preference among three leading brands of a product). They even
occur in highly quantitative fields such as engineering sciences and industrial quality
control, when items are classified according to whether or not they conform to certain
standards.

L1.1 Response/Explanatory Variable Distinction

Many statistical analyses distinguish between response variables and explanatory
variables. For instance, regression models describe how the distribution of a con-
tinuous response variable, such as annual income, changes according to levels of
explanatory variables, such as number of years of education and number of years of
job experience. The response variable is sometimes called the dependent variable or
Y variable, and the explanatory variable is sometimes called the independent variable
or X variable.

The subject of this text is the analysis of categorical response variables. The
categorical variables listed in the previous subsection, such as political philosophy,
are response variables; in some studies, they might also serve as explanatory variables.
Statistical models for categorical response variables analyze how such responses are
influenced by explanatory variables. For example, one might study how political
philosophy depends on factors such as annual income, attained education, religious
affiliation, age, gender, and race. The explanatory variables can be categorical or
continuous.

1.1.2 Nominal/Ordinal Scale Distinction

There are two primary types of measurement scales for categorical variables. Many
categorical scales have anatural ordering. Examples are attitude toward legalization of
abortion (disapprove in all cases, approve only in certain cases, approve in all cases),
appraisal of a company’s inventory level (too low, about right, too high), response to
amedical treatment (excellent, good, fair, poor), and diagnosis of whether a patient is
mentally ill (certain, probable, unlikely, definitely not). Categorical variables having
ordered scales are called ordinal variables.

Categorical variables having unordered scales are called rominal variables. Ex-
amples are religious affiliation (categories Catholic, Jewish, Protestant, other), mode
of transportation to work (automobile, bicycle, bus, subway, walk), favorite type
of music (classical, country, folk, jazz. rock), and choice of residence (apartment,
condominium, house, other).

For nominal variables, the order of listing the categories is irrelevant, and the
statistical analysis should not depend on that ordering. Methods designed for nominal
variables give the same results no matter in what order the categories are listed.
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Methods designed for ordinal variables utilize the category ordering. Whether we list
the categories from low 1o high or from high to low is usually irrelevant, but results
of ordinal analyses would change if the categories were reordered in any other way.

Methods designed for ordinal variables cannot be used with nominal variables.
since nominal variables do not have ordered categories. Methods designed for nominal
variables can be used with nominal or ordinal variables, since they only require a
categorical scale. When used with ordinal variables, however, they do not use the
information about that ordering. This can result in serious loss of power. It is usually
best to apply methods appropriate for the actual scale.

Categorical variables are often referred 1o as qualitative, to distinguish them
from numerical-valued or quantitative variables such as weight, age. income, and
number of times arrested. However, it is often advantageous (o treat ordinal data in a
quantitative manner, for instance, by assigning ordered scores to the categories.

1.1.3  Organization of This Book

The chapters of this book divide into three parts. The first part, consisting of Chapters
13, describes some standard methods of categorical data analysis developed prior to
about 1960. These include basic ways of assessing association between two categor-
ical variables and analyzing the effect on that association of controlling for another
variable.

The second part of the book, Chapters 4-7, introduces models for categorical
responses. These models resemble regression models for continuous response vari-
ables, but they assume binomial or Poisson, rather than normal, distributions. We
present two types of models in detail, logistic regression (also called logit) models
and loglinear models. Logit models apply to binomial responses, whereas loglinear
models apply to Poisson responses. Connections exist between them, and Chapter 4
shows they are special cases of a generalized class of models that also contains the
usual normal-distribution-based regression models for continuous responses.

The third part of the book, Chapters 8 and 9, discusses logit and loglinear models
for two specialized situations. Chapter § presents extensions of binomial-response
models to multinomial responses. which have several outcome categories, rather than
two; included there are special models for ordinal responses. Chapter 9 presents
models for matched pairs; these apply, for instance, when we observe a categorical
response for the same subjects at two separate times. The book concludes (Chapter
10) with a historical overview of the development of categorical data methods.

Many methods for analyzing categorical data require extensive computations. The
Appendix discusses the use of SAS and SPSS statistical software and provides SAS
code for performing nearly all the analyses presented in this book

1.2 SAMPLING MODELS

The analysis of categorical data. or of any type of data for that matter, requires
assumptions about the random mechanism that generated the data. For regression and
analysis of variance (ANOVA ) models for continuous data, the normal distribution
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plays a central role. This section discusses two key distributions for categorical data:
the Poisson and binomial distributions.

1.2.1 Poisson Sampling

In England, the M1 is a primary north-south motorway, heavily used by commercial
as well as private vehicles. A group of British transportation researchers plan to study
the rate of fatal automobile accidents on a rural stretch of that motorway. Their study
will catalog for the next year all accidents resulting in a fatality on this part of the
M1I. The data will consist of weekly counts of the number of fatal accidents.

The Poisson distribution is a potential probability model for the number of fatal
accidents in any given week. It is indexed by a parameter i, its mean. Let y denote a
possible outcome for a Poisson variate. The formula for Poisson probabilities is
“Hpt

y!

Piyy =< y=0.12. .. (1.2.1y

The possible outcomes for y are the nonnegative integers. The term y!, called y fac-
torial, denotes the product 1 X 2 X - -+ X y, with 0! = 1. The term ¢”# denotes the
exp ial function, evaluated at — .. This is sometimes expressed as exp(— ).

The exponential function is available on many pocket calculators; one enters the
value for —p (call it x) and presses the e* key. The exponential function is the antilog
for the logarithm using the natural log scale. This means that e = b is equivalent
to log(b) = a, where log denotes the natural log. For instance, & = exp(0) = 1
corresponds to log(1) = 0; similarly,e7 = exp(.7) = 2.0 corresponds tolog(2) = .7.
All logarithms in this text use this natural log scale, which hase = ¢! = 2718 as the
base.

Suppose that fatal accidents on the M1 occur at the average rate of 2 per week.
For the Poisson model with = 2, the probability of O fatal accidents (y = 0) in a
given week equals

e
P(O)—T—e 2= 135,

(Recall that a number raised to the zero power equals 1, and 0! = 1.) Similarly,
P(1) = (e72)(2")/1! = 2¢7% = 271. Table 1.1 lists the probabilities for all y, and
Figure 1.1 plots them. Though the distribution applies to all nonnegative integer y
values, when g = 2 practically all the probability falls between y values of 0 and 8.

Over a period of ¢ weeks having constant average rate of two fatal accidents
per week, the Poisson model for the total number of fatal accidents has a mean of
2t. For instance, for a three-week period, the Poisson distribution has i = 6. The
probability of no fatalities in a given three-weekpen'odis(e’G)(Go)/O! =¢7% = 002.
This equals (.135)°, the probability of no fatalities in every one of the three one-week
periods. Figure 1.1 also plots the Poisson distribution having this mean; it is slightly
more spread cut than the one having a mean of 2.
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Table 1.1 Puisson and Binomial Distributions with

Means of 2.0
PO
¥ Poisson Binomial
0 135 107
1 27 1268
2 271 .302
3 180 201
4 090 088
5 036 027
6 012 .005
7 004 001
8 001 .000
9 000 000
10 000 000
=11 000 —
Note: Binomial has N = 10and 7w = 2

Let E(Y') denote the expected value of a variable Y, which is the mean of its prob-
ability distribution. Let Var(Y) = o2(¥) denote its variance, and o(Y) its standard
deviation. Unlike the normal distribution, the Poisson distribution (1.2.1) does not
have a separate parameter describing variation. In fact, the Poisson mean parameter
1 is also the variance of the distribution. That is,

E(Y) = Var(Y) = pn.

o) =/

The distribution in Figure .1 having mean equal to 2 has standard deviation equal
to \/i = 1.4. If the fatal accident rate truly stays constant over time with weekly
expectation of 2, then over a long period the weekly fatal-accident counts should
have a sample mean of about 2 and a sample standard deviation of about 1.4. The
distribution in Figure 1.1 having mean equal to 6 has standard deviation equal to
V6 =24

Animportant sampling model for categorical data treats each category count as an
independent Poisson observation, This sampling scheme is called Poisson sampling.
A key feature of the Poisson distribution is that its variance increases as the mean
does. Sample counts tend to vary more when their average level is higher. When the
mean number of fatal accidents equals 20 per week, we observe greater variability in
the weekly counts than when the mean equals 2 per week.

In practice, count observations often have variance exceeding the mean. rather than
equaling the mean as the Poisson requires. This phenomenon is called overdispersion.
Our example assumed that the expected number of fatal accidents was the same
(namely, 2) in each week of the year. Traffic has seasonal fluctuations in intensity,
however, probably producing weekly variation in this expectation. Such variation
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Figure 1.1 Poisson distributions having means 2 and 6.

would cause fatality counts to display somewhat more variation than predicted by the
Poisson model with a constant expectation.

The assumption of Poisson sampling is often too simplistic, because of factors
such as overdispersion. Nevertheless, Poisson sampling assumptions produce useful
results, albeit in an approximate manner, ina wide variety of categorical data analyses.

1.2.2 Binomial Sampling

In the auto-fatality example, the weekly number of fatal accidents is random, rather
than fixed. The weekly number of accidents itself, whether fatal or not,
random. Before any particular week, we do not know the number of accidents
applications, however, have a sample size index such as this that is fixed, rather
than random. For instance, suppose the researchers plan to classify outcomes of all
accidents until N occur, for the purpose of estimating the proportion  of accidents

is also
. Many
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that result in a fatality. The total sample size is then fixed at N. For this deslgn. the
number of fatal accidents cannot have a Poisson distribution. Poisson probabilities
are positive for all nonnegative integers, yet the count of fatal accidents cannot exceed
N in this design.

To altustrate, suppose the number of fatal accidents over ¢+ weeks has a Poisson
distribution with mean 2r. and the number of nonfatal accidents has a Poisson distri-
bution with mean 8r. The researchers observe a total number N of accidents and then
stop the observation process. The counts of fatal and nonfata! accidents sum to N
and then have a binomial distribution. The number of fatal accidents has a binomial
distribution with N “trials” and parameter m = 2t/(2t + 81y = 2, which is the
probability that any given accident is fatal. This probability equals the Poisson mean
for fatal accidents divided by the sum of the Poisson means for fata) and nonfatal
accidents. The number of nonfatal accidents equals (N — number fatal accidents) and
has a binomial distribution with N trials and parameter .8.

We now more formally define the binomiat distribution. Consider N independent
and identical trials with two possible outcomes for each, referred to as “‘success”
and “failure.” These are simply generic labels, and the success oulcom§ need not
refer to a preferred resuit. In this example, the two outcomes are “fatal achenl" and
“nonfatal accident.” Identical trials means that the probability of success is the same
for each trial. Independent trials means that one can represent them by independent
random variables; in particular, the outcome of one trial does not affect the O\j\l’come
of another. These are often called Bernoulli trials. Let 7 denote the probabllll?' of
success for a given trial. Let ¥ denote the number of successes out of the N trials.
The variate Y has the binomial distribution with N trials and parameter 7. o

You are probably already familiar with the binomial distribution, but we review it
briefly here. The probability of outcome y for ¥ equals

N! N

) = e (e Y y=0.1,2.. N (1.2.2)
P(y) )'!(N—)')!T< kg )

To illustrate, let ¥ denote the number of fatal accidents out of 10 accidents, w'hm
the chance of fatality is .2 for each accident; then N = 10and 7 = 2. The probability
of y = 0 fatal accidents, and hence N — y = 10 nonfatal accidents, equals

P(0) = (10!/(01 101)](.2)°(8)'° = (8)'° = 107;
the probability of 1 fatal accident equals
P(1) = [101/(119)(.2)"(.8)° = 10(.2)(.8)° = .268.

Table 1.1 tabulates the entire distribution. )
The binomiat distribution for N trials with parameter 7 has mean and variance

E(Y) = Nm. Var(Y) = Nm(t — )
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Unlike the Poisson variance, the binomial variance is smaller than the mean. The
binomial distribution in Table 1.1 has a mean of 10(.2) = 2.0 and a variance of
10(.2)(.8) = 1.6. The binomial mean is the same as the Poisson mean in Table 1.1, but
the binomial variability is slightly less. Both the binomial and Poisson distributions
become more bell-shaped as their mean increases, and when the mean is large they
are often approximated by normal distributions.

Some trials have more than two possible outcomes. For instance, one might sum-
marize the outcome for the driver in each accident using the categories “uninjured,”
“injury not requiring hospitalization,” “injury requiring hospitalization,” “fatality.”
The distribution of counts in the various categories is then the multinomial, and we
say there is multinomial sampling. The binomial distribution is the special case of
the multinomial with only two possible outcomes for each trial. We study the multi-
nomial distribution in Chapter 8, which deals with modeling multicategory response
variables.

Standard procedures for categorical data assume a Poisson, binomial, or multino-
mial sampling model. Most inferential analyses have the pleasing result that parameter
estimates and standard errors are identical for Poisson and (binomial/multinomial)
sampling schemes. In particular, this happens for parameters in the logistic regression
and loglinear models that are the primary focus of this text. For completeness, we
have presented the formulas for Poisson and binomial probabilities, but there is little
need for them in the remainder of the text. The calculations for most parameter esti-
mates and standard errors based on these sampling models are complex, and widely
available statistical software computes them for us.

1.3 INFERENCE FOR A PROPORTION

In practice, sampling models such as the Poisson and binomial have unknown param-
eter values. Using sample data, we estimate the parameters. This section introduces
the estimation method used in this text, called maximum likelihood. We illustrate this
method by applying it to inference for the binomial parameter 7.

1.3.1 Maximum Likelihood Estimation

For a particular sampling model, we can substitute the sample data into the probability
function and then view that probability as a function of the unknown parameter value.
For instance, in N = 10 trials, suppose a binomial count equals y = 0. From the
binomial formula (1.2.2) with parameter 7, the probability of this outcome equals

P(0) = {101/(0N10H]7(1 = m)'0 = (1 — )10,

This probability is defined for all the potential values of 7, namely the values between
OQand 1.

The probability of the observed data, expressed as a function of the parameter, is
called a likelihood function. The binomial likelihood function for y = 0 successes
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Figure 1.2 Binomial likelihood functions for ¥ = 0 successes and for ¥ = 6 successes in 10 trials.

in 10 trials is /() = (I — m)'°, defined for 7 between 0 and 1. Figure 1.2 shows a
plot of this likelihood function. From this function, for instance, the probability that
Y =0isi(4)=(1- 4= 006ifr=4,02)=(1-2"0= 107ifn = 2,
and 1(.0) = (1 ~.0)' = 1.0if 7 = 0.

‘The maximum likelihood estimate of the parameter is defined to be the parameter
value for which the probability of the observed data takes its greatest value. This is the
parameter value at which the likelihood function takes its maximum. Figure 1.2 shows
that the likelihood function /(7) = (1 — m)'° has its maximum at 7 = 0.0. Thus,
when 10 trials have 0 successes, the maximum likelihood estimate of equals 0.0.

Generally, the binomial outcome of y successes in N trials has maximum likelihood
estimate of 7 equal to p = y/N. This is the sample proportion of successes for
the N trials. If the binomial outcome for N = 10 trials equals y = 6, then the
maximum likelihood estimate of 7 equals p = 6/10 = 6. Figure 1.2 also plots the
likelihood function when N = 10 with y = 6, which from formula (1.2.2) equals
() = [101/(6')(4")] %1 — m)*. The maximum value occurs when 7 = .6, That
is, the result y = 6 in N' = 10 trials is more likely to occur when 7 = .6 that when
7 equals any other value.
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Denote cach success by a | and each failure by a 0. Then the sample proportion
equals the sample mean of the results of the individual teials. For mstance, for 4
failures and 6 successes i (0 trials. the data are 0,0,0.0. 1 LY, and the
sample mean of p = (O + 0+ + O+rt+t+t 4141+ /10 = 6 estimates 7.

The Poisson distribution also has maximum likelihood estimate of the mean pa-
rameter w equal to the sample mean of the data, If in 10 successive weeks, the
numbers of M| motorway traffic accidents resulting in fatalities are 3.1, 2,0, 4, 2.2,
5.0.1. then the maximum likelihood estimate of pequals 3+ | +2 + 0O+4+2+
2+5+0+1)/10 = 20, The Potsson probability of observing a sample like this is
higher when = 2.0 than when y equals any other value.

The abbreviation ML symbolizes the term maximum likelthood. The ML estimate
is often denoted by the parameter symbol with a * (a “hat”) over it. The ML, estimate
of the Poisson parameter #, for instance. is denoted by (. called mu-har.

Before we observe the data, the value of an estimate is unknown

maximum likelihood are Popular because they have good large-sample behavior.
Most importantly, it is not Possible to find estimators that are more precise, in terms
of having smaller large-sample standard errors. Also, large-sample distributions of

ML estimators are approximately normal. Al) estimators reported in this text use this
method.

1.3.2  Test about a Proportion

We now use the ML estimator p in statistical inference for the binomial parameter 1.
The sampling distribution of the sample proportion p has mean and standard error

)

E(p) = =, olp) =

As the number of trials N increases, the standard error of p decreases toward zero;
that is, the sample proportion tends to be closer to the parameter value .

The approximate normality of the distribution of p. for large N, suggests simple
large-sample inferential methods for . First, we test the nulthypothesis Hy : 7 =
that the parameter equals some fixed value, . The test statistic

P~ m

(1= mg)
N

z=

divides the difference between the sam
7o by the null standard error of p. The

distribution of the 7 test statistic is the standard normal, having a mean of 0 and
standard deviation of 1. The statistic represents the number of standard errors that
the sample proportion falls from the null hypothesized proportion

INFERENCE FOR A PROPORTION 1

To tlustrate, we analyze whether a Mjoriy or minomy of adults in the United
States believes that a pregnant woman should be able to obtain an abortion. Let
@ denote the proportion of the American adult population that responds “yes” to
the question, “Please tell me whether or not you think it should be possible for a
pregnant woman to obtain a legal abortion if she is married and does not want any
more children” We test Hy - 7 = 5§ aganst the two-sided alternative hypothesis.
Hy o # 5. This item was one of many included in the 199] General Social Survey.
conducted by the National Opinion Rescarch Center (NORC) at the University of
Chicago. This survey, conducted annually, asks about 1500 adult American subjects
their opintons about a wide variety of issues. The NORC makes available computer
tapes and disks and a cumulative codebook summarizing responses to surveys since
1972. Of 950 subjects who responded 10 this abortion item in 1991 . 424 replied “yes”
and 526 replied “no.”

The sample proportion of “yes" responses was 424 /950 = _.446. For a sample
of size N = 950, the null standard error of p equals \/(.S) 5)/950 = 016. The
test statistic equals z = (.446 -- 5)/.016 = —3.31. The two-sided P-value is the
probability that the absolute value of a standard normal variate exceeds 3.31, which
equalsP = .OOLThereisstrongcvldencethm, inl99l, 7 < -5; thatis, that fewer than
half of Americans favored legal abortion in this sttuation. In some other situations,
such as when the mother’s health was endangered, an overwhelming majority favored
legal abortion. Responses also depended strongly on the question wording,

1.3.3  Confidence Interval for a Proportion

A significance test simply indicates whether a particular value for a parameter (such
as .5} is plausible. In nearly all applications we learn much more by estimating the
parameter, using a confidence interval to determine the range of plausible values. A
large-sample 95% confidence interval for 7 has the formula

P 1966(p).  where 6(p) = Vol = P)/N. (1.3.1)

This formula substitutes the sample proportion p for the unknown parameter 7 in the
standard error formula for a{(p).

For the example just discussed. this interval equals 446 * | 96 V/(1446)(.554) /950,
or.446*.032,0r (414, 478). We can be 95% confident that the population proportion
of Americans favoring legalized abortion for married pregnant women who do not
want more children is between 414 and 478.

Though formula (1.3.1) is simple, when 7 < 20 or 7 > .80, it does not work
well. The actual coverage probability may not be near the nominal level, even for
Moderately large sample sizes. A better way o construct confidence intervals uses a
duality with significance tests. This confidence interval consists of all values m, for
the nutl hypothesis parameter that are judged plausiblc in the test. A 95% confidence
nterval containg all values m, for which the two-sided P-value exceeds .05; that is. it
contains all values that are “not rejected” at the .05 significance level. These are the
null values that have reg statistic = less than 1.96 in ahsolute value. This alternative
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method does not fequire estimating 7 ghe stand
standard error uses the null value i

ard error, since the test statistic's

For a sample proportion of p = 444 based on N = 950, the value m =
478 for the null thimgsls parameter leads 1o the test statistic value z = (446 ~
478)//(.478)( 522)/950 = --1 96 and a two-sided P-valye of P = 05; the value

Mo = 415 leads to z = (446 - 415)/\/(415)(585) /950 = 196 and P = g5,
(We explain in the following paragraph how we 8ot .478 and A415) Al my values
between .415 and 478 give [z < 196 and p = 05. 50 the 95% confidence interval
equals (415, .478). Here. the sample size is large, and thi
the same result as the simpler method (1.3.1).

For given p and N, one can determine the my values Ih_al_iLe!d_!he test statistic
value z = =196 by solving the equation [p - ol / /(1 ~ ) /N = 1.96 for .
This equation is quadratic in 7, (see Problem | [5). Allcrnanvely, one can determine
the limitg by trial and erTor, using the endpoints of interval (1.3.1) as initial guesses.

As a rough guideline, the large-sample teg and the confidence interval based
on that test perform well when Nr > 5 and N(1 — 77) > 5; that is, when the
expected number of outcomes of the two types both exceed 5. Testing Hy : 77 = 5
requires only N > 10, whereas testing Hy : 7 = (or Hy : 7 = .9) requires
N > 50. The sample size requiremen reflects the increasingly skewed behavior of
the sampling distribution of pas approaches 0 or 1, with larger samples needed
before a symmetric normal shape occurs,

For samples that are 100 small for the norma) approximation to be adequate, one
can use the binomial distribution directly in calculating P-vajues. For instance, for
testing Hy : 7+ = § agamst H, : 7 > 5 suppose there are Y = 4 successes in
N =5 trials. The P-value for this one-sided alternative is the right-tail probability,
P(4) + P(5), for a binomia) distribution with N = Sand 7 = 5, Using formula
(1.2.2), this equals .188.

s method gives essentially

estimation and illustrated its use for proportion data. The rest of the text uses ML
inference for binomial and Poisson parameters in a wide variety of contexts.

PROBLEMS

L.1. Inthe following exam,

ples, wdentify the response variable and the explanatory
variables.

a. Attitude toward gun control (favor. oppose), Gender (female, male),
Mother’s education (high school, college).

-4

. Heart disease (yes, no), Blood pressure, Cholesterol level.

. Race (white, nonwhite), Religion (Catholic, Jewish, Protestant), Vote for
President (Democrat, chublican, Other). Annual income.

o

1.2. Which scale of measuremen is most

appropriate for the following variables—
nominal, or ordinal?

PROBLIMS

a. Political party affiliation (Democrat, Republican, vnaffiliated)
b. Ihghest degrccoblumed(none. high school, hachelor’s, master’s, doctorate),
¢. Patent condition (good, fair, senous, critical)

d. Hospita! location (London, Boston, Madison, Rochester, Toronto).

e. Favorite beverage (beer, juice, mitk, soft drink, wine, other).

1.4. Each of 100 multiple-choice Questions on an exam has four possible answers
but one correct response. For each question, a student randomly selects one
Tesponse as the answer. Specify the distribution of the student’s number of
cormect answers on the exam, Based on the mean and standard deviation of
that distribution, would it be surprising if the student made at least 50 correct
responses?

L5. A balanced coin is flipped twice. Let ¥ = number of heads obtained

a. Specify the probabilities for the possible values for Y, and give the distri-
bution’s mean and variance.

=4

- Calculate probabilitjes for the Poisson distribution having the same mean
the distribution in (a). How does ts varniance compare to that in (a)?
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head. Suppose there are 0 heads in 2 flips. Find the ML estimate of 7. Does
this estimate seem “reasonable™? (The Bayesian estimator, an alternative
one that combines one's prior beliefs about parameter values with the sample
data, provides a nonzero estimate of T, it equals (Y + /(N + 2) = 25
when the prior belief is that 7r is equally likely to be anywhere between (
and 1.)

L6. Refer to the previous problem

a. Calculate the binomia) probabilities for N = when the probability of a
head for each flip equals )m =6, i)y m= 4

=4

. Suppose we observe ¥ = | Calculate and sketch the likelihood function

. Using the plotted likelihood function from (b). show that the ML estimate
of 7 equals 5.

IS

. Inhis autobiography 4 S of Life, British author Graham Greene described a
period of severe menta] depression during which he played Russian Roulette,
This “game” consists of putting a bullet in one of the six chambers of a pistol,
spinning the chambers to select one at random, and then firing the pistol once
atone’s head
a. Greene played this 8ame six times, and was lucky that none of them resulted

In a bullet firing. Find the probability of this oulcome.

b. Suppose one kept playing this &ame until the bullet fires. Lot ¥ denote the

number of the game on which the bullet fires. Argue that the probability of
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the ovtcome y equals (5/6)*" (1 /6), fory = 1,2.3,....(This is called the
geometric distribution.)

A sample of women suffering from dysmenorrhea have been taking an analgesic

designed to diminish the effects. A new analgesic is claimed to provide greater

relief. After trying the new analgesic, 40 women reported greater relief with
the standard analgesic, and 60 reported greater relief with the new one.

a. Test the hypothesis that the probability of greater relief with the standard
analgesic is the same as the probability of greater relief with the new
analgesic. Report and interpret the P-value for the two-sided altemnative.

. Construct and interpret a 95% confidence interval for the probability of
greater relief with the new analgesic.

=4

Refer to the previous problem. The researchers wanted a sufficiently large
sample to be able to estimate the probability of preferring the new analgesic
to within .08, with confidence .95. If the true probability is .75, how large a
sample is needed to achieve this accuracy? (Hint: How large should N be so
that a 95% confidence interval has Plus and minus term equal to .08?)
Newsweek magazine (March 27, 1989) reported resuits of a poll about religious
beliefs, conducted by the Gallup Organization. Of 750 American adults, 24%
believed in reincarnation. Treating this as a random sample, construct and
interpret a 95% confidence interval for the true proportion of American adults
believing in reincarnation.

+ A criminologist wants to estimate the proportion of U.S. citizens who live

in a home in which firearms are available. The 1991 General Social Survey
asked respondents, “Do you have in your home any guns or revolvers?” Of
the respondents, 393 answered “yes” and 583 answered “no.” Construct a 90%
confidence interval for the true proportion of “yes.” Interpret.

If Y is a variate and ¢ is a positive constant, then the standard deviation of
the distribution of c¥ equals co(Y). Suppose ¥ is a binomial variate, and let
p = Y/N. Show that o(p) = /7(l — m)/N. Explain why it is easier to geta
close estimate of 7 when it is near 0 or 1 than when it is near %

. A variate has a Poisson distribution, with unknown parameter . The sole

observation equals 0.

a. Find and plot the likelihood function over the space of potential values
for .

b. What is the ML estimate of 17 (Recall: The ML estimate of # equals the
sample mean.)

. Using calculus, it is easier to derive the maximum of the log of the likelihood

function, L = log 1, than the likelihood function / itself. Both functions have

maximum at the same value, so it is sufficient to do either.

a. Calculate the log likelihood L() for the binomial distribution (1.2.2).

b. One can usually determine the point at which the maximum of a log like-
lihood L occurs by solving the likelikood equation. This is the equation
resulting from differentiating £ with respect to the parameter, and setting

PROBLEMS 15

the derivative equal (o zero. Find the likelihood equation for the binomial
distribution, and solve it 10 show that the ML estimate equals p = y/N.

1.15. Show that a value g for which the statistic z = (p - 70)/ /o1 = )N

takes some fixed value zg is a solution to the equation (I + zZ/N)ng +(=2p -
22 /NYymy + p = 0. Hence, using the formula x = (-4 + /32 j1;)/20 for
solving the quadratic equation ax? + bx + ¢ = 0, obtain the limits for the 95%

confidence interval in Section 1.3.3 for the proportion of Americans favoring
legalized abortion.



CHAPTER 2

Two-Way Contingency Tables

Table 2.1 cross classifies a sample of Americans according to their gender and their
opinion about an afterlife. For the females in the sample, for instance, 435 said they
believed in an afterlife and 147 said they did not or were undecided. For such data, we
might study whether an association exists between gender and belief in an afterlife. Is
one sex more likely than the other to believe in an afterlife, or is belief in an afterlife
independent of gender?

Analyzing associations is at the heart of most multivariate statistical analyses.
This chapter deals with associations between two categorical variables. We introduce
Pparameters that describe the association and present inferential methods for those
parameters.

Many applications involve comparing two groups with respect to the relative
numbers of observations in two categories. For Table 2.1, one might compare the
proportions of males and females who believe in an afterlife. For such data, Section
2.2 presents methods for analyzing differences and ratios of proportions. Section 2.3

ordinal variables. Section 2.6 discusses small-sample analyses. First, Section 2.1
introduces terminology and notation,

2.1 PROBABILITY STRUCTURE FOR CONTINGENCY TABLES

Categorical data consist of frequency counts of observations oceurring in the response
categories. Let X and ¥ denote two categorical variables, X having / levels and ¥

16
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Table 2.1  Cross Classification of Beliel in Afterlife

by Gender

T S m\;ﬂhfe o
Gender Yes - No or Undecided
Females 435 147

Males 375 134

Source: Data from 1991 General Social Survey.

which the cells contain frequency counts of outcomes is called a contingency table. A
contingency table that cross classifies two variables is called a two-way table; one that
cross classifies three variables is called a three-way table, and so forth, A two-way
table having 7 rows and J columns is called an 7 X J (read /-by-J) table. Table 2.1,
for instance, is a 2 X 2 table.

2.1.1 Joint, Marginal, and Conditional Probabilities

Probability distributions for contingency tables relate to the sampling scheme, as we
shall discuss in Section 2.1.4. We first present the fundamental types of probabili-
ties for two-way contingency tables. Suppose first that each subject in a sample is
randomly chosen from some population of interest, and then classified on two cate-
gorical responses, X and Y. Let mj = P(X = i,Y = j)denote the probability that
(X, Y) falls in the cell in row i and column J. The probabilities {;;} form the joins
distribution of X and ¥ . They satisfy >y =L

The marginal distributions are the row and column totals of the joint probabilities.
These are denoted by {;.} for the row variable and {4} for the column variable,
where the subscript “+" denotes the sum over the index it replaces. For instance, for
2 X 2 tables,

My =m +tmy oand we =)+ omy,.

We use similar notation for samples, with Roman p in place of Greek 1r. For
instance, {pi;} denotes the sample joint distribution. These are the sample cell pro-
portions. The cell counts are denoted by {nij}, with n = 3= nij denoting the total
sample size. The cell proportions and celt counts are related by

nij
pij = 71
f The marginal frequencies are the row totals {n:+} and the column totals {nsj}.
; Inmany contingency tables, one variable (say, the column variable, ¥ ) isa rcsp<?n§e
R Variable and the other (the row variable, X) is an explanatory variable. Then it is
Informative to construct a separate probability distribution for ¥ at each level of X.

Such a distribution consists of conditional probabilities for Y , given the level of X,
g and is called 2 conditional distribution.
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Table 2.2 Notation for Table 2.1

Belief in Afterlife

Gender Yes No or Undecided Total

Females ny =435 ny = 147 ny, = 582
Males ny =375 ny = 134 ny, = 509
Total ny = 810 ney = 281 n =109t

2.1.2  Belief in Afterlife Example

Table 2.1, a 2 X 2 contingency table, cross classifies n = 1091 respondents to the
1991 General Social Survey by their gender and their belief in an afterlife. Table 2.2
illustrates the cell count notation for these data. For instance, n;; = 435, and the
corresponding sample joint proportion is p;; = 435/1091 = .399.

In Table 2.1, belief in the afterlife is a response variable and gender is an expla-
natory variable. We therefore study the conditional distributions of belief in the
afterlife, given gender. For females, the proportion of “yes” responses was 435/582 =
-747, and the proportion of “no” responses was 147/582 = 253. The proportions
(.747,.253) are females’ sample conditional distribution of belief in the afterlife.
For males, the sample conditional distribution is (.737, .263). (Problem 2.11 requests
further analyses of these data using methods of this chapter.)

2.1.3 Independence

Two variables are said to be statistically independent if the conditional distributions of
Y are identical at each level of X. When two variables are independent, the probability
of any particular column response j is the same in each row. Belief in an afterlife
is independent of gender, for instancé, if the actual probability of believing in an
afierlife equals 740 both for females and for males. i

When both variables are response variables, one can describe their relationship
using their joint distribution, or the conditional distribution of ¥ given X, or the
conditional distribution of X given Y. Statistical independence is, equivalently, the
property that all joint probabilities equal the product of their marginal probabilities,

Wy = mamsy fori=1,..,0 and j=1,. J.

That is, the probability that X falls in row i and Y falls in column Jj is the product of
the probability that X falls in row i with the probability that Y falls in column j.
2.1.4  Poisson, Binomial, and Multinomial Sampling

The sampling models introduced in Section 1.2 extend to cell counts in contingency
tables. For instance, the Poisson sampling model for a 2 X 2 table treats each of the
four cell counts in the table as an independent Poisson variate.
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When the rows of a contingency table refer to different groups, the sample sizes
for those groups are often fixed by the sampling design. The next section contains a
2 X 2 table of this type. The first row refers to 11,000 subjects receiving one treatment,
the second row refers to 11,000 separate subjects receiving a different treatment, and
each subject is measured on a categorical response variable. When the marginal totals
for the levels of X are fixed rather than random, a joint distribution for X and Y is no
longer meaningful, but conditional distributions for Y at each level of X are. When
there are two response categories, we assume a binomial distribution for the sample
in each row, with number of trials equal to the fixed row total. When the samples in
the rows are independent, such as separate random samples, this sampling scheme is
called independent binomial sampling.

When the total sample size in the table is fixed but not the row or column totals,
a multinomial sampling model applies, in which the cells are the possible outcomes.
For instance, Table 2.1 cross classifies a random sample of 1091 subjects according
to gender and belief in afterlife. The four cell counts are sample values from a
multinomial distribution having four categories.

For many multinomial samples over the cells of a contingency table, the columns
are a response variable and the rows are an explanatory variable. Then, to describe
the data, it is sensible to divide the cell counts by the row totals to form conditional
distributions on the response. In doing so, we inherently treat the row totals as fixed
and analyze the data the same way as if they formed separate independent samples.
In Table 2.1, for instance, we might treat the results for females as a binomial sample
with outcome categories “yes"” and “no or undecided” for belief in an afterlife, and the
results for males as an independent binomial sample on the same response variable.
If there were more than two response categories, such as (“yes,” “no,” “undecided™),
we would treat the samples as independent multinomial samples.

For most analyses, one need not worry about which sampling model makes the
most sense. For the primary inferential methods in this text, the same results occur
for Poisson, multinomial, and independent binomial/multinomial sampling models.

22 COMPARING PROPORTIONS IN TWO-BY-TWO TABLES

‘ Response variables having two categories are called binary variables. For instance,
“belief in afterlife” is binary when measured using the categories (yes, no). Many
" studies compare two groups on a binary response, ¥ . The data can be displayed in a
X 2 contingency table, in which the rows are the two groups and the columns are
the response levels of Y. This section presents measures for comparing two groups
o binary responses.

22.1  Difference of Proportions

e use the generic terms success and failure for the response categories of a binw
variable. For subjects in row 1, let 7 denote the probability of a success, 'thh
L =y the probability of a failure. The probabilities (1, 1 — ;) form the conditional
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distribution of ¥ in row 1. For subjects in row 2, let 7, denote the probability of
success.

The difference of proportions w; — m, compares the success probabilities in the
two rows. This difference falls between ~1 and + 1. It equals zero when m = my;
that is, when the response is independent of the group classification.

Let p; and p, denote sample proportions of successes for the two rows. The
sample difference p, — p; estimates 7, — m,. For instance, in row 1 of Table 2.2,
p1 = ny/ny. = 435/582 = 747 is the number of “yes” responses divided by
the sample size in that row; p, = 375/509 = .737 is the corresponding sample
proportion in row 2. The sample difference of proportions is .747 — .737 = .010.

For simplicity, we denote the sample sizes for the two groups (i.e., the row totals
ny+ and ny4 ) by Ny and N,. When the counts in the two rows are independent binomial
samples, the estimated standard error of p; — p; is

pld—p)  p
Ny

6y —pa) = Q2.1

2

The standard error decreases, and hence the estimate of m — m, improves, as the
sample sizes increase. A large-sample 100(1 — «)% confidence interval for m —
is

@1 = p2) X 2,0 6(p1 — p2), 2.22)

where z,/, denotes the standard normal percentile having right-tail probability equal
to a/2 (e.g., for a 95% interval, & = .05, 2,y = zps = 1.96).

2.2.2  Aspirin and Heart Attacks Example

Table 2.3 is taken from a report on the relationship between aspirin use and myocar-
dial infarction (heart attacks) by the Physicians’ Health Study Research Group at
Harvard Medical School. The Physicians’ Health Study was a five-year randomized
study testing whether regular intake of aspirin reduces mortality from cardiovascular
disease. Every other day, physicians participating in the study took either one aspirin
tablet or a placebo. The study was blind-~the physicians in the study did not know
which type of pill they were taking.

Table 2.3  Cross Classification of Aspirin Use and Myocardial Infarction (MI)

Myocardial Infarction
Group Yes No Total
Placebo 189 10,845 11,034
Aspirin 104 10,933 11,037

Source: Preliminary Report: Findings from the Aspirin Component of the Ongoing Physicians’ Health
Study. N. Engl. J. Med., 318: 262-264 (1988).
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We treat the two rows in Table 2.3 as independent binomial samples. Of the
Ny = 11,034 physicians taking placebo, 189 suffered myocardial infarction (M)
over the course of the study, a proportion of p; = 189/11,034 = 0171. Of the
Nz = 11,037 physicians taking aspirin, 104 suffered MI, a proportion of p, = .0094.
The sample difference of proportions is .0171 — 0094 = .0077. From (2.2.1), this
difference has an estimated standard error of

(.0171)(.9829)  (.0094)(.9906)

n =
11,034 11,037 0.0015.
A 95% confidence interval for the true difference m — 1, is .0077 * 1.96(0.0015),
or .008 = 0.003, or (.005,.011). Since this interval contains only positive values, we
conclude that 7 — m, > 0; that is, 7 > 3, so taking aspirin appears to diminish
the risk of MI.

2.2.3 Relative Risk

A difference between two proportions of a certain fixed size may have greater impor-
tance when both proportions are near 0 or 1 than when they are near the middle of the
range. Consider a comparison of two drugs on the proportion of subjects who have
adverse reactions when using the drug. The difference between .010 and .001 is the
same as the difference between .410 and .401, namely .009. The first difference seems
more noteworthy, since ten times as many subjects have adverse reactions with one
drug as the other. In such cases, the ratio of proportions is also a useful descriptive
measure.
In 2 X 2 tables, the relative risk is the ratio of the “success” probabilities for the
two groups,
o (2.23)
m
It can be any nonnegative real number. The proportions .010 and .001 have a relative
risk of .010/.001 = 10.0, whereas the proportions .410 and .401 have a relative risk
of 410/.401 = 1.02. A relative risk of 1.00 occurs when 7, = 1m; that is, when
response is independent of group.
Two groups with sample proportions of p; and p, have a sample relative risk of

g, 71/p2. Its sampling distribution can be highly skewed unless the sample sizes are
quite large, so its confidence interval formula is rather complex (Problem 2.12).

For Table 2.3, the sample relative risk is p;/p; = .0171/.0094 = 1.82. The
sample proportion of MI cases was 82% higher for the group taking placebo. Using
computer software (SAS-PROC FREQ), we find that a 95% confidence interval for
the true relative risk is (1.43,2.30). We can be 95% confident that, after five years,

} the proportion of MI cases for physicians taking placebo is between 1.43 and 2.30
& times the proportion of MI cases for physicians taking aspirin.

The confidence interval for the relative risk indicates that the risk of MI is at
least 43% higher for the placebo group. The confidence interval (.005,.011) for
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the difference of proportions makes it seem as if the two groups differ by a trivial
amount, but the relative risk shows that the difference may have important public
health implications. Using the difference of proportions alone to compare two groups
can be somewhat misleading when the proportions are both close to zero.

It is sometimes informative to compute also the ratio of “failure” probabilities,
(1= m)/(1 — m). This takes a different value than the ratio of the success probabil-
ities. When one of the two outcomes has small probability, normally one computes
the ratio of the probabilities for that outcome.

23 THE ODDS RATIO

We next present another measure of association for 2 X 2 contingency tables, called
the odds ratio. This is a fundamental parameter for models presented in later chapters.

In 2 X 2 tables, the probability of “success” is m in row 1 and 1, in row 2. Within
row 1, the odds of success are defined to be

™
odds; =
For instance, if m = .75, then the odds of success equal .75 /25 =3.

The odds are nonnegative, with value greater than 1.0 when a success is more
likely than a faiture. When odds = 4.0, a success is four times as likely as a failure.
The probability of success is .8, the probability of failure is .2, and the odds equal
8/.2 = 4. We then expect to observe four successes for every one failure. When
odds = }, a failure is four times as likely as a success; we expect to observe one
success for every four failures.

Within row 2, the odds of success equal

™

oddsz=l —
—-m

In either row, the success probability is the function of the odds,

. odds
odds + 1°

For instance, when odds = 4, then = = 4/(4 + 1) = .8. When the conditional
distributions are identical in the two rows (i.e., m = 1), the odds satisfy odds, =
odds,. The variables are then independent.

The ratio of odds from the two rows,

_ odds; _ m /(1 —m)
odds, m/(1 —m) @3.

is called the odds ratio. Whereas the relative risk is a ratio of two probabilities, the

~Adc eatin O ic a ratin of twn nddc
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2.3.1 Properties of the Odds Ratio

The odds ratio can equal any nonnegative number. When X and Y are independent,
m = T, S0 that odds; = odds; and § = odds, /odds; = 1. The value § = 1
corresponding to independence serves as a baseline for comparison. Odds ratios on
each side of 1 reflect certain types of associations. When 1 < 6 < o, the odds of
success are higher in row 1 than in row 2. For instance, when 6 = 4, the odds of
success in row | are four times the odds of success in row 2. Thus, subjects in row 1
are more likely to have successes than are subjects in row 2; that is, m > m,. When
0 < 8 < 1, a success is less likely in row | than in row 2; that is, m < m,.

Values of 6 farther from 1.0 in a given direction represent stronger levels of
association. An odds ratio of 4 is farther from independence than an odds ratio of 2,
and an odds ratio of 0.25 is farther from independence than an odds ratio of 0.50. Two
values for 6 represent the same level of association, but in opposite directions, when
one value is the inverse of the other. When 8 = 0.25, for instance, the odds of success
in row 1 are 0.25 times the odds of success in row 2, or equivalently 1/0.25 = 40
times as high in row 2 as in row 1. When the order of the rows is reversed or the order
of the columns is reversed, the new value of 8 is the inverse of the original value.
This ordering is usually arbitrary, so whether we get 4.0 or 0.25 for the odds ratio is
simply a matter of how we label the rows and columns.

The odds ratio does not change value when the orientation of the table reverses
so that the rows become the columns and the columns become the rows. The same
valué occurs when we treat the columns as the response variable and the rows as
the explanatory variable, or the rows as the response variable and the columns as
the explanatory variable. Since the odds ratio treats the variables symmetrically, it is
unnecessary to identify one classification as a response variable in order to calculate
it. By contrast, the relative risk requires this, and its value also depends on whether
we apply it to the first or second response category.

When both variables are responses, the odds ratio can be defined using joint
probabilities as

Ky
g = u/m . Tfu‘”zz' (232)
/T T
The odds ratio is also called the cross-product ratio, since it equals the ratio of the
products 7y, and 7,577 of cell probabilities from diagonally opposite cells.
The sample odds ratio equals the ratio of the sample odds in the two rows,

b= pi/(0=p)) _ np/nn _ nunn

. (2.3.3)
p2/(L = p2)  nu/nn npny

For the standard sampling schemes, this is the ML estimator of the true odds ratio.

232 0Odds Ratio for Aspirin Study

To illustrate the odds ratio, we revisit Table 2.3 from Section 2.2.2-on aspirin use
and myocardial infarction (MI). For the physicians taking placebo, the estimated
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odds of MI equal 7y, /m; = 189/10,845 = 0.0174. The value 0.0174 means there
were 1.74 “yes” responses for every 100 “no” responses. The estimated odds equal
104/10,933 = 0.0095 for those taking aspirin, or 0.95 “yes” responses per every 100
“no” responses.

The sample odds ratio equals 8 = 0.0174/0.0095 = 1.832. This also equals
the cross-product ratio (189)(10,933)/(10,845)(104). The estimated odds of MI for
physicians taking placebo equal 1.832 times the estimated odds for physicians taking
aspirin. The estimated odds were 83% higher for the placebo group.

2.3.3 Inference for Odds Ratios and Log Odds Ratios

For small to moderate sample sizes, the sampling distribution of the odds ratio is
highly skewed. When 6 = 1, for instance, & cannot be much smaller than 6 (since
6 = 0), but it could be much larger with nonnegligible probability.

Because of this skewness, statistical inference for the odds ratio uses an alternative
but equivalent measure: its natural logarithm, log(6). Independence corresponds to
log(6) = 0. That is, an odds ratio of 1.0 is equivalent to a log odds ratio of 0.0.
An odds ratio of 2.0 has a log odds ratio of 0.7. The log odds ratio is symmetric
about zero, in the sense that reversal of rows or reversal of columns changes its sign.
Two values for log(8) that are the same except for sign, such as log(2.0) = 0.7 and
log(0.5) = —0.7, represent the same level of association. Doubling a log odds ratio
corresponds to squaring an odds ratio. For instance, log odds ratios of 2(0.7) =
and 2(—0.7) = —1.4 correspond to odds ratios of 22 = 4 and 0.52 = 0.25.

The log transform of the sample odds ratio, log 8, has a less skewed sampling
distribution that is closer to normality. Its large-sample approximating normal dis-
tribution has a mean of log 6 and a standard deviation, referred to as an asymptotic
standard error and denoted by ASE, of

1

nn

ASE(log 8) = (2.3.4)

ny

M

The ASE value decreases as the cell counts increase. Because this sampling distribu-
tion is closer to normality, it is best to construct confidence intervals for log 6 and
then transform back (i.e., take antilogs, using the exponential function) to form a
confidence interval for 6. A large-sample confidence interval for log 8 is

logb = 242 ASE(log 8).

Exponentiating endpoints of this confidence interval yields one for 8.

For Table 2.3, the natural log of [ equals log(1.832) = 0.605. The ASE (2.3.4)
of log d equals (1/189 + 1/10933 + 1/10,845 + 1/104)1/2 = 0.123. For the
population this sample represents, a 95% confidence interval for log 6 equals
0.605 * 1.96(0.123), or (0.365,0.846). The corresponding confidence interval for
8 is [exp(0.365), exp(0.846)] = (£°76%,£84) = (1.44,2.33). Since the confidence
interval for 6 does not contain 1.0, the true odds of MI seem different for the two
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groups. The interval predicts that the odds of M1 are at least 44% higher for subjects
taking placebo than for subjects taking aspirin. The endpoints of the interval are not
equally distant from 6 = 1.83, because the sampling distribution of 8 is skewed to
the right. )

The sample odds ratio 8 equals 0 or = if any ;; = 0, and it is undefined if both
entries in a row or column are zero. The shightly amended estimator

(ny, +0.5)(nyz +0.5)

b= G T 05, 703

corresponding to adding ; to each cell count, does not have this problem. It is

preferred when the cell counts are very small or any zero cell counts occur. In that
case, the ASE formula (2.3.4) replaces {n;;} by {n; + 05) For Table 2.3, 8 =
(189.5)(10,933.5)/(10,845.5)(104.5) = 1.828 is close to H = 1.832, since no cell
count is especially small.

2.3.4 Relationship Between Odds Ratio and Relative Risk

A sample odds ratio of 1.83 does not mean that p, is 1.83 times p,; that would be
the interpretation of a relative risk of 1.83, since that measure deals with proportions
rather than odds. Instead, § = 1.83 means that the odds value p; /(1 — py) is 1.83 times
the odds value p,/(1 — pz). From (2.3.3) and from the sample analog of definition
(2.2.3),

n/U - p)

Odds ratio =
T /=)

= Relative risk X (—1 pz) .
1-p

When the proportion of successes is close to zero for both groups, the fraction in
the last term of this expression equals approximately 1.0. The’odds ratio and relative
risk then take similar values. Table 2.3 illustrates this similarity. For each group, the
sample proportion of MI cases is close to zero. Thus, the sample odds ratio of 1.83
is similar to the sample relative risk of 1.82 obtained in Section 2.2.3. In such a case,
an odds ratio of 1.83 does mean that p; is about 1.83 times p,.

This relationship between the odds ratio and the relative risk is useful. For some
data sets calculation of the relative risk is not possible, yet one can calculate the
odds ratio and use it to approximate the relative risk. Table 2.4 is an example of this
. type. These data refer to a study that investigated the relationship between myocardial
. infarction and smoking. The first column refers to 262 young and middle-aged women
(age <69) admitted to 30 coronary care units in northern Italy with acute MI during
the period 1983-1988. Each case was matched with two control patients admitted
to the same hospitals with other acute disorders. The controls fall in the second
column of the table. All subjects were classified according to whether they had ever
been smokers. The “yes” group consists of women who were current smokers or
ex-smokers, whereas the “no" group consists of women who never were smokers.
We refer to this variable as smoking status.
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Table 2.4 Cross Classification of Smoking Status and
Myocardial Infarction (MI}

Ever Myocardial

Smoker Infarction Controls
Yes 172 173
No 90 346
Source: A. Gramenzi et al., J. Epidemiol. and Commun. Health, 43:
214-217 (1989).

Reprinted with permission of BMJ Publishing Group.

We would normally regard MI as a response variable and smoking status as
an explanatory variable. In this study, however, the marginal distribution of MI is
fixed by the sampling design, there being two controls for each case. The outcome
measured for each subject is whether she ever was a smoker. The study, which uses a
retrospective design to “look into the past,” is called a case-control study. Such studies
are common in health-related applications, for instance, to ensure a sufficiently large
sample of subjects having the disease studied.

We might wish to compare ever-smokers with nonsmokers in terms of the pro-
portion who suffered MI. These proportions refer to the conditional distribution of
MI, given smoking status. We cannot estimate such proportions for this data set. For
instance, about a third of the sample suffered MI. This is because the study matched
each MI case with two controls, and it does not make sense to use % as an estimate
of the probability of MI. We can compute proportions in the reverse direction, for
the conditional distribution of smoking status, given myocardial infarction status. For
women suffering MI, the proportion who ever were smokers was 172/262 = 656,
while it was 173/519 = .333 for women who had not suffered MI.

When the sampling design is retrospective, one can construct conditional distribu-
tions for the explanatory variable, within levels of the fixed response. It is usually not
possible to estimate the probability of the response outcome of interest, or to compute
the difféerence of proportions or relative risk for that outcome. Using Table 2.4, for in-
stance, we cannot estimate the difference between nonsmokers and ever smokers in the
probability of suffering MI. We can compute the odds ratio, however. This is because
the odds ratio takes the same value when it is defined using the conditional distribution
of X given Y as it does when defined (as in (2.3.1)) using the distribution of Y given X;
that is, it treats the variables symmetrically. The odds ratio is determined by the con-
ditional distributions in either direction, and can be calculated even if we have a study
design that measures a response on X within each level of Y . In Table 2.4, the sample
odds ratio is [.656/(1 —.656)]/(.333 /(1 ~ .333)] = (172X 346)/(173 X 90) = 3.82.
The estimated odds of ever being a smoker were about 2 for the MI cases (i.e.,
.656/.344) and about % for the controls (i.e., .333/.667), yielding an odds ratio of
about 2/(1/2) = 4.

We noted that when the probability that Y = 1 is small for each value of X,
the odds ratio and relative risk take similar values. Even if we can estimate only
conditional probabilities of X given Y, if we expect P(Y = 1| X) to be small, then
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we can use the sample odds ratio to provide a rough indication of the relative risk. For
Table 2.4, we cannot estimate the relative risk of MI or the difference of proportions
suffering ML Since the probability of young or middle-aged women suffering Ml is
probably small regardiess of smoking status, however, the odds ratio value of 3.82 is
also a rough estimate of the relative risk. We estimate that women who ever smoked
were nearly four times as likely to suffer MI as women who never smoked.

In Table 2.4, it makes sense to treat each column, rather than each row, as a binomial
sample. Because of the matching that occurs in case-control studies, however, the
binomial samples in the two columns are dependent rather than independent. Each
observation in column 1 is naturally paired with two of the observations in column 2.
Chapter 9 presents specialized methods for analyzing dependent binomial samples.

2.3.5 Types of Observational Studies*

By contrast to the study summarized by Table 2.4, imagine a study where we follow
a sample of women for the next 20 years, observing the rates of MI for smokers
and nonsmokers. Such a sampling design is prospective. There are two types of
pmspective studies. In cohort studies, the subjects make their own choice about which
group to join (e.g., whether to be a smoker), and we simply observe in future time
who suffers MI. In clinical trials, we randomly allocate subjects to the two groups
of interest, such as in the aspirin study described in Section 2.2.2, again observing in
future time who suffers MI. Yet another approach, a cross-sectional design, samples
women and classifies them simultaneously on the group classification and their current
response. As in a case-control study, we can then get the data at once, rather than
waiting for future events.

Case-control, cohort, and cross-sectional studies are called observational studies.
We observe who chooses each group and who has the outcome of interest. By
contrast, a clinical trial is an experimental study, the investigator having control
over which subjects enter each group, for instance, which subjects take aspirin and
which take placebo. Clinical trials have fewer potential pitfalls, because of the use of
randomization, but observational studies are often more practical for biomedical and
social science research.

24 CHI-SQUARED TESTS OF INDEPENDENCE

;. We next show how to test the null hypothesis (Hy) that cell probabilities equal certain
- fixed values {m;}. For a sample of size n with cell counts {r;;}, the values {s;; = nm;;}
are called expected frequencies. They represent the values of the expectations {E(n;;)}
i when Hy is true.

This notation refers to two-way tables, but similar notions apply to multiway tables
or o a set of counts for a single categorical variable. To illustrate, for z flips of a coin,
let 7 denote the probability of a head and 1 — 1 the probability of a tail on each flip.
The null hypothesis that the coin is balanced correspondsto w = 1 — 7 = 5. The



28 TWO-WAY CONTINGENCY TABLES

expected frequency of heads equals & = n = n/2, which also equals the expected
frequency of tails. If Hy is true, we expect to observe about half heads and half tails.

We compare sample cell counts to the expected frequencies to judge whether the
data contradict Hy. If Hg is true for a two-way table, n;; should be close to u;; in
each cell. The larger the differences {n;; — u;}, the stronger the evidence against
Ho. The test statistics used to make such comparisons have large-sample chi-squared
distributions.

2.4.1 Pearson Statistic and the Chi-Squared Distribution

The Pearson chi-squared statistic for testing Hg is

2
2 _ o (i = )
=% B (24.1)

It was proposed in 1900 by Karl Pearson, the British statistician known also for the
Pearson product-moment correlation, among his many contributions. This statistic
takes its minimum value of zero when all n;; = u,;. For a fixed sample size, greater
differences between {n;;} and {u;;} produce larger X* values and stronger evidence
against Ho.

Since larger X? values are more contradictory to Ho, the P-value of the test is the
null probability that X2 is at least as large as the observed value. The X? statistic
has approximately a chi-squared distribution for large sample sizes. It is difficult to
specify what “large” means, but {;; = 5} is sufficient. The P-value is the chi-squared
right-hand tail probability above the observed X? value.

The chi-squared distribution is specified by its degrees of freedom, denoted by
df. The mean of the chi-squared distribution equals df, and its standard deviation
equals \/2df. As df increases, the distribution concentrates around larger values
and is more spread out. It is defined only for nonnegative values and is skewed to the
right, but becomes more bell-shaped (normal) as df increases. Figure 2.1 displays
the shapes of chi-squared densities having df = 1, 5, 10, and 20. The df value
equals the difference between the number of parameters in the alternative and null
hypotheses, as explained later in this section.

24.2 Likelihood-Ratio Statistic

An alternative statistic for testing Hy results from the likelihood-ratio method for
significance tests. The test determines the parameter values that maximize the likeli-
hood function under the assumption that Hy is true. It also determines the values that
maximize it under the more general condition that Hy may or may not be true. The
test is based on the ratio of the maximized likelihoods,

maximum likelihood when parameters satisfy Hy
maximum likelihood when parameters are unrestricted’

A=
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Figure 2.1 of chi-squared distributi

This ratio cannot exceed 1. If the maximized likelihood is much larger when the
parameters are not forced to satisfy Hy, then the ratio A is far below 1 and there is
strong evidence against Hy.

The test statistic for a likelihood-ratio test equals —2log(A). This value is non-
negative, and “small” values of A yield “large” values of —2log(A). The reason for

. the log transform is to yield an approximate chi-squared sampling distribution. For

§ two-way contingency tables, this statistic simplifies to the formula

G* =2 nylog (%) . 242)
ij

The statistic G? is called the likelihood-ratio chi-squared statistic. Like the Pearson
;. statistic, G2 takes its minimum value of 0 when all nij = pij, and larger values
. provide stronger evidence against Hy.

Though the Pearson X? and likelihood-ratio G2 provide separate test statistics,
; they share many properties and commonly yield the same conclusions. When Hy is
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true and the sample cell counts are targe, the two statistics have the same chi-squared
distribution, and their numerical values are similar. Each statistic has advantages and
disadvantages, which we allude to later in this section and in Sections 7.3.1 and 7.4.3.

2.4.3 Tests of Independence

In two-way contingency tables, the null hypothesis of statistical independence of two
responses has the form

Hy: mij = memy

for all i and j. The marginal probabilities then specify the joint probabilities. To test
Hp, we identify Mij = nm; = nmewy as the expected frequency. Here, wij is the
expected value of n;; assuming independence. Usually, {74 } and {rr j}are unknown,
as is this expected value.

We estimate the expected frequencies by substituting sample proportions for the
unknown probabilities, giving

~ My Nyyo

— _ iy Ny
Hij = RPivp+j = e .

n n

The {ii;;} are called estimated expected frequencies. They have the same row and
column totals as the observed counts, but they display the pattern of independence.

For testing independence in / X J contingency tables, the Pearson and likelihood-
ratio statistics equal

(i — piy)? n;
=Y T 2= pteg (24
Z Hij Z i 108 Lij

Their large-sample chi-squared distributions have df = (I — 1)(J — 1). This means
the following: Under Ho, {m;+ } and {r. ;} determine the cell probabilities. There are
1 — 1 nonredundant row probabilities; since they sum to 1, the first / — | determine
the last one through my = 1~ (m, + -+ + r-1,+)- Similarly, there are J — 1
nonredundant column probabilities, for a total of (/ — 1) + (J — 1) parameters. The
alternative hypothesis does not specify the 1J cell probabilities. They are then solely
constrained to sum to 1, so there are /J ~ 1 nonredundant parameters. The value for
df is the difference between the number of parameters under the altemative and null
hypotheses, or

(2.4.3)

W=-D-W-D+U-D=U~-I-J+1=(@-1D)J-1).

2.44 Gender Gap Example

We illustrate chi-squared tests of independence using Table 2.5, from the 1991 General
Social Survey. The variables are gender and party identification. Subjects indicated
whether they identified more strongly with the Democratic or Republican party
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Table 2.5 Cross Classification of Party Identification by Gender
-
Party Identification

Gender Democrat Independent Republican Total

Females 279 73 225 577
(261.4) (70.7) (244.9)

Males 165 47 191 403
(182.6) (49.3) 171.1)

Total 444 120 416 980

Note: Estil d expecied freq; for hypoth of ind in h

Source: Data from 1991 General Social Survey.

or as Independents. Table 2.5 also contains estimated expected frequencies for Hy :
independence. For instance, the first cell has fiy = ny4ns1/n = (577 X444) /980 =
261.4.

The chi-squared test statistics are X* = 7.01 and G? = 7.00, based on df =
(- 1DJ —1)=2~1)3 - 1) = 2. The reference chi-squared distribution has a
mean of df = 2 and a standard deviation of \/ZTf = \/Z = 2,s0avalue of 7.0 is
fairly far out in the right-hand tail. Each statistic has a P-value of .03. This evidence
of association would be rather unusual if the variables were truly independent. Both
test statistics suggest that party identification and gender are associated.

Most major statistical software packages have routines for calculating X2, G2,
and their P-values. These P-values are approximations for true P-values, since the
chi-squared distribution is an approximation for the true sampling distribution. Thus,
it would be overly optimistic for us to report P-values to the 4 or 5 decimal places
that software provides them. If we are lucky, the P-value approximation is good to
the second decimal place, so it makes more sense to report it as .03 (or, at best, .028)
rather than .02837. In any case, a P-value simply summarizes the strength of evidence
against the null hypothesis, and accuracy to two or three decimal places is¢sufficient
for this purpose.

245 Residuals

. Atest statistic and its P-value simply describe the evidence against the null hypothesis.
F A cell-by-cell comparison of observed and estimated expected frequencies helps us
i, better understand the nature of the evidence. Larger differences between n;jand f;;
¥tend to occur for cells that have larger expected frequencies, so the raw difference
g7 — i is insufficient. For the test of independence, useful cell residuals have the

(1 = pi)(1 = ps))
fdhese are called adjusted residuals.

When the null hypothesis is true, each adjusted residual has a large-sample standard
jnormal distribution. An adjusted residual that exceeds about 2 or 3 in absolute value

24.4)

<
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Table 2.6 Adjusted Residuals (in Parentheses) for Testing Independence in Table 2.5
—_— T B TTPRndencein Table s

Party Identification

Gender Democrat Independent Republican
Females 279 73 225
2.29) (0.46) (—2.62)
Males 165 47 191
(—2.29) (—0.46) (2.62)

indicates lack of fit of Hy in that cell. Table 2.6 shows the adjusted residuals for testing
independence in Table 2.5. For the first cell, for instance, n;; = 279 and = 261.4.
The first row and first column marginal proportions equal py, = 577/980 = .589
and p,y = 444/980 = 453, Substituting into (2.4.4), the adjusted residual for this
cell equals

279 - 2614 <229
V261.4(1 — 589)(1 — 453)

This cell shows a greater discrepancy between n;y and /i, than one would expect if
the variables were truly independent.

Table 2.6 shows large positive residuals for female Democrats and male Republi-
cans, and large negative residuals for female Republicans and male Democrats. Thus,
there were significantly more female Democrats and male Republicans and fewer fe-
male Republicans and male Democrats than the hypothesis of independence predicts.
An odds ratio describes this evidence of a gender gap. The 2 X 2 table of Democrat
and Republican identifiers has a sample odds ratio of (279)(191) /1 (225)(165) = 1.44.
Of those subjects identifying with one of the two parties, the estimated odds of iden-
tifying with the Democrats rather than the Republicans were 44% higher for females
than males.

For each party, Table 2.6 shows that there is only one nonredundant residual; the
one for females is the negative of the one for males. The observed counts and the
estimated expected frequencies have the same row and column totals. Thus, in a
given column, if nij > {; in one cell, the reverse must happen in the other cell. The
differences n, j ~ Ay and myj — fiz; have the same magnitude but different signs,
implying the same pattern for their adjusted residuals.

24.6 Partitioning Chi-Squared

Chi-squared statistics have a reproductive property. If one chi-squared statistic has
df = df; and a separate, independent, chi-squared statistic has d f = df, then their
sum is chi-squared with df = df; + df,. For instance, if we had a table of form
Table 2.5 for college-educated subjects and a separate one for subjects not having a
college education, the sum of the X2 values or the sum of the G? values from the two
tables would be a chi-squared statistic with df =2+2=4.
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Similarly, chi-squared statistics having df > 1 can be broken into components

with fewer degrees of freedom. For instance, a statistic having df = 2 can be parti-

tioned into two independent components each having df = 1. Another supplement

to a test of independence partitions its chi-squared test statistic so that the compo-

nents represent certain aspects of the association. A partitioning may show that an

association primarily reflects differences between certain categories or groupings of
categories.

We illustrate with a partitioning of G2 for testing independence in 2 X J tables.
The test statistic then has df = (J — 1), and we partition it into J — | components.
The jth component is G2 for testing independence ina 2 X 2 table, where the first
column combines columns 1 through j of the original table, and the second column
uses column j + 1 of the original table. That is, G2 for testing independence ina 2 X J
table equals the sum of a G statistic that compares the first two columns, plus a G2
statistic for the 2 X 2 table that combines the first two columns and compares them
to the third columnn, and so on, up to a G? statistic for the 2 X 2 table that combines
the first J — 1 columns and compares them to the last column, Each component G?
statistic has df = 1.

Consider again Table 2.5. The first two columns of this table form a 2 X 2 table
with cell counts, by row, of (279, 73/165,47). For this component table, G = (.16,
with df = 1. Of those subjects who identify either as Democrats or Independents,
there is little evidence of a difference between females and males in the relative
numbers in the two categories. We form the second 2 X 2 table by combining these
columns and comparing them to the Republican column, giving the table with rows
(279 + 73, 225/165 + 47, 191) = (352, 225/212, 191). This table has G? = 6.84,
based ondf = 1. There is strong evidence of a difference between females and males
in the relative numbers identifying as Republican instead of Democrat or Independent.
Note that 0.16 + 6.84 = 7.00; that is, the sum of these G2 components equals G2
for the test of independence for the complete 2 X 3 table. This overall statistic
primarily reflects differences between genders in choosing between Republicans and
Democrats/Independents. ’

e It might seem more natural to compute G2 for separate 2 X 2 tables that pair each
column with a particular one, say the last. Though this is a reasonable way to inves-
tigate association in many data sets, these component statistics are not independent
‘A and do not sum to G? for the complete table. Certain rules determine ways of forming
tables so that chi-squared partitions, but they are beyond the scope of this text (see,
X ©.2.. Agresti (1990), p- 53, for rules and references). A necessary condition is that the
G values for the component tables sum to G2 for the original table.
P The G? statistic has exact partitionings. The overall Pearson X2 statistic does not
gequal the sum of the X2 values for the separate tables in a partition. However, it is
Rvalid to use the X? statistics for the separate tables in the partition; they simply do
‘:ot provide an exact algebraic partitioning of the X statistic for the overall table.

RA4.7 Comments on Chi-Squared Tests

i-squared tests of independence, like any significance tests, have serious limita-
ns. They simply indicate the degree of evidence for an association. They are rarely

fio
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adequate for answering all questions we have about a data set. Rather than relying
solely on results of these tests, one should study the nature of the association. It is
sensible to decompose chi-squared into components, study residuals, and estimate
parameters such as odds ratios that describe the strength of association.

The X? and G chi-squared tests also have limitations in the types of data sets for
which they are applicable. For instance, they require large samples. The sampling
distributions of X2 and G? get closer to chi-squared as the sample size n increases,
relative to the number of cells /J. The convergence is quicker for X2 than G2, The
chi-squared approximation is often poor for G* when n/IJ < 5. When I or J
is large, it can be decent for X2 when some expected frequencies are as small as 1.
Section 7.4.3 provides further guidelines, but these are not crucial since small-sample
procedures are available whenever we question whether n is sufficiently large. Section
2.6 discusses these.

The {@i; = niyn4;/n}used in X2 and G2 depend on the row and column marginal
totals, but not on the order in which the rows and columns are listed. Thus, X? and
G? do not change value with arbitrary reorderings of rows or of columns. This means
that these tests treat both classifications as nominal. We ignore some information
when we use them to test independence between ordinal classifications. When at
least one variable is ordinal, more powerful tests of independence usually exist. The
next section presents such a test,

2.5 TESTING INDEPENDENCE FOR ORDINAL DATA

The chi-squared test of independence using test statistic X? or G2 treats both classifi-
cations as nominal. When the rows and/or the columns are ordinal, test statistics that
utilize the ordinality are usually more appropriate.

2.5.1 Linear Trend Alternative to Independence

When the row variable X and the column variable Y are ordinal, a “trend” association
is quite common. As the level of X increases, responses on Y tend to increase toward
higher levels, or responses on ¥ tend to decrease toward lower levels. One can use
a single parameter to describe such an ordinal trend association. The most common
analysis assigns scores to categories and measures the degree of linear trend or
correlation.

We next present a test statistic that is sensitive to positive or negative linear trends
in the relationship between X and Y. It utilizes correlation information in the data.
Letu; < u; < --+ < g denote scores for the rows,andlet vy < v, < .- < g
denote scores for the columns. The scores have the same ordering as the category
levels and are said to be monotone. The scores reflect distances between categories,
with greater distances between categories treated as farther apart.

The sum j4ivjfij, Which weights cross-products of scores by the frequency
of their occurrence, relates to the covariation of X and Y. For the chosen scores, the
Pearson product-moment correlation between X and ¥ equals the standardization of
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this sum,
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Alternative formulas exist for r, and one can compute it using standard software,
entering for each subject their score on the row classification and their score on the
column classification. The correlation falls between — 1 and +1. Independence be-
tween the variables implies that its true value equals zero. The larger the correlation is
in absolute value, the farther the data fall from independence in this linear dimension.

A statistic for testing the null hypothesis of independence against the two-sided
alternative hypothesis of nonzero true correlation is given by

M= (n— 1)r2. 25.1)

This statistic increases as the sample correlation 7 increases in magnitude and as
the sample size n grows. For large samples, it has approximately a chi-squared
distribution with df = 1. Large values contradict independence, so, as with X2 and
G?, the P-value is the right-tail probability above the observed value. The square root,
M = /n — Ir, has approximately a standard normal null distribution. It applies to
directional alternatives, such as positive correlation between the classifications.

Tests using M? treat the variables symmetrically. If one interchanges the rows
with the columns and their scores inan { X J table, M? takes identical value for the
comresponding J X [ table.

252 Alcohol and Infant Malformation Example

Table 2.7 refers t0'a prospective study of maternal drinking and congenital malforma-’
tions. After the first three months of pregnancy, the women in the sample completed
a questionnaire about alcohol consumption. Following childbirth, observations were
.Tecorded on presence or absence of congenital sex organ malformations. Alcoho!

;l‘able 27 Infant Malformation and Mother’s Alcohol Consumption

Alcohol Malformation

Percentage Adjusted

Absent Present Total Present Residual
17,066 48 17,114 0.28 —-0.18
14,464 38 14,502 0.26 —-0.71
788 5 793 0.63 1.84
126 1 127 0.79 1.06
37 1 38 2.63 271

‘t.' B.1 Graubard and E. L. Kom, Biometrics 43: 471-476 (1987).
ted with permission of the Biometric Society.
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consumption, measured as average number of drinks per day, is an explanatory vari- -

able with ordered categories. Malformation, the response variable, is nominal. When
a variable is nominal but has only two categories, statistics (such as M?2) that treat
the variable as ordinal are still valid. For instance, we could artificially regard mal-
formation as ordinal, treating “absent” as “low” and “present” as “high.” Any choice
of two scores yields the same value of M2, and we simply use 0 for “absent” and 1
for “present.”

Table 2.7 has a mixture of very small, moderate, and extremely large counts, Even
though the sample size is large (7 = 32,574), in such cases the actual sampling
distributions of X or G? may not be close to chi-squared. For these data, having
df =4,G* = 62(P = 19)and X? = 12.1 (P = .02), so they provide mixed
signals. In any case, they ignore the ordinality of alcohol consumption.

Table 2.7 lists the percentage of malformation cases at each level of alcohol
consumption. These percentages show roughly an increasing trend. The first two
are similar and the next two are also similar, however, and any of the last three
percentages changes dramatically with the addition or deletion of one malformation
¢ b Table 2.7 also reports adjusted residuals for the “present” category in this table.
Ty are negative at low levels of alcohol consumption and positive at high levels of
consumption, though most are small, and they also change substantially with slight
changes in the data. The sample percentages and the adjusted residuals both suggest
a possible tendency for malformations to be more likely at higher levels of alcohol
consumption.

The ordinal test statistic M? requires scores for levels of alcohol consumption. It
seems sensible to use scores that are midpoints of the categories; that is, v =0,
vy =05, u3 = L5, g = 4.0, v5 = 7.0, the last score being somewhat arbitrary.
One can calculate r and M? using software (¢.g., PROC FREQ in SAS; see Table
A.2 in the Appendix). The sample correlation between alcohol consumption and
malformation is » = 014, and M? = (32,573)(.014)> = 6.6. The P-value of .01
suggests strong evidence of a nonzero correlation. The standard normal statistic
M = 2.56 has P = .005 for the one-sided alternative of a positive correlation.

For the chosen scores, the correlation value of .014 seems weak. However, r has
limited use as a descriptive measure for tables, such as this one, that are highly
discrete and unbalanced. Future chapters present tests such as M2 as part of a model-
based analysis. For instance, Section 4.2 presents a model in which the probability
of malformation changes linearly according to alcohol consumption. Model-based
approaches yield estimates of the size of the effect as well as smoothed estimates of
cell probabilities. These estimates are more informative than mere significance tests.

2.5.3 Extra Power with Ordinal Test

For testing independence, X and G2 refer to the most general alternative hypothesis
possible, whereby cell probabilities exhibit any type of statistical dependence. Their
df value of (I — 1)(J — 1) reflects an alternative hypothesis that has (I — 1)(J — 1)
more parameters than the null hypothesis. These statistics are designed to detect
any type of pattern for the additional parameters. In achieving this generality, they
sacrifice sensitivity for detecting particular patterns.
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When the row and column variables are ordinal, one can attempt to describe
the association using a single extra parameter. For instance, the test statistic M2 is
based on a correlation measure of linear trend. When a test statistic refers to a single
parameter, ithasdf = 1. ) ) ) )

When the association truly has a positive or negative trend, the ordinal test using
M? has a power advantage over the tests based on X2 or G2. Since df equals the
mean of the chi-squared distribution, a relatively large M? value based on df = 1
falls farther out in its right-hand tail than a comparable value of X2 or G? based on
df = (I = D{J = 1); falling farther out in the tail prOdPCCS a srzrlallerZP-vgue. When
there truly is a linear trend, M? tends to have similar size as X or G , S0 it tends to
have greater power in terms of yielding smaller P-values. In _attemptm; Kp detexft any
type of dependence, the X 2 and G? statistics lose power relative to statistics designed
to detect a particular type of dependence if that type of dependence truly occurs.

Another advantage of chi-squared tests having small df values rglates to the
accuracy of chi-squared approximations. For small to moderate sample sizes, the true
sampling distributions tend to be closer to chi-squared yvhe-n d f is smaller. When
several cell counts are small, the chi-squared approximation is likely to be worse for
X2 or G? than it is for M2.

254 Choice of Scores

For most data sets, the choice of scores has little effect on the results. Different choices
of monotone scores usually give similar results. This may not happen, however, when
the data are very unbalanced, such as when some categories have many more obser-
vations than other categories. Table 2.7 illustrates this. For the equally-spaced row
scores (1, 2, 3, 4, 5), the test statistic equals M? = 1.83, giving a. much weaker
conclusion (P = .18). The magnitudes of r and M? do not change with transfonpa—
tions of the scores that maintain the same relative spacings between the categories.
For instance, scores (1,2,3,4, 5) yield the same correlation as scores (0, 1,2,3,4) or
(2,4,6,8,10) or (10,20, 30,40, 50).

An alternative approach avoids thie responsibility of selecting scores and{uses the
data to form them automatically. Specifically, one assigns ranks to the subjects and
uses them as the category scores. For all subjects in a category, one assigns the average

i of the ranks that would apply for a complete ranking of the sample from 1 to n. These

are called midranks. We illustrate by assigning midranks to the levels of alcobol
consumption in Table 2.7. The 17,114 subjects at level O for alcohol consumption
share ranks 1 through 17,114. We assign to each of them the average of these ranks,
which is the midrank (1 + 17,114)/2 = 8557.5. The 14,502 subjects at level < 1
for alcohol consumption share ranks 17,115 through 17,114 + 14,502 = 31,616, for
& midrank of (17,115 + 31,616)/2 = 24,365.5. Similarly the midranks f0§ the last
three categories are 32,013.0, 32,473.0, and 32,555.5. These scores yield M~ = 0.35
and a weaker conclusion yet: (P = .55). )

Why does this happen? Adjacent categories having relatively few observations
'nccessarily have similar midranks. For instance, the midranks (85575,24,36?.5,
82,013.0,32,473.0,32,555.5) for Table 2.7 are similar for the final three categories,
since those categories have considerably fewer observations than the first two
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The binomial coefficients equal

ay _ at
b) " b=y

To test independence, the P-value is the sum of hypergeometric probabilities for
ouicomes at least as favorable to the alternative hypothesis as the observed outcome.
We illustrate forH, : @ > 1. Given the marginal totals, tables having larger n,, values
also have larger sample odds ratios § = (npy n22)/(mzny,), and hence provide stronger
evidence in favor of this alternative. The P-value equals the right-tail hypergeometric
probability that n,, is at least as large as the observed value, This test for 2 X 2 tables,
Proposed by the eminent British statistician R. A. Fisher in 1934, is called Fisher's
exact test.

2.6.2 Fisher’s Tea Taster

illustrate this test in his 1935 text, The Design of Experiments, Fisher described

To
the following experiment: A colleague of Fisher’s at Rothamsted Experiment Station

Table 2.8 shows a potential result of the experiment. We conduct Fisher’s exact
testof Hy : § = 1 against H, : 8 > 1. The null hypothesis states that Fisher’s
colleague’s guess was independent of the actual order of pouring; the alternative
hypothesis reflects her claim, predicting a positive association between true order of

to the row margins (4.4), since she knew that four cups had milk added first. Both
marginal distributions are naturally fixed.

The null distribution of ny; is the hypergeometric distribution defined for all
2 X 2 tables having row and column margins (4,4). The potential values for ,; are
(0,1,2,3,4). The observed table, three correct guesses of the four cups having milk

Table 2.8 Fisher’s Tea-Tasting Experiment

Guess Poured First
Poured First Milk Tea Total
Milk 3 1 4
Tea 1 3 4
Total

4 4
—\\
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added first, has nuli probability

4 4
(3) (1) _ 4/6DanIA/anEy] 16
PO N T T T s 70
4

The only table that is more extreme, for the alternative Hgy 1 8 > 1, consists of four
correct guesses. Ithas ny) = ny; = 4and ny, = ny; = 0,and a probability of

Table 2.9 summarizes the possible values of n;; and their probabilitie.sA ‘

The P-value for the one-sided alternative H, : ‘6 > 1 equals the right-tail probg-
bility that n(, is at least as large as observed; thz}l 1s,1.’ =P(3)+P@) = .243: This
is not much evidence against the nuil hypothesis of 1ndependenc'e. The experiment
did not establish an association between the actual order of pouring and the guess.
Of course, it is difficult to show effects with such a small sample. If the tea taster
had guessed all cups correctly (i.e., n;; = 4), the observed result wquld'haye been
the most extreme possible in the right-hand tail of the hypergepmetnc dlsmbuthn,
then, P = P(4) = 014, giving some reason to bcli_eve her claim. For the potential
ny; values, Table 2.9 shows P-values for the alternative H, : 8 > 1.

2.6.3 P-values and Type I Error Probabilities

The two-sided alternative H, : 6 # 1 refers to the general alternative of statistical

' dependence used in chi-squared tests. Its exact P-value is usually defined as the two-

tailed sum of the probabilities of tables no more likely than the observed table. To

calculate it, one adds the hypergeometric probabilities of all outcomes y for the first

i cell count for which P(y) = P(n))), where ny is the observelq count. For Table 2.8,
summing all probabilities that are no greater than the probability P(3) = .229 of the

Flable 2.9 Hypergeometric Distribution for Tables with Margins of Table 2.8

2
Probability P-value X

014 1.000 8.0
229 986 2.0
514 757 0.0
229 243 2.0
014 014 8.0

fote: P-value refers 1o right-tail probability for one-sided alternative.
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observed table gives P = P(0) + P()+P3) + P(4) = 486. When the row or
column marginal totals are equal, the hypergeometric distribution is symmetric, and
the two-sided P-value doubles the one-sided one.

An altemative two-sided P-value sums the probabilities of those tables for which
the Pearson X? statistic is at least as large as the observed value. That is, it uses
the exact small-sample distribution of X2 rather than its large-sample chi-squared
distribution. Table 2.9 shows the X values for the five tables having the margins of
Table 2.8. The statistic can assume only three distinct values, so its highly discrete
distribution is far from the continuous chi-squared distribution, Figure 2.2 plots this
exact small-sample distribution of X2
probability .458, and 8.0 with probability .028. The observed table has X2 = 2.0, and
the ™ alue equals the nui] probability of a value this large or larger, or 458 + 028 =
AL u. For these data, this P-value based on X? is identical to the one based solely on
probabilities.

Computations for the hypergeometric distribution are rather messy. One can
lestep this distribution and approximate the exact P-value for X2 by obtaining

N

0.5

sidk

0.4

o
Y

Probability

0.2

0.1

0.0 -J

Figure 2.2 Exact distribution of Pearson X2 for Table 2.8.

. It equals 0.0 with probability .514, 2.0 with ¥
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a P-value from the chi-squared distribution for an adjustment of the Pearson sl:.atislic
using the Yates continuity correction. There is no longer any reason to use t}_lls a}?-
proximalion, however, since modern software makes it pos§1ble to conduct Fisher's
exact test even for fairly large samples with hypergeometric P-values based on the
X2 or probability criteria. o . .

For small samples, the exact distribution (2.6.1) is highly discrete, in the sense Fhat
n,1 can assume relatively few values. The P-value also has a §mall number of possible
values. For Table 2.8, it can assume five values for the L?ne~51ded te§l anq three values
for the two-sided test. This has an impact on error ratf:s m‘hypolhesm testing. Suppose
we make a formal decision about the null hypothesis using q st_xpposed Type I error
pmbabili&y such as .0S. That is, we reject the null hypo.lhfms if the P-value }s less
than or equal to .05. Because of the test's discre!eneAss, it is usually 'not possxple to
achieve that level exactly. For the one-sided allematlYe, the tea-tasting experiment
yields a P-value below .05 only when ny; = 4, in which case P = 014, Wher! Ho
is true, the probability of this outcome is .014, so the af:tual.Type 1 error probability
would be .014, not .05. The test is said to be conservanve, since the act_ual €rTor rate
is smaller than the intended one. (The approximation of exact tests using the Yates

inuity correction is also conservative.)

wtllt‘l;i‘;liﬁustrates an awkwardness with formal decision-rnaking at “sacred"Alevels
such as .05 when the test statistic is discrete. For le§t statistics l{av1ng a continuous
distribution, the P-value has a uniform null distribution over the interval [0 1). That
is, P is equally likely to fall anywhere between 0 and 1, so the prob'ablllty that P
falls below a fixed level « equals a, and the expected value of P is 5 Ff)r test
tistics having discrete distributions, the null distribution of the ?-value is dl'screte
¥ and has expected value greater than .5. For instance, for the one-snded' test with the
jtea-tasting data, the P-value equals .014 with probability P(0) = 014, it equals .243
@ with probability P(1) = .229, and so forth; from Table 2.9, the expected value of the
by P-value is

P X Prob(P) = .014(.014) + .243(.229) + .757(.514) + ,286(.229) + 1.0(.014)
= .685.

v‘,v this average sense, P-values for discrete distributions tend to be too large. 4

, To diminish the conservativeness of tests for discrete data, one can use a slightly
erent definition of P-value. The mid P-value equals half the probability of the
served result, plus the probability of more extreme results. It h'as a null expected
e of .5, the same as the regular P-value for continuous variates. For the tea-
@ting data, with an observed value of 3 for nyy, the one-sided mid lf-valuc equals
43)/2 + P(4) = 229/2+ 014 = .129, compared to .243 for the ordinary P-value.
(e
3

mid P-value for the two-sided test based on the X2 statistic equals P(X? =
72+ P(X* = 8) = 257, compared to .486 for the ordinary P-value.

Inlike an exact test with ordinary P-value, a test using the mid P-value does not
rantee that the Type I error rate falls below a fixed value (seg Pr?blem 2.27).
ever, it usually performs well and is less conservative than Flsher§ f-:xact tf:sl.
¢ither P-value, rather than reducing the data to the extreme binary decision (reject
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Hy, do not reject Hy), it is better simply to report the P-value, using it as a measure
of the weight of evidence against the null hypothesis.

In Table 2.8, both margins are naturally fixed. When only one set is fixed, such as
when rows totals are fixed with independent binomial samples, altemative exact tests
exist that are less conservative than Fisher’s exact test. These are beyond the scope

» but the reader can refer 1o a recent article by R. Berger and D. Boos .

2.6.4 Smali-Sample Confidence Interval for Odds Ratio

Exact inference is not limited to testing. One can also construct small-sample con-
fidence intervals for the odds ratio. They correspond to a generalization of Fisher's
exact test that tests an arbitrary value, Hy : § = 6o. A 95% confidence interval
contains all values of o for which the exact test of Ho 1 8 = 6y yields P > .05; that
is, for which one would not reject the null hypothesis at the .05 level.

As happens with e, %sts, the discreteness makes these confidence intervals
conservative. The true confidence level can be no smaller th:
but it may actually be considerably larger. For instarnice, a nominal 95% confidence
interval may have true confidence level 98%. Moreover, the true level is unknown,
The difference between the nominal and true levels can be considerable when the
sample size is small. To reduce the conservativeness, one can construct the interval

corresponding to the test using a mid P-value. The confidence interval consists of
all 6y values for which the mid P-value e

For the tea-tasting data (Table 2.8), the “exact” 95% confidence interval for the
true odds ratio equals (0.21,626.17). The interval based on the test using the mid

P-value equals (0.31, 308.55). Both intervals are very wide, because the sample size
is 50 small,

2.6.5 Exact Tests of Independence for Larger Tables*

of all tables having the same row and column margins as the observed table. The |
exact tests are not practical to compute by hand or calculator but are feasible using
computers. One selects a test statistic that describes the distance of the observed data
from Hy. One then computes the probability of the set of tables for which the test
statistic is at least as great as the observed one. For instance, for nominal variables,
one could use X2 as the test statistic. The P-value is then the null probability that X*
is at least as large as the observed value, the calculation being done using the exact
distribution rather than the large-sample chi-squared distribution.
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Table 2.10 Example of 3 x 9 Table for Small-Sample Test

0 7 0 0 0 0 0 I 1
1 1 1 I 1 1 1 0 0
0 8 0 0 0 0 0 0 0

Recently developed software makes exact tests feasible for tables for which large-
sample approximations are invalid. The software StaFXact performs many exact
inferences for categorical data. To illustrate, Table 2.10 is a 3 X 9 table haV}ng many
zero entries and small counts. For it, X2 = 223 with df = 16. The chi-squared
approximation for the distribution of X? gives P = .13. .Because the cell counts are
so small, the validity of this approximation is suspect. Using StatXact to generate the
exact sampling distribution of X2, we obtain an exact P-value of .001, quite different

result using the large-sample approximation.

froa‘rhaenolher exan%ple, wegretum lt)o the analysis in Section 2.5 of Table 2.7, onithc
potential effect of matemal alcohol consumption on infant sex organ malfomatlon.
For testing independence, the values of X? = 121 and G? = 6.2 yield P-values
from a chi-squared distribution with df = 4 of .02 and .19, respectively. Because of
the imbalance in the table counts and the presence of some small counlsl, vufe cc_Juld
instead use exact tests for these statistics. The P-values using the exact dxsm!)utans
of X? and G2 are .03 and .13, respectively. These are closer together but still give
differing evidence about the association.

The columns of Table 2.7 are ordinal, and Section 2.5 presented a large-sample
ordinal test based on a statistic M? (formula 2.5.1) that assigns scores to rows.and
columns. For ordinal data, exact tests exist using this statistic or using M for one-sided
% dlternatives. For the one-sided alternative of a positive association, the exact P-value
) equals .02 for the midpoint scores (0,0.5, 1.5, 4, 7), .10 for the equally spaced scores
5 (0.1,2,3,4) and .29 for the midrank scores. For these data, the result depends greatly
._on the choice of scores.

.1. A Swedish study considered the effect of low-dose aspirin on reducing the
risk of stroke and heart attacks among people who have already suffered a
stroke (Lancet 338: 1345-1349 (1991)). Of 1360 patients, 676 were randomly
assigned to the aspirin treatment (one low-dose tablet a day) and 684 to a
placebo treatment. During a follow-up period averaging about three years, the
number of deaths due to myocardial infarction were 18 for the aspirin group
and 28 for the placebo group.

a. Calculate and interpret the difference of proportions, relative risk of death,

and the odds ratio.

b. Conduct an inferential analysis for these data. Interpret results.

Inthe United States, the estimated annual probability that a woman over the age
of 35 dies of lung cancer equals .001304 for current smokers and .000121 for
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nonsmokers (M. Pagano and K. Gauvreau, Principles of Biosiatistics, Belmont, 2.8. Table 2.12is based on records of accidents in 1988 compiled by the Department

CA: Duxbury Press, 1993, p. 134). of Highway Safety and Motor Vehicles in Florida, Compute and interpret the

a. Calculate and interpret the difference of proportions and the relative risk. sample odds ratio, relative risk, and differenC_e of proportions, and explain why
Which of these measures is more informative for these data? Why? the odds ratio approximately equals the relative risk.

b. Calculate and interpret the odds ratio. Explain why the relative risk and
0dds ratio take similar values.

Table 2.12
A newspaper article preceding the 1994 World Cup semifinal match between . T Injury
lialy and Bulgaria stated that “Italy is favored 10-11 to beat Bulgaria, which Safety Equipment —
is rated at 10-3 1o reach the final” Suppose this means that the odds that Ttaly in Use Faal Nonfatal
wins are 11/10 and the odds that Bulgaria wins are 3/10. Find the probability None 1601 162,527
that each team wins, and comment. Seat belt 510 412,368

The odds ratio between treatment (A, B) and response (death, survival) equals
2.0.
a. Explain what is wrong with the interpretation, “The probability of death with
treatment 4 is twice that with treatment B.” Give the correct interpretation,
b. When is the quoted interpretation in (a) correct, in an approximate sense?
¢. The odds of death equal 0.5 for treatment A. What is the probability of death
for (i) treatment A, (ii) treatment B?
An estimated odds ratio for adult females between the presence of squamous
cell carcinoma (yes, no) and smoking behavior (st.. ¢, non-smoker) equals
11.7 when the smoker category consists of subjects whose smoking level s is
0 < s < 20 cigarettes per day; it is 26.1 for smokers with 5 = 20 cigareties
per day (R. C. Brownson et al,, Epidemiology, 3: 61-64, 1992). Show that
the estimated odds ratio between carcinoma (yes, no) and the smoking levels
(52 20,0 < s < 20) equals 26.1/11.7 = 2.2,
Table 2.11 was taken from the 1991 General Social Survey.

Source: Department of Highway Safety and Motor Vehicles, State
of Florida,

2.9. In an article about crime in the United States, Newsweek magazine (Jan. 10,
1994) quoted FBI statistics stating that of all blacks slain in 1992, 94% were
slain by blacks, and of all whites slain in 1992, 83% were slain by whites. Let
Y denote race of victim and X denote race of murderer.

a. Which conditional distribution do these statistics refer to, Y given X, or X
givenY?

Calculate and interpret the odds ratio between X andY.

. Given that a murderer was white, can you estimate the probability that the
victim was white? What additional information would you need to do this?
(Hint: Use Bayes Theorem.)

. A 20-year study of British male physicians (R. Doll and R. Peto, British Med.

J., 2: 1525-1536 (1976)) noted that the proportion who died from lung cancer

was .00140 per year for cigarette smokers and .00010 per year for nonsmokers.

r =

The proportion who died from heart disease was -00669 for smokers and .00413
Table 2.11 for nongmokers. )
Belief in Afterlife a. Describe lh(:: association of smokﬁng with lung cancer and with heart disea§e.
using the difference of proportions, the relative risk, and the odds ratio.
Race Yes No or Undecided Interpret.
White 621 239 b. Which response is more strongly related to cigarette smoking in terms of
Black 89 42

the reduction in deaths that could occur with an absence of smoking?

« Refer to Table 2.1.

' a. Construct a 90% confidence interval for the difference of proportions, and
interpret.

b. Construct a 90% confidence interval for the odds ratio, and interpret.

¢ Conduct a test of statistical independence. Interpret.

A large-sample confidence interval for the log of the relative risk is

pi l=py  1-p
log{ =] +z _— t —.
g(l’z) m\/Nlm N2ps

— %

a. Identify each classification as a response or explanatory variable,
b. Describe the association. Interpret the direction and strength of association.
¢. Obtain a 95% confidence interval for a population measure, and interpret.
A poll by Louis Harris and Associates of 1249 adult Americans in July 1994
indicated that 36% believe in ghosts and 37% believe in astrology. Can we

compare the proportions using inferential methods for independent binomial
samples? Explain.
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Antilogs of the endpoints yield an interval for the true relative risk. For Table
2.1, construct a 90% confidence interval,

2.13. Refer to Table 2.3. Find the P-value for testing that the incidence of heart
attacks is independent of aspirin intake, (a) using X2, (b) using G2. Interpret
results.

2.14.

Refer to Table 2.4. Do these data provide evidence of an association between
myocardial infarction and smoking? Use an inferential procedure, and interpret.
2.15. Table 2.13 was taken from the 1991 General Social Survey.

Table 2.13

Party Identification
Race Democrat Independent Republican |
White 341 105 405
Black 103 15 11

a. Test the hypothesis of independence between party identification and race.
Interpret.

b. Use adjusted residuals to describe the evidence.

¢. Partition chi-squared into two crmponents, and use the components to
describe the evidence. f

2.16. A recent article (D. J. Moritz and W. A. Satariano, J. Clin. Epidemiol., 46:
443-454 (1993)) investigated the relationship between stage of breast cancer
at diagnosis (local or advanced) and a woman’s living arrangement. Of 144
women living alone, 41.0% had an advanced case; of 209 living with spouse,
52.2% were advanced; of 89 living with others, 59.6% were advanced. The
authors reported the P-value for the relationship as .02. Reconstruct the analysis
they performed to obtain this P-value.

2.17. Give examples of contingency tables for which a chi-squared test of inde-
pendence using X2 or G2 should nor be used, because of (a) sample size,
(b) measurement scale.

2.18

. Table 2.14 classifies a sample of psychiatric patients by their diagnosis and by
whether their treatment prescribed drugs.

Table 2.14

Diagnosis Drugs No Drugs
Schizophrenia 105 8
Affective disorder 12 2
Neurosis 18 19
Personality disorder 47 52
Special symptoms 0 13

_— -
Source: E. Helmes and G. C. Fekken, J. Clin. Psychol., 42: 569-576
(1986). © Clinical Psychology Publishing Co., Inc., Brandon, VT.
Reproduced with permission of the publisher.

PROBLEMS 49

a. Report the P-value for a test of independence, and interpret the result.

b. Calculate adjusted residuals, and interpret.

c. Partition chi-squared into three components to describe differences and
similarities among the diagnoses, by comparing (i) the first two rows, (ii) the
third and fourth rows, (iii) the last row to the first and second rows combined
and the third and fourth rows combined.

2.19. Refer to Table 7.5 (Chapter 7). Combine data for the two genders, yielding a
single 4 X 4 table.

a. Use X2 and G? to test independence. Interpret.

b. Partition G? into three components for three 2 X 4 tables by (i) comparing
the first two income levels on job satisfaction, (i) comparing the last two
income levels on job satisfaction, and (iii) comparing the first two income
levels combined to the last two income levels combined. Interpret. Does job
satisfaction appear to depend on whether one’s income is below or above
$15,000?

. Now test independence using the ordinality of income and job satisfaction.
Interpret the result and explain why the result is so different from the X?
and G? tests.

I

d. Check the sensitivity to the choice of scores by redoing (c) for a different
“reasonable” set of scores. Interpret.
2.20. A study on educational aspirations of high school students (S. Crysdale,
Int. J. Compar. Sociol., 16: 19-36 (1975)) measured aspirations using the
scale (some high school, high school graduate, some college, college grad-
uate). For students whose family income was low, the counts in these cate-
gories were (9,44, 13, 10); when family income was middle, the counts were
(11, 52,23, 22); when family income was high, the counts were (9,41, 12, 27).
a. Test independence of educational aspirations and family income using X2
or G2. Interpret, and explain the deficiency of this test for these data.

b. Calculate the adjusted residuals. Do they suggest any association pattern?
¢. Conduct an alternative test that may be more powerful. Interpret results.
Table 2.15 refers to a study that assessed factors associated with women’s
attitudes toward mammography (Hosmer and Lemeshow, 1989, p. 220). The
columns refer to their response to the question, “How likely is it that a mam-
mogram could find 2 new case of breast cancer?” Analyze these data.

Detection of Breast Cancer

Not Likely Somewhat Likely Very Likely
13 77 144
'er one year ago 4 16 54
thin the past year i 12 9l

¢: Hosmer and Lemeshow (1989), p- 224. Reprinted with permission of John Wiley & Sons, Inc.
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2.22.

2.23.

2.25.

2.26.

2.27.

. Refer to the previous problem. Compute the sample odds ratio. Using software,

TWO-WAY CONTINGENCY TABLES

Refer to Table 8.12 (Chapter 8). Analyze these data using the methods of this
chapter.

A study (B. Kristensen et al., J. Intern. Med., 232: 237-245 (1992)) con-
sidered the effect of prednisolone on severe hypercalcaemia in women with
metastatic breast cancer. Of 30 patients, I5 were randomly selected to. re-
ceive prednisolone, and the other 15 formed a control group. Seven of the 15
prednisolone-treated patients achieved normalization in their level of serum-
ionized calcium. This happened for none of the 15 patients in the control
group. Use Fisher’s exact test to find a P-value for testing whether results were
significantly better for treatment than control. Interpret.

obtain a 95% “exact” confidence interval for the true odds ratio. Interpret, and
note the effect of the zero cell count.

Table 2.16 contains results of a study comparing radiation therapy with surgery
in treating cancer of the larynx. Use Fisher’s exact test totest Ho : 6 = 1 against
H, : @ > 1. Interpret results.

Table 2.16
Cancer Cancer Not
Controlled Controlled
Surgery 21 2
Radiation therapy 15 3

Source: Reprinted from W. Mendenhall et al., /nr. J. Radiat. Oncol.
Biol. Phys., 10: 357-363 (1984), with kind permission of Elsevier
Science Ltd.

Refer to the previous problem. !

a. Obtain and interpret the one-sided mid-P value. Give advantages and dis-
advantages of this type of P-value compared to the ordinary one.
b. Obtain and interpret a two-sided exact P-value.

Suppose a researcher routinely conducts tests using a nominal probability of

Type I error of .0, rejecting Hy if the P-value satisfies P < .05. Suppose an

exact test using X has null distribution P(X? = 0) = .30, P(X2 = 3) = .62,

and P(X* = 9) = 08.

a. Show that, with the usual P-value, the actual probability of Type I error
equals 0.

b. Show that, with the mid P-value, the actual probability of Type [ error equals
.08.

¢. Repeat (a) and (b) using the probabilities .30, .66, .04. Note that the test with
mid P-value can be “conservative” or “liberal.” The test with the ordinary
P-value cannot be liberal.
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2.28. Refer to Table 2.8.
a. Construct the nult distributions of the ordinary P-value and the mid P-value,
for the one-sided alternative. Compute and compare their expected values.
b. Repeat (a) for the test using X2 for the two-sided alternative.
2.29. Consider the 3 X 3 table having entries, by row, of (4,2,0/2,2,2/0,2,4).
a. Using software, conduct an exact test of independence, using X2. Interpret.
b. Suppose the row and column classifications are ordinal, Using equally-
spaced scores, conduct an ordinal exact test. Explain why results differ so
much from (a).

2.30. A diagnostic test is designed to detect whether subjects have a certain disease.
A positive test outcome predicts that a subject has the disease. Given that the
subject has the disease, the probability the diagnostic test is positive is called
the sensitivity. Given that the subject does not have the disease, the probability
the test is negative is called the specificity. Consider the 2 X 2 table having
the true status as the row variable and the diagnosis as the column variable.
If “positive” is the first level of each classification, then sensitivity is 7, and
specificity is 1 — 3. Let 'y denote the probability that a subject has the disease.
a. Given that the diagnosis is positive, use Bayes Theorem to show that the
probability a subject truly has the disease is

_my
my+tm(l -y

o

. Suppose a diagnostic test for HIV + status has sensitivity and specificity
both equal to .95. If y = .005, find the probability that a subject is HIV +,
given that the diagnostic test is positive.

To better understand the answer in (b), find the four joint probabilities for
the 2 X 2 table, and discuss their relative sizes.

. For tests of independence, {f;; = n;+n+;/n}. Show that {{1;;} have the same
row and column totals as the observed data. For 2 X 2 tables, show that their
odds ratio equals 1.0. Hence, they satisfy the null hypothesis. (For / X J tables,
the odds ratio equals 1.0 for every 2 X 2 subtable formed using a pair of rows
and a pair of columns.)

o

E:32. The Pearson residual for a cell in a two-way table equals

eij = (nij = fij)/\/fij.

a. Show that they provide a decomposition of the Pearson chi-squared statistic,

through X? = 3" ¢Z,.

b. Show that Pearson residuals are smaller than adjusted residuals and thus
have smaller variance than standard normal variates.

. For 2 X 2 tables, show that (i) all four adjusted residuals have the same
absolute value. (This is sensible, since df = 1 and the table contains only
one piece of information about association.) Show that (ii) the four Pearson
residuals may take different values; (iii) the square of each adjusted residual

el
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233,

234,
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equals X2, (Note: For 2 X 2 tables, X? simplifies to

¥2 = n(muny = nipny))?
= M T )T
(miemeng ngy)

Adjusted residuals are identical for Poisson and binomial sampling. The

Pearson residual defined here refers to Poisson sampling, and a different

Pearson residual applies for binomial sampling; see Section 5.3.3.)
Formula (2.4.3) has altemative expression X2 = n 3(p;; ~ PisP+ ) /pispaj.
For a particular set of {pij}, X? is directly proportional to n, Hence, X? can }
be large when n is large, regardless of whether the association is practically
important. Explain why chi-squared tests, like other tests, simply indicate the
degree of evidence against a hypothesis and do not give information about the
strength of association. (“Like fire, the chi-square test is an excellent servant
and a bad master,” Sir Austin Bradford Hill, Proc. R. Soc. Med., 58: 295-300
(1965).)
Let Z denote a standard normal variate. Then Z2 has a chi-squared distribution
withdf = 1. A chi-squared variate with degrees of freedom equal to df has
representation Z2 + - - - + Z}/, where 2y, 2y are independent standard
nor_mal variates. Using this, show that if Y1 and Y, are independent chi-squared
vaniates with degrees of freedom dfy and df,, then Y, + Y, has a chi-squared
distribution with df = df, + df,.

CHAPTER 3

Three-Way Contingency Tables

An important part of most research studies is the choice of control variables. In
studying the effect of an explanatory variable X on a response variable ¥, one should
“control” covariates that can influence that relationship. That is, one should use
some mechanism to hold such covariates constant while studying the effect of X
on Y. Otherwise, an observed effect of X on Y may simply reflect effects of those
covariates on both X and Y. This is particularly true for observational studies, where
one does not have the luxury of randomly assigning subjects to different treatments.
To illustrate, suppose a study considers effects of passive smoking; that is, the
effects on a nonsmoker of living with a smoker. To analyze whether passive smoking
associated with lung cancer, a cross-sectional study might compare lung cancer
rates between nonsmokers whose spouses smoke and nonsmokers whose spouses
fdo not smoke. In doing so, we should attempt to control for age, socioeconomic
“status, or other factors that might relate both to whether one’s spouse smokes and
whether one has lung cancer. Unless we control such variables, results will have
ited usefulness. Suppose spouses of nonsmokers tend to be younger than spouses
f smokers, and suppose younger people are less likely to have lung cancer. Then,
lower proportion of lung cancer cases among spouses of nonsmokers may simply
flect their lower average age.
k Including control variables in an analysis requires a multivariate rather than a bi-
iate analysis. This chapter generalizes the methods of Chapter 2 regarding two-way
Ditingency tables to multi-way tables. The main topic is analyzing the association
een two categorical variables X and Y, while controlling for effects of a possibly
ounding variable Z. We do this by studying the X-Y relationship at fixed, con-
levels of Z. For simplicity, the examples refer to three-way tables with binary
nses. Later chapters treat more general cases as well as the use of models to
orm statistical control.
tion 3.1 shows that the association between two variables may change dramat-
Rlly under a control for another variable. Sections 3.2 and 3.3 present inferential
0ds for such associations; Section 3.2 presents large-sample methods and Sec-
3.3 discusses exact inference for small samples.

53
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3.1 PARTIAL ASSOCIATION

We begin this chapter by discussing statistical control and the types of relationships
one can encounter in performing such control with multivariate categorical data. We

displays counts for the combinations of levels of the three variables.

holding its value constant.

The two-way contingency table obtained by combining the partial tables is called
the X-Y marginal table. Each cell count in the marginal table is a sum of counts from

two-way table relating X and Y. Methods for two-way tables, discussed in Chapter
2, do not take into account effects of other variables.

The associations in partial tables are called Cc.... . snal associations, because they
refer to the effect of X on ¥ conditional on fixing Z at some level. Conditional
associations in partial tables can be quite different from associations in marginal
tables. In fact, it can be misleading to analyze only a marginal table of a multi-way
contingency table, as the following example illustrates.

3.1.2  Death Penaity Example

Table3.1isa2Xx2x2 contingency table—two rows, two columns, and two layers—
from an article that studied effects of racial characteristics on whether individuals

convicted of homicide receive the death penalty. The 674 subjects classified in Ta-

Table 3.1 Death Penalty Verdict by Defendant’s Race and Victims’ Race

Victims® Defendant’s m
Race Race Yes No
White White 53 414
Black 11 37

Black White 0 16
Black 4 139

—_

Total White 53 430
Black 15 176

Source: M. L. Radelet and G. L. Pierce, Florida Layw Rev. 43: 1-34 (1991).
Reprinted with permission of the Florida Law Review,

al. A three-way contingency table
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ble 3.1 were the defendants in indictments invo!ving cases with muitiple murders in
Florida between 1976 and 1987. The variables in Table 3.1 are Y = “death penalty
verdict,” having categories (yes, no), and X = “race of defendant” and Z = “raC'e
of victims,” each having categories (white, black). We study the effect of defendant's
race on the death penalty verdict, treating victims’ race as a control variable. Tabl_c 31
has a 2 X 2 partial table relating defendant’s race and the death penalty verdict at
each level of victims’ race. N .

For each combination of defendant’s race and vncnms.‘ race, Table 3.1 lists and
Figure 3.1 displays the percentage of defendaqts who received the death penalty. We
use these to describe the conditional associations between detten.dan!'s race §nd the
death penalty verdict, controiling for victims’ race. When the victims were white, the
death penalty was imposed 22.9% — 11.3% = 11.6% more often for black dc.fendants
than for white defendants. When the victim was black, the death penalty was 1mpo§ed
2.8% more often for black defendants than for white defendants. Thus, comrall_mg
for victims’ race by keeping it fixed, the percentage of “yes” death penalty verdicts

5, was higher for black defendants than for white defcnd?.nts. )
- The bottom portion of Table 3.1 displays the marginal table for defepdam s race
,».and the death penalty verdict. We obtain it by summing the cell ooux'ns in Table 3.1
¥ .ovcr the two levels of victims® race, thus combining the two partial tables (eg.,
1 +4 = 15). We sce that, overall, 11.0% of white defendants and 7.9% of blac{(y
defendants received the death penalty. /gnoring victims’ race, the percentage of “yes

22.9%
(n=48)

Blaék
Victims

Figure 3.1  Percent receiving death penalty.
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death penalty verdicts was lower for black defendants than for white defendants. The
association reverses direction compared to the partial tables,

Why does the association between death penalty verdict and defendant’s race dif-
fer so much when we ignore vs. control victims’ race? This relates to the nature of
the association between the control variable, victims’ race, and each of the other vari-
ables. First, the association between victims’ race and defendant’s race is extremely
strong. One can verify that the marginal table relating these variables has odds ratio
(467 X 143)/(48 X 16) = 87.0; the odds that a white defendant had white victimg
are estimated to be 87.0 times the odds that a black defendant had white victims,
Second, the percentages in Table 3.1 show that, regardless of defendant's race, the
death penalty was considerably more likely when the victims were white than when {
the victims were black. So, whites are tending to kill whites, and killing whites is
more likely to result in the death penalty. This suggests that the marginal association
should show a greater tendency for white defendants to receive the death penalty than
do the conditional associations. In fact, Table 3.1 shows this pattern.

Figure 3.2 may clarify why the conditional associations differ so from the marginal
association. For each defendant’s race, the figure plots the proportion receiving the
death penalty at each level of victims’ race. Each proportion is labeled by a letter

.25
Proportion
Receiving
Death Penalt:
Y 0.20 Conditional assoc.
(vic. = W)
0.156
Marginal
‘association
0.10
0.05 Conditional assoc.
(vic. =B)
0.0

Defendant’s Race

Figure 3.2 Proportion receiving death penalty by defendant’s race, controlling and ignoring victim's]
race,
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symbol giving the level of victims’ race. Surrounding each observation is a circle
having area proportional to the number of observations at that combination of defen-
dant’s race and victims’ race. For instance, the W in the largest circle represents a
proportion of .113 receiving the death penalty for cases with white defendants and
white victims. That circle is largest, because the number of cases at that combination
(53 + 414 = 467) is larger than at the other three combinations. The next largest
circle relates to cases in which blacks kill blacks.

We control for victims' race by comparing circles having the same victims' race
Jetter at their centers. The line connecting the two W circles has a positive slope, as
does the line connecting the two B circles. Controlling for victims’ race, this reflects
a higher chance of the death penalty for black defendants than white defendants.
When we add results across victims' race to get a summary result for the marginal
effect of defendant’s race on the death penalty verdict, the larger circles having the
greater number of cases have greater influence. Thus, the summary proportions for
each defendant’s race, marked on the figure by periods, fall closer to the center of
the larger circles than the smaller circles. A line connecting the summary marginal
proportions has negative slope, indicating that white defendants are more likely than
black defendants to receive the death penalty.

The result that a marginal association can have different direction from the condi-
tional associations is called Simpson’s paradox. This result applies to quantitative as
well as categorical variables.

3.13 Conditional and Marginal Odds Ratios

One can describe marginal and conditional associations using odds ratios. We illus-

trate for 2 X 2 X K tables, where K denotes the number of levels of a control variable,

" Z.Let {n;u} denote observed frequencies and let {; s} denote their expected frequen-

cies.
Within a fixed level & of Z,

v = kM2 3.1

Mzkkaik
ibes conditional X-Y association. It is the ordinary odds ratio computed for the
expected frequencies in the kth partial table. We refer to the odds ratios for the

'The conditional odds ratios can be quite different from marginal odds ratios, for
ghich the third variable is ignored rather than controlled. The X-¥ marginal table has
ected frequencies {u;;+ = Y, pia} obtained by summing over the levels of Z.
X-Y marginal odds ratio is

Oy = Fa+ B2+
Hi2+ o1+

Rimilar formulas with cell counts substituted for expected frequencies provide sample
glimates of Oxy ) and Oyy .
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We illustrate by computing sample conditional and marginal odds ratios for the
association between defendant’s race and the death penalty. From Table 3.1, the
estimated odds ratio in the first partial table, for which victims’ race is white, equals

3 x 37

———— =043,
414 X 11

éxy(n =

The sample odds for white defendants receiving the death penalty were 43% of the
sample odds for black defendants. In the second partial table, for which victim’s race
is black, the estimated odds ratio equals éxy(z) = (0 X 139)(16 X 4) = 0.0, since the
death penalty was never given to white defendants having black victims.

Estimation of the marginal odds ratio for defendant’s race and the death penalty
uses the 2 X 2 marginal table in Table 3.1, collapsing over victims’ race. The estimate
equals (53 X 176)/(430 X 15) = 1.45. The sample odds of the death penalty were
45% higher for white defendants than for black defendants. Yet, we just observed that
those odds were smaller for a white defendant than for a black defendant, within each
level of victims’ race. This reversal in the association when we control for victims’
race illustrates Simpson’s paradox. (Problems 5.16 and 6.3 consider further analyses
of these data.)

3.1.4 Marginal versus Conditional Independence

Consider the true relationship De(:veen X and Y, controlling for Z. If X and Y
are independent in each partial table, then X and ¥ are said to be conditionally
independent, given Z. All conditional odds ratios between X and ¥ then equal 1.
Conditional independence of X and Y, given Z, does not imply marginal independence
of X and Y. That is, when odds ratios between X and Y equal 1 at each level of Z,
the marginal odds ratio may differ from 1.

The expected frequencies in Table 3.2 show a hypothetical relationship among
three variables: Y = response (success, failure), X = drug treatment (4, B), and
Z = clinic (1, 2). The conditional association between X and Y at the two levels of

Table 3.2 Conditional Independence Does Not Imply

Marginal Independence
Response

Clinic Treatment Success Failure
1 A 18 12
B 12 8
2 A 2 8
B 8 32
Total A 20 20
B 20 40

-— -
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Z is described by the odds ratios

18 X8

Bxry = Ixn - 10
2X32

b = g = 10

Given clinic, response and treatment are conditionally independent. The marginal
table adds together the tables for the two clinics. The odds ratio for that marginal
table equals 8xy = (20 X 40)/(20 X 20) = 2.0, so the variables are not marginally
independent.

Why are the odds of a success twice as high for treatment A as treatment B when
we ignore clinic? The conditional X-Z and Y-Z odds ratios give a clue. The odds ratio
between Z and either X or Y, at each fixed level of the other variable, equals 6.0,
For instance, the X-Z odds ratio at the first level of Y equals (18)(8)/(12)(2) = 6.0.
The conditional odds (given response) of receiving treatment A are six times higher
at clinic 1 than clinic 2, and the conditional odds (given treatment) of success are six
times higher at clinic 1 than at clinic 2. Clinic 1 tends to use treatment A more often,
and clinic | also tends to have more successes. For instance, if patients who attend
clinic | tend t0 be in better health or tend to be younger than those who 20 to clinic
2, perhaps they have a better success rate than subjects in clinic 2 regardiess of the
treatment received.,

It is misleading to study only the marginal table, concluding that successes are
 more likely with treatment A than with treatment B. Subjects within a particular
clinic are likely to be more homogeneous than the overall sample, and response is
independent of treatment in each clinic.

3.1.5 Homogeneous Association

(There is homogeneous X-Y associationina 2 X 2 X K table when

Oeray = Oxry = - = Byry-

fhe conditional odds ratio between X and Y is then identical at each level of Z. Thus,
effect of X on Y is the same at each level of Z, and a single number describes
joe X-Y conditional associations. Conditional independence of X and Y is the special
in which each conditional odds ratio equals 1.0.
omogeneous X-Y association in an 7 X J X K table means that any conditional
8 ratio formed using two levels of X and two levels of ¥ is the same at each
Vel of Z. When X-Y conditional odds ratios are identical at each level of Z, the
Bine property holds for the other associations. For instance, the conditional odds
Ho between two levels of X and two levels of Z is identical at each level of
. omogeneous association is a symmetric property, applying to any pair of the
fiables viewed across the levels of the third. When it occurs, there is said to be no
eraction between two variables in their effects on the third variable.

B
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When homogeneous association does not exist. the conditional odds ratio for
any pair of variables changes across levels of the third variable, For X = smoking
(yes, no), ¥ = lung cancer (yes. no), and 7 = age (<45, 45-65. >65), suppose
Oxry = 1.2, Byyay = 28, and Oyyzy = 6.2, Then, smoking has a weak effect on
lung cancer for young people. but the effect strengthens considerably with age.

The estimated conditional odds ratios for Tabie 3.1 are By W = 0.43 and éxy(z) =
0.0. The values are not close, but the second estimate is unstable because of the zero
cell count. If we add % to each cell count, we obtain 0.94 for the second estimate.
Because the second estimate is so unstable and because further variation can oceur
from sampling variability, these data do not necessarily contradict homogeneous
association. The next section shows how to check whether sample data are consistent
with homogeneous association or conditional independence.

3.2 COCHRAN-MANTEL-HAENSZEL METHODS

This section introduces inferential analyses for three-way tables. We present a test of
conditional independence and a test of homogeneous association for the K conditional
odds ratios in 2 X 2 X K tables. We also show how to combine the saniple odds ratios
from the K partial tables into a single summary measure of partial association.
Analyses of conditional association are relevant in most applications having mul-
tivariate data. To illustrate, we analyze Table 3.3, which summarizes eight studies in
China about smoking and lung cancer. The smokers and nonsmokers are the levels

Table 3.3 Chinese Smoking and Lung Cancer Study, with Information Relevant to
Cochiran-Mantel-Haenszel Test

Lung Cancer

City Smoking Yes No Odds Ratio Kk Var(n ;)

Beijing Smokers 126 100 2.20 113.0 16.9
Nonsmokers 35 61

Shanghai Smokers 908 688 2.14 $773.2 179.3
Nonsmokers 497 807

Shenyang Smokers 93 747 218 7993 1493
Nonsmokers 336 598

Nanjing Smokers 235 172 2.85 203.5 311
Nonsmokers 58 121

Harbin Smokers 402 308 232 355.0 57.1
Nonsmokers 12t 215

Zhengzhou Smokers 182 156 159 169.0 28.3
Nonsmokers 72 98

Taiyuan Smokers 60 99 2.37 53.0 9.0
Nonsmokers 11 43

Nanchang Smokers 104 89 2.00 96.5 11.0
Nonsmokers 21 36

Source: Based on data in Z. Liu, Smoking and lung cancer in China, Intern. J Epidemiol., 21: 197-201
(1992). Reprinted with permission of Oxford University Press
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of a group classification X, the two possible outcomes (yes, no) for lung cancer are
the levels of a response variable Y, and different cities are levels of a control variable
Z. Subjects may vary among cities on refevant characteristics such as socioeconomic
status, which may cause heterogeneity among the cities in smoking rates and in
the lung cancer rate. Thus. we investigate the association between X and Y while
controlling for Z.

3.2.1 The Cochran-Mantel-Haenszel Test

For 2 X 2 X K tables. the null hypothesis that X and ¥ are conditionally independent.
given Z. means that the conditional odds ratio 8yy s, between X and ¥ equals 1 in
each partial table. The standard sampling models treat the cell counts as (1) inde-
pendent Poisson variates, or (2) multinomial counts with fixed overall sample size,
or (3) multinomial counts with fixed sample size for each partial table, with counts
in different partial tables being independent, or (4) independent binomial samples
within each partial table with row totals fixed. In partial table k, the row totals are
{1144 721}, and the column totals are {n. ;;. 14 2}. Given both these totals, all these
sampling schemes yield a hypergeometric distribution (Section 2.6.1) for the count
ny ¢ in the cell in the first row and first column. That cell count determines all other
counts 1n the partial table. The test statistic utilizes this cell in each partial table.

Under the null hypothesis, the mean and variance of n, 4 are

miw = Elny) = ke Gt

Nyvk

My 4k 4 1k My 2

V; 0" .
A = - D

When the true odds ratio fixy ., exceeds 1.0 in partial table k, we expect to observe
(mx — ) > 0. The test statistic combines these differences across all K tables.
When the odds ratio exceeds 1.0 in every partial table, the sum of such differences
tends to be a relatively large positive number; when the odds ratio is less than 1.0 in
each table. the sum of such differences tends to be a relatively large negative number.
The test statistic summarizes the information from the K partial tables using

CMH = 3.2.0)

(¥ me = P-llk)]z
S Var(nyy)
This is called the Cochran-Mantel--Haenszel (CMH) statistic. It has a large-sample
chi-squared distribution with df = 1.
The CMH statistic takes larger values when (ny); — j14) is consistently positive
or consistently negative for all tables. rather than positive for some and negative for
others. This test is inappropriate when the association varies dramatically among the

¥ Partial tables. It works best when the X-¥ association is similar in each partial table.

The CMH statistic combines information across partial tables. When the true
Association is similar in each table. this test is more powerful than separate tests within
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cach table. It is improper to combine results by adding the partial tables together to
form a single 2 X 2 marginal table for the test. Simpson’s paradox (Section 3.1.2)
revealed the dangers of collapsing three-way tables.

3.22  Lung Cancer Meta Analysis Example

Table 3.3 summarizes eight case-control studies in China about smoking and lung
cancer. Each study matched cases of lung cancer with controls not having lung cancer
and then recorded whether cach subject had ever been a smoker. In each partial table,
we treat the counts in each column as a binomial sample, with column total fixed. We
test the hypothesis of conditional independence between smoking and lung cancer,
which states that the true odds ratio equals 1.0 for each city.

Table 3.3 reports the sample odds ratio for each table and the expected value and
variance of the number of lung cancer cases who were smokers (the count in the
first row and first column), under this hypothesis. In each table, the sample odds
ratio shows a moderate positive association, so it makes sense to combine results
through the CMH statistic. We obtain Yemue = 2930, Yoi ik = 2562.5, and

« Var(m) = 482.1, for which CMH = (2930.0 — 2562.5)2/482.1 = 280.1,
with df = 1. There is extremely strong evidence against conditional independence
(P < .0001). This is not surprising, given the large sample size for the combined
studies (n = 8419).

A statistical analysis that combines information from several studies is called
a meta analysis. The meta analysis of Table 3.3 provides stronger evidence of an
association than any single partial table gives by itself.

3.2.3  Estimation of Common Odds Ratio

It is more informative to estimate the strength of association than simply to test a
hypothesis about it. When the association seems stable across partial tables, we can
estimate an assumed common value of the K true odds ratios.

Ina2 X 2 X K table, suppose that Ory = 0 = Oy The Mantel-Haenszel
' estimator of that common value equals

_ Sl /n. )

b, .
o ilmaunyie/ny )

(3.2.2)
The standard error for log(@w) has a complex formula (Agresti (1990), p. 236), so
we shall not report it here. Some software (such as SAS-PROC FREQ) computes
a standard error, and one can also obtain an estimate and standard error using logit
models (Section 5.4.4),

For the Chinese smoking studies summarized in Table 3.3, the Mantel-Haenszel
odds ratio estimate equals

By = U2OX61)/(322) + - + (104)(36)/250 _
100322+ T (2189 /(250
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The estimated standard error of log(8yy) = log(2.17) = 0777 equals 0.046. An
approximate 95% confidence interval for the common log odds ratio is 0.777 = 1.96 X
0.046. or (0.680.0.868), corresponding to (exp(.686), exp(.868)) = (1.98,2.38) for
the odds ratio. The odds of lung cancer for smokers equal about twice the odds for
non-smokers. Such odds ratios are typically much larger in Western society. They
may be lower in China partly because, until recent years, pipes with long stems were
more common than cigarettes. .

[f the true odds ratios are not identical but do not vary drastically, By still provides
a useful summary of the K conditional associations. Similarly, the CMH test is a
powerful summary of evidence against the hypothesis of conditional independence,
as long as the sample associations fall primarily in a single direction.

3.24 Testing Homogeneity of Odds Ratios*

One can test the hypothesis that the odds ratio between X and Y is the same at
each level of Z; that is, Hy : Oy = -+ = Oxy k- This is a test of homogeneous
association for 2 X 2 X K tables.

Let{tie, fizk, fauk, Aoz} denote estimated expected frequencies in the kth partial
table that have the same marginal totals as the observed data, yet have odds ratio equal
to the Mantel-Haenszel estimate By of a common odds ratio. The test statistic, called
the Breslow-Day statistic, has the Pearson form

_ay
Z (N - i) ) (.23
Hiji

where the sum is taken over all cells in the table. The closer the cell counts fall to the
values having a2 common odds ratio, the smaller the statistic and the less the evidence
against Hy.

Calculation of the {f’-ull satisfying a common odds ratio is complex and not
discussed here since standard software (such as PROC FREQ in SAS) reports this
statistic. The Breslow—Day statistic is an approximate chi-squared statistic withdf =
K — 1. The sample size should be relatively large in each partial table, with {[Lu; = 5}
in at least about 80% of the cells.

For the meta analysis of smoking and lung cancer (Table 3.3), software reports
a Breslow-Day statistic equal 1o 5.2, based on df =7, for which P = 64 Thfs
evidence does not contradict the hypothesis of equal odds ratios. We are justified in

summarizing the conditional association by a single odds ratio for all eight partial

tables.

k325 Some Caveats*

To ensure that the distribution of the Breslow-Day statistic (3.243). converges o
hi-squared as the sample size increases, R. Tarone showed (Biometrika, 72: 91-95
¥ (1985)) that one must adjust it by subtracting
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This adjustment is usually minor. For Table 3.3, the correction is less than 0.01,
making no difference to the conclusion.

Each partial table in Table 3.3 refers to a case-control study. Because each subject
having lung cancer was matched with one or more controls not having lung cancer,
the two columns are not truly independent binomial samples. In practice, whether a
case had ever been a smoker is probably essentially independent of whether a control
had ever been a smoker, so the different columns in each table should be similar to
independent binomial samples. If for each case-control pair we had information about
whether each subject had been a smoker, we could forma 2 X 2 table relating whether
the control had ever been a smoker (yes, no) to whether the case had ever been a smoker
(yes, no). Then specialized methods are available for comparing cases and controls
on the proportions who ever smoked that take into account potential dependence.
Chapter 9 discusses some of these. Positive correlations between proportions yield
smaller P-values than we get by treating the samples as independent.

Section 6.5.1 discusses an alternative test of homogeneity of odds ratios, based on
models. Section 7.3 presents generalizations of the CHM test for / X J X K tables,

3.3 EXACT INFERENCE ABOUT CONDITIONAL ASSOCIATIONS*

The chi-squared tests presented in the previous section, like chi-squared tests of
independence for / X J tables, are large-sample tests. The true sampling distributions
converge to chi-squared as the sample size n increases. It is difficult to provide
general guidelines about how large # must be. The tests’ adequacy depends more
on the two-way marginal totals than on counts in the separate partial tables. For the
CMH statistic, for instance, cell counts in the partial tables can be small (which often
happens when X is large), but the X-¥ marginal totals should be relatively large.

In practice, small sample sizes are not problematic, since one can conduct exact
inference about conditional associations. For instance, exact tests of conditional
independence generalize Fisher’s exact test for 2 X 2 tables.

3.3.1 Exact Test of Conditional Independence for 2 X 2 x K Tables

For 2 X 2 X K tables, conditional on the marginal totals in each partial table, the
Cochran-Mantel-Haenszel test of conditional independence depends on the cell
counts through 37, 1. Exact tests use 37, ny4 in the way they use n,; in Fisher’s
exact test for 2X 2 tables. Hypergeometric distributions in each partial table determine
probabilities for {n) ), k = 1....,K}. These determine the distribution of their sum.
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The null hypothesis of conditional independence states that all conditional odds
ratios {6xy} equal 1. A “positive” conditional association corresponds to t.he one-
sided alternative to this hypothesis, 6yy ) > 1. The P-value then equals the right-tail
prohability that Z‘ my is at least as large as observed, for the fixed marginal (0?3.15»
For the one-sided alternative 6yy ) < 1, the P-value equals Fhe left-tail probablhly
that ), 7w is no greater than observed. 'I\vo-gded alternatives can use a two-tail
probability of those outcomes that are no more likely than the o!Jserved one.

Exact tests of conditional independence are computationally highly intensive. They
require software for practical implementation. We used StatXact in the following
example.

33.2 Promotion Discrimination Example

Table 3.4 refers to U.S. government computer specialists of similar seniority con-
sidered for promotion from classification level GS-13 to level GS-14. The table
cross classifies promotion decision by employee’s race, considered for three separate
months. We test conditional independence of promotion decision and race. The table
contains several small counts. The overall sample size is not small (z = 74)‘ but one
marginal count (collapsing over month of decision) equals zero, so we might be wary
of using the CMH test. .

We first use the one-sided alternative of an odds ratio less than 1. This corresponds
to potential discrimination against black employees, their probability of promotic?n
being lower than for white employees. Fixing the row and column margmal_ totals in
each partial table, the test uses 71, 1, the first cell count in each. For the margins of the
partial tables in Table 3.4, n;;; can range between 0 and 4, n;); can range between
0 and 4, and n;13 can range between 0 and 2. The total Zk nyy can take values
between 0 and 10. The sample data represent the most extreme possible result in each
of the three cases. The observed value of 3, nyy, equals 0, and the P-value is the
null probability of this outcome, which software reveals to equal .026. A l\.»/_()jsided
P-value, based on summing the probabilities of all tables having probabllmes‘no
greater than the observed table, equals .056. There is some evidence that promotion
is related to race.

.. Table 3.4 Promotion Decisions by Race and by Month

July August Seplember
Promotions Promotions Promotions
Yes No Yes No Yes No
0 7 0 7 0 8
4 16 4 13 2 13

y e: ). Gastwirth, Staristical Reasoning in Law and Public Policy (San Diego: Academic Press, 1988,
P 266).
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3.3.3  Exact Confidence Interval for Common Odds Ratio

As discussed in Section 2.6.3, for small samples the discreteness implies that exact
tests are conservative. When Hy is true, for instance, the P-value may fall below
.05 less than 5% of the time. One can alleviate conservativeness by using the mid-P
value. It sums half the probability of the observed result with the probability of “more
extreme” tables.

One can also construct “exact” confidence intervals for an assumed common value
6 of {Bxy «}. Because of discreteness, these are also conservative. For a 95% “exact”
confidence interval, the true confidence level is at least as large as .95, but is unknown.
A more useful 95% confidence interval is the one containing the values 6y having
mid P-values exceeding .05 in tests of Ho : § = 8. Though mid P-based confidence
intervals do not guaraniee that the true confidence level is at least as large as the
nominal one, they are narrower and usually more closely match the nominal level
than either the exact or large-sample intervals. Both approaches are computationally
complex and require software.

We illustrate with Table 3.4. Because the sample result is the most extreme possi-
ble, the Mantel-Haenszel estimator (3.2.2) of an assumed common odds ratio equals
Oun = 0.0. StatXact reports an “‘exact” 95% confidence interval for a common odds
ratio of (0, 1.01). We can be at least 95% confident that the true odds ratio falls in
this interval. A 95% confidence interval based on correspondence with tests using
the mid P-value is (0, 0.78). We can be approximately 95% confident that the odds of
promotion for blacks are no more than 78% of the odds for whites.

3.34 Exact Test of Homogeneity of Odds Ratios

The Breslow—Day test of homogeneity of odds ratios (Section 3.2.4) is also a large-
sample test. It applies when the sample size is relatively large in each partial table,
When the total sample size is small, or when the total sample size is large but the
number K of partial tables is large and individual tables have small sample sizes,
this test is not valid. An exact test of homogeneity of odds ratios, sometimes called
Zelen's exact test, handles such cases. The exact distribution is calculated using the
setof all 2 X 2 X K tables that have the same two-way marginal totals as the observed

table. The P-value is the sum of probabilities of all 2 X 2 X K tables that are no more I

likely than the observed table.

For Table 3.4, the values {{i;} that yield the Mantel-Haenszel estimate fy = 0.0

of the common odds ratio are identical to the observed counts in each partial table.

The Breslow—Day statistic contains terms of the form 0/0, and it is undefined. In !

addition, no table other than the observed table has all the two-way marginal totals
of that table. Therefore, Zelen’s exact test is degenerate, giving P = 1.0. For this
pattern of data, one cannot obtain any‘ meaningful information about whether the true
odds ratios differ.

A disadvantage of exact inference is that the small-sample conditional distribution
is often highly discrete. In some cases, such as this one, it concentrates at only a
single point. One can do only so much with small sample sizes!
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3.1. In murder trials in 20 Florida counties during 1976 and 1977, the death penalty

was given in 19 out of 151 cases in which a white killed a white, in 0 out of 9

cases in which a white killed a black, in 11 out of 63 cases in which a black

killed a white, and in 6 out of 103 cases in which a black killed a black (M.

Radelet, Amer. Sociol. Rev., 46: 918-927 (1981)).

a. Exhibit the data as a three-way contingency table.

b. Construct the partial tables needed to study the conditional association
between defendant’s race and the death penalty verdict. Compute and in-
terpret the sample conditional odds ratios, adding 0.5 to each cell to reduce
the impact of the 0 cell count.

¢. Compute and interpret the sample marginal odds ratio between defendant’s
race and the death penalty verdict. Do these data exhibit Simpson's paradox?
Explain.

For all trials in Florida involving homicides between 1976 and 1987, M. Radelet
and G. Pierce (Florida Law Review, 43: 1-34 (1991)) reported the following
results: The death penalty was given in 227 out of 4645 cases in which a white
killed a white, in 92 out of 731 cases in which a black killed a white, in 9 out
of 264 cases in which a white killed a black, and in 36 out of 4428 cases in
which a black killed a black. Compute and interpret the sample conditional
odds ratios between defendant’s race and the death penalty verdict. Do the
conditional associations seem to be homogeneous? Explain.

Smith and Jones are baseball players. Smith had a higher batting average than

Jones in 1994 and 1995. Is it possible that for the combined data for these two

years, Jones had the higher batting average? Explain, and illustrate using data.

3.4. Give a “real world” example of three variables X, ¥, and Z, for which you

expect X and Y to be marginally associated but conditionally independent,

controlling for Z.

Based on 1987 murder rates in the United States, the Associated Press reported

that the probability a newbom child has of eventually being a murder victim

is 0.0263 for nonwhite males, 0.0049 for white males, 0.0072 for nonwhite
females, and 0.0023 for white females.

a. Find the conditional odds ratios between race and whether a murder vic-
tim, given gender. Interpret, and discuss whether these variables exhibit
homogeneous association.

b. If half the newborns are of each gender, for each race, find the marginal
odds ratio between race and whether a murder victim.

2
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3.6.

*a

Using graphs or tables to illustrate, explain what is meant by “no interaction”
in modeling a response ¥ and explanatory variables X and Z, when (a) all
variables are continuous (multiple regression), (b) ¥ and X are continuous, Z
is categorical (analysis of covariance), (c) Y is continuous, X and Z are cate-
gorical (two-way ANOVA), (d) all variables are categorical (*no interaction”
= “homogenous association™).
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3.7. For three-way contingency tables, when any pair of variables is conditionally
independent, explain why there is homogenous association. When there is not
homogeneous association, explain why no pair of variables can be conditionally
independent.

3.8. Table 3.5 refers to the effect of passive smoking on lung cancer. It summarizes
results of case-control studies from three countries among nonsmoking women
married to smokers. Test the hypothesis that having lung cancer is independent
of passive smoking, controlling for country. Report the P-value, and interpret.
(Note: Weak associations in observational studies are suspect. With relatively
small changes in the data, perhaps representing effects of misclassification or
other bias, the association could disappear. See, for instance, R. L. Tweedie
et al., Garbage in, garbage out, Chance, 7: no. 2, 20-27 (1994)).

Table 3.5
Spouse
Country Smoked Cases Controls
Japan No 21 82
Yes 3 188
Great Britain No 5 16
Yes 19 38
United States No 71 249
Yes 137 363
Source: Blot and Fraumeni, J. Nat. Cancer Inst., 77: 9931000
(1986).

3.9. Refer to the previous problem. Assume that the true odds ratio between passive
smoking and lung cancer is the same for each study. Estimate its value, and
use software to find a 95% confidence interval. Interpret. Analyze whether the
odds ratios truly are identical.

3.10. Table 3.6 shows results of a three-center clinical trial designed to compare a
drug to placebo for treating severe migraine headaches. At each center, subjects
were randomly assigned to treatments,

Table 3.6
Response
Center Group Success Failure
1 Drug 6 4
Placebo 2 8
2 Drug 4 3
Placebo 1 5
3 Drug 5 3
Placebo 3 6

a. Describe the associations in the partial tables. Are results similar among]
centers?
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b. Find the P-value for testing that response is conditionally independent of
whether a subject receives drug or placebo. Interpret.

o

. Calculate and interpret an estimate of the average conditional association
between group and response.

d. Test whether the true odds ratio is the same in each center. Interpret.
3.11. Refer to Table 3.1. Treating this as a sample, analyze the data.

3.12. Refer to Problem 3.2. Test whether the odds ratios are the same at each level
of victims' race. Interpret.

3.13. Referto Table 3.7, which classifies police officers by rank, race, and promotion
decisions made in 1988.
Table 3.7
Sergeant SA Sergeant Master Sgt SA Master Sgt
Promotions Promotions Promotions Promotions
Race Yes No Yes No Yes No Yes No
Black 4 103 1 35 2 18 1 4
White 43 548 4 109 43 155 18 94

Source: Dixon vs. Margolis, 56 FEP Cases 401 (N.D. [ilinois, 1991), as quoted by J. Gastwirth and C.
Mehta in The usefulness of exact statistical methods in equal employmeat litigation, in Computational
Statistics, Vol. 2, Y. Dodge and J. Whittaker, eds. (Berlin: Springer-Verlag, 1992), pp. 91-95.

a. Conduct an exact test of conditional independence of promotion and race,
given rank. Interpret, and compare results to the large-sample test.

b. Conduct an exact test of whether the odds ratio is identical for the four
ranks. Interpret, and compare results to the large-sample test.

¢. Construct and interpret a confidence interval for an assumed common odds
ratio.

-3.14. Refer to Problem 3.10.

a. Use an exact test to conduct this analysis. Compare results to the large-
sample test.

b. Conduct an exact test that the odds ratio is identical for all three centers.
Compare results to the large-sample test.

¢. Construct and interpret a confidence interval for an assumed common odds
ratio,

'~_ 15. Table 3.8 refers to ratings of agricultural extension agents in North Carolina.
In each of five districts, agents were classified by their race and by whether
they qualified for a merit pay increase. Analyze these data.
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Table 3.8

-

Blacks, Merit Pay Whites, Merit Pay

District Yes No Yes No
e % N
NC 24 9 47 12
NE 10 3 45 8
Nw 5 4 57 9
SE 16 7 54 10
SwW 7 4 59 12

Source: J. Gastwirth, Statistical Reasoning in Law and Public Policy, Vol. 1, (San Diego: Academic Press,
1988), p. 268. '

CHAPTER 4

Generalized Linear Models

Chapters 2 and 3 presented methods for analyzing associations in two-way and three-
way contingency tables. Those methods help us investigate effects of explanatory
variables on categorical response variables. We next study ways of using models as
the basis of such analyses.

A good-fitting model has several benefits. The structural form of the model de-
scribes the patterns of association and interaction. Inferences for model parameters
help us evaluate which explanatory variables affect the response, while controliing ef-
fects of possible confounding variables. The sizes of the estimated model parameters
determine the strength and importance of the effects. Finally, the model’s predicted
values smooth the data and provide improved estimates of the mean of the response
distribution.

The inferences presented in Chapters 2 and 3 also result from analyzing effects
in certain models. But models can handle more complicated situations than these,
such as analyzing simultaneously the effects of several explanatory variables. In
addition, the model-building paradigm focuses on estimating parameters that describe
the effects, which is more informative than mere significance testing. Modeling
categorical response variables is the primary theme of the rest of this book. The
explanatory variables in the models can be continuous or categorical or both types.

Nearly all models presented in this book are special cases of generalized linear
models. This is 2 broad class of models that includes ordinary regression and ANOVA
models for continuous response variables as well as models for categorical response

#, variables. This chapter introduces generalized linear models for categorical and other
discrete response data. We use the acronym GLM as shorthand for generalized linear
%y model.

The first section discusses three components that are common to all GLMs. Section
4.2 introduces models for binary response variables, appropriate for binomial data;
gn important special case is the logistic regression model, which Chapter 5 presents
detail. Section 4.3 introduces GLMs for count-type response variables modeled
Poisson data; an important special case is the loglinear model, which Chapter
Presents in detail. Section 4.4 discusses checks of the adequacy of model fit for
LM, illustrating for Poisson loglinear models. Section 4.5 presents further details
goout the fitting and checking of GLMs.

71
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4.1 COMPONENTS OF A GENERALIZED LINEAR MODEL

All generalized linear models have three components: The random component iden-
tifies the response variable ¥ and assumes a probability distribution for it. The
Systematic component specifies the explanatory variables used as predictors in the
model. The link describes the functional relationship between the systematic com-
ponent and the expected value (mean) of the random component. The GLM relates
a function of that mean to the explanatory variables through a prediction equation
having linear form.

4.1l Random Component

For a sample of size N, denote the observations on the response variable ¥ by
(Y1.....Yw). The GLMs discussed in this text treat ¥y,..., Yy as independent. The
random component of a GLM consists of identifying the response variable ¥ and
selecting a probability distribution for [¢ ST 79N

In many applications, the potential outcomes for each observation Y; are binary,
such as “success” or “failure”; or, more generally, each Y; might be the number
of “successes” out of a certain fixed number of trials. We then assume a binomial
distribution for the random component. In some other applications, each response
observation is a nonnegative count, such as a cell count in a contingency table.
We might then assume a Poisson distribution for the random component. If each
observation is continuous, such as a subject’s weight in a dietary study, we might
assume a normal random component.

412 Systematic Component

Denote the expected value of ¥ , the mean of its probability distribution, by u = Ei ).
Ina GLM, the value of p varies according to levels of explanatory variables.

The systematic component of a GLM specifies the explanatory variables. These
enter linearly as predictors on the right hand side of the model equation. That is, the
systematic component specifies the variables that play the roles of {x;} in the formula

a+Bixy 4 By

This linear combination of the explanatory variables is called the /inear predictor.
Some {x;} may be based on others in the model; for instance, perhaps x; = x,x,,
to allow interaction between X and x; in their effects on Y, or perhaps x3 = x2, to
allow a curvilinear effect of x;

4.1.3 Link

The third component of a GLM is the fink between the random and systematic
components. It specifies how p = E(Y) relates to the explanatory variables in the
linear predictor. One can model the mean  directly, or model a monotone function
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g(p) of the mean. The model formula states that
gy = a+ Bixy + -+ By

The function g(.) is called the link function.

The simplest possible link function has the form 8(1) = w. This models the
mean directly and is called the identiry link. It specifies a linear model for the mean
responsc,

H=at B+t Bexg (4.1.1)
This is the form of ordinary regression models for continuous responses.

Other links permit the mean to be nonlinearly related to the predictors. For instance,
the link function g(x) = log(pt) models the log of the mean. The log function applies
to positive numbers, so this “log link” is appropriate when w cannot be negative, such
as with count data. A GLM that uses the log link is called a loglinear model. 1t has
form

log(p) = @ + Bix + - + Bux,. (4.1.2)

The link function g(x) = log[u/(1 — 1)} models the log of an odds. This is called
the logit link. 1t is appropriate when u is between 0 and 1, such as a probability. A
GLM that uses the logit link is called a logir model.

Each potential probability distribution for the random component has one special
function of the mean that is called its natural parameter. For the normal distribution,
itis the mean itself. For the Poisson, the natural parameter is the log of the mean. For
the binomial, the natural parameter is the logit of the success probability. The link
function that uses the natural parameter as g(u) in the GLM is called the canonical
link. For instance, the mode! formula (4.1.1) is the form of the GLM with canonical
link for a normally distributed response. The GLM with canonical link for Poisson
response data has form (4.1.2). Though other links are possible, in practice the

{ canonical links are most common. i

414 Normal GLM

dinary regression and ANOVA models for continuous variates are special cases of
LMs. One assumes a normal distribution for the random component and models
‘the mean directly, using the identity link g(u) = u. A GLM generalizes ordinary
gression models in two ways: First, it allows the random component to have a
tribution other than the normal. Second, it allows modeling some function of the
an. Both generalizations are important for categorical data.

k. A traditional way of analyzing nonnormal data attempts to transform the response
? it is approximately normal, with constant variance. Then, ordinary regression
fhethods using least squares are applicable. In practice, this is usually not possible. A
ffansform that produces constant variance may not produce normality, or else simple
ar models for the explanatory variables may fit poorly on that scale. With the
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theory and methodology of GLMs, it is unnecessary to transform data so that normal-
theory methods apply. This is because the GLM fitting process utilizes maximum
likelihood methods for our choice of random component, and we are not restricted
to normality for that choice. In addition, in GLMs the choice of link is separate from
the choice of random component. If a link produces additivity of effects (i.e., if a
linear model holds for that link), it is not necessary that it also stabilize variance or
produce normality.

We have introduced GLMs in order to unify a wide variety of statistical methods,
Regression, ANOVA, and models for categorical data are special cases of one super
model. In fact, the same fitting method yields ML estimates of parameters for all
GLMs. This method is the basis of software for fitting GLMs, such as GLIM and
SAS (PROC GENMOD).

The next two sections illustrate the three GLM components by introducing the two
most important GLMs for categorical response variables: logistic regression models
for binary data with binomial random component and loglinear models for count data
with Poisson random component.

4.2 GENERALIZED LINEAR MODELS FOR BINARY DATA

Many categorical response variables have only two categories: for instance, a vote
in an election (Democrat, Republican), a choice of automobile (domestic, foreign
import), oradiagnosis regarding whether a woman has breast cancer (present, absent),
Denote a binary response by ¥ and the two possible outcomes by 1 and 0, or by the
generic terminology “success” and “fajlure.”

A binary response is sometimes called a Bernoulli variable. Its distribution is
specified by probabilities P(Y = 1) = 7 of success and PY =0)=(-mof
failure. This distribution has mean E(Y) = r and variance Var(Y) = w(l ~ ). For
n independent observations on a binary response with parameter 7, the number of
successes has the hinomial distribution specified by the indices n and 7. i

This section introduces GLMs for binary response data. We assume that the §
random component in the model has a binomial distribution. Though GLMs can have
muitiple explanatory variables, for simplicity we introduce them using a single X. §
The value of 7 can vary as the value x of X changes, and we replace the 7 notation
by 7(x) to reflect its dependence on that value.

4.2.1 Linear Probability Modet

One approach to modeling the effect of X uses the form of ordinary regression,
which the expected value of ¥ is a linear function of X. The model

7(x) = a + Bx @.2.1

is called a linear probability model, because the probability of success changes
linearly in x. The parameter g represents the change in the probability per unit
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change in x. This model is a GLM with binomial random component and identity
link function.

Unfortunately, this model has a major structural defect. Probabilities fall between
0and 1, whereas linear functions take values over the entire real line. This mode!
p;edicts m(x) < 0and w(x) > 1 for sufficiently large or small x values. The model
can be valid over a finite range of x values. However, most applications, particularly
those having several predictors, require a more complex model form.

Though (4.2.1) looks like an ordinary regression model, least squares estimators
of the model parameters are not optimal. The variance of the binary outcome for each
subject, Var(Y) = (x)[1 — m(x)], is not constant for all x, but rather depends on x
through its influence on 7(x). Because of the nonconstant variance, maximum likeli-
hood (ML) estimators can have smaller standard errors than least Squares estimators.

The ML estimates for this model, like most GLMs, do not have closed-form;
that is, no formula exists for them. Computer software for GLMs calculates the
ML estimates by numerically determining the maximum of the likelihood function.
Section 4.5.1 describes an iterative method for doing this. When predicted values fall
outside the (0, 1) range at some observed x values, the ML fitting procedure fails, but
one can still compute the least squares estimates. (With GLM software, one does this
by identifying the binary response as normal rather than binomial.)

4.2.2 Snoring and Heart Disease Example

To illustrate the linear probability model, we refer to Table 4.1, based on an epidemi-
ological survey of 2484 subjects to investigate snoring as a possible risk factor for
heart disease. Those surveyed were classified according to their spouses’ report of
how much they snored. The model states that the probability of heart disease m(x) is
linearly related to the level of snoring x. We treat the rows of the table as independent
binomial samples with that probability as the parameter. We use scores (0, 2, 4, 5) for
the snoring categories, treating the last two levels as closer than the other adjacent
irs. i
" Software for GLMs reports the ML fit of the model as # = 0.0172 + 0.0198x. For
instance, for nonsnorers (x = 0), the estimated proportion of subjects having heart
disease is 7 = 0.0172+0.0198(0) = .0172. We refer to the estimated values of E(Y)

Table 4.1 Relationship Between Snoring and Heart Disease

Heart Disease

Proportion Linear Logit Probit

Yes No Yes Fit® Fit Fit

24 1355 017 017 021 020

sional 35 603 055 057 044 046
carly every night 21 192 099 096 093 095
night 30 224 118 116 132 131

1 fits refer 10 proportion of yes responses.

e: P.G. Norton and E .V, Dunn, 8rit. Med. J., 291 630-632 (1985), published by BMJ Publishing
.0roup. See also Small Data Sets, D. J. Hand et al,, ed. (London: Chapman and Hall, 1994).
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Figure 4.1 Fit of models for snoring and heart disease data.

for a GLM as firted values. Table 4.1 shows the sample proportions and the fitted
values for the linear probability model. Figure 4.1 graphs the sample and fitted values.
The table and graph suggest that the model fits these data well. (Section 5.4 discusses
formal goodness-of-fit analyses for binary-response GLMs.) The model interpretation
is simple. The estimated probability of heart disease is about .02 (namely, .0172) for |
nonsnorers, it increases 2(0.0198) = .04 for occasional snorers, another .04 for those
who snore nearly every night, and another .02 for those who always snore. This rather §
surprising effect is significant, as the standard error of the slope estimate of 0.0198
equals 0.0028.

Suppose we had chosen scores for snoring level having different relative spacings
from the scores {0,2,4, S}. Examples are {0, 2,4,45} or {0,1,2,3). Then the fitted;
values for the four snoring categories would change somewhat. They would nof
change if the relative spacings between scores were the same, such as {0, 4, 8, 10} of
{1,3,5,6}. For these data, any increasing scores yield the conclusion that the cha
of heart disease increases as snoring level increases. Incidentally, if we entered
data as 2484 binary observations of 0 or 1 and fitted the model using ordinary leas
squares rather than ML, we would obtain # = 0.0169 + 0.0200x. In practice, w
the model fit is good, least squares and ML estimates are usually similar.
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4.2.3 Logistic Regression Model

Relationships between 77(x) and x are usually nonlinear rather than linear. A fixed
change in X may have less impact when 7 is near O or | than when w is near the
middle of its range. In the purchase of an automobile, for instance, consider the
choice between buying new or used. Let m(x) denote the probability of selecting new,
when annual family income = x. An increase of $50,000 in annual family income
would likely have less effect when x = $1,000,000 (for which 7 is near 1) than when
x = $50,000.

In practice, nonlinear relationships between 7r(x) and x are often monotonic, with
m(x) increasing continuously as x increases, or m(x) decreasing continuously as x
increases. The S-shaped curves displayed in Figure 4.2 are often realistic shapes for
the relationship. The most important function having this shape has the model form

r(x) _
log (‘l — 77(.\')> =a+ fx

This is called the logistic regression function. Interpretations for the model formula
are not obvious, and we devote much of Section 5.1 to making sense of it.

Logistic regression models are special cases of GLMs. The random component
for the (success, failure) determinations is binomial. The link function is the logit

(4.2.2)

1 B> 0
(x)
/ 0
i
X
1 B<0
(x)
0
X
Figure 4.2 Logistic regression functions.
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transformation log{7/(1 — )] of m, symbolized by logit(w). Logistic regression
models are often called logit models. The logit is the natural parameter of the binomial
distribution, so the logit link is its canonical link. Whereas  is restricted to the range
(0, 1), the logit can be any real number. The real numbers are aiso the potential range
for linear predictors (such as « + fx) that form the systematic component of 2 GLM,
so this model does not have the structural problem that the linear probability mode]
has.

The parameter B in (4.2.2) determines the rate of increase or decrease of the curve.
When B8 > 0, m(x) increases as x increases, as in Figure 4.2a. When 8 < 0, r(x)
decreases as x increases, as in Figure 4.2b. The magnitude of 8 determines how fast
the curve increases or decreases. As |B] increases, the curve has a steeper rate of
change. When 8 = 0, the curve flattens to a horizontal straight line.

For the snoring and heart disease data in Table 4.1, software reports the ML fit for
the logistic regression model of

logit[#r(x)] = ~3.87 + 0.40x.

The positive value of 3 = 0.40 reflects the increased chance of heart disease at higher
levels of snoring. Chapter S presents several ways of interpreting such equations. For
instance, it shows how to calculate the predicted probabilities for the model fit. Table
4.1 also reports these fitted values, and Figure 4.1 displays the fit. The fit is close to
linear over this rather narrow range of predicted probabilities, and results are similar
to those for the linear probability model.

4.24 Alternative Binary Links*

For the logistic regression curves pictured in Figure 4.2, the probability of a success
increases continuously or decreases continuously as x increases. Let X denote a
random variable, and let x denote a potential value for X. The cumulative distribution
function (cdf) F(x) for X is defined as

F(x)y=PX =1x), —0 < x < %,

Such a function, plotted as a function of x, has appearance like that in Figure 4.2a.

As x increases, F(x) increases gradually from O to 1, since P(X < x) increases
as x increases. This suggests a class of models for binary responses whereby the |
dependence of (x) on x has form i

w(x) = F(x), 4.23)
where F is a cdf for some distribution.

The logistic regression curve has this form. When 8 > 0, F(x) is the cdf ofa
two-parameter logistic distribution. When B < 0 , the formula for 1 — (x) has the]
logistic cdf appearance. Each choice of « and of B > 0 corresponds to a different
logistic distribution. The logistic cd, 'f corresponds to a probability distribution with
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a symmetric, bell shape. In fact, it looks similar to a normal distribution but with
slightly thicker tails.

Model form (4.2.3) occurs naturally when a tolerance distribution applies to
subjects’ responses. For instance, in a toxicology study. suppose that researchers spray
an insectide at various dosage levels on batches of mosquitoes. For each mosquito,
the response is whether it dies. Each mosquito may have a certain tolerance to the
insecticide, such that it dies if the dosage level exceeds its tolerance and survives if
the dosage level is less than its tolerance. Tolerances would vary among mosquitoes.
Ifacdf F describes the distribution of tolerances, then the mode! for the probability
7(x) of death at dosage level x necessarily has form (4.2.3). For instance, if the
tolerances vary among mosquitoes according to a logistic distribution, then the logistic
regression model applies.

4.2.5 Probit Models*

When F is the cdf of a normal distribution, model type (4.2.3) is called the probit
model. The link function for the model is then called the probit link. The probit model
has alternative expression

probit[m(x)] = a + Bx.

The probit link applied to a probability r(x) transforms it to the standard normal
z-score at which the left-tail probability equals 7(x). For instance, probit(.05) =
—1.645, probit(.50) = 0, probit(.95) = 1.645, and probit(.975) = 1.96. The probit
model is a GLM with binomial random component and probit link.

We illustrate using the snoring and heart disease data. The ML fit of the probit
model, using scores {0, 2,4, 5} for snoring level, is

probit[#(x)} = —2.061 + 0.188x.

At snoring level x = 0, the fitted probit equals —2.061 + 0.188(0) = —2.06. The
fitted probability 7(0) is the left-tail probability for the standard normal distribution
at ~2.06, which equals .020. At snoring level x = 5, the fitted probit equals —2.061 +
0.188(5) = —1.12, which corresponds to a fitted probability of .131.

The fitted values, shown in Table 4.1 and Figure 4.1, are similar to those obtained
with the linear probability and logistic regression models. For practical purposes,
probit and logistic regression curves look the same. It is rare, and requires enormous
sample sizes, to find data for which a logistic regression model fits well but the probit
mode! fits poorly, or conversely. Parameter estimates differ for the two models, since
their links have different scales. When both models fit well, slope estimates in logistic
regression models are roughly about 1.6-2.0 times those in probit models.
¢ The probit transform maps (x) so that the regression curve for w(x) (or 1 — m(x),
When 8 < 0) has the appearance of the normal cdf with mean p = —a/f and
standard deviation & = 1/|8|. For the snoring and heart disease data, the probit fit
comresponds to a normal cdf having mean of —~&/8 = 2.061/0.188 = 11.0 and

{#ftandard deviation of 1/18] = 1/0.188 = 53. The predicted probability of heart
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disease equals % at snoring level x = 11.0; that is, x = 11.0 has a fitted probit of
—2.061 +0.188(11) = 0, which is the z-score corresponding to a left-tail probability
of 3. The fitted probit value of ~2.06 at x = 0 means that 0 is 2.06 standard deviationg
below the mean of a normal distribution with mean 11.0 and standard deviation 5.3.
Since snoring level is restricted to the range 0-5 for these data, well below 11, the
fitted probabilities over this range are quite small.

The probit model was introduced in 1934 for models in toxicology. The logistic
regression model was not studied until about a decade later, but it is now much
more popular than the probit. Partly this is because one can also interpret the logistic
regression effects using odds ratios. Thus, one can fit those models to data from
case-control studies, because one can estimate odds ratios for such data (Sections
23.4,51.4,92.3).

4.3 GENERALIZED LINEAR MODELS FOR COUNT DATA:
POISSON REGRESSION

Many discrete response variables have counts as possible outcomes. For instance, for
a sample of cities worldwide, each observation might be the number of automnobile
thefts in 1995. Or, for a sample of silicon wafers used in manufacturing computer
chips, each observation might be the number of imperfections on a wafer. This section
introduces GLMs for count data. These GLMs assume a Poisson distribution for the
random component. Like counts, Poisson variates can take any nonnegative integer
value.

Section 1.2 introduced the Poisson distribution as a sampling model for counts,
Chapter 6 presents Poisson GLMs for counts in contingency tables. The response

data are cell counts obtained by cross-classifying subjects on two or more categorical
response variables. This section introduces Poisson regression-type models using an
alternative application: modeling count or rate data for a single response variable.

4.3.1 Poisson Regression /

The Poisson distribution has a positive mean. Though one can model the POiSSN’l
mean in GLMs using the identity link, it is more common to model the log of the
mean. Like the linear predictor o + Bx, the log of the mean can take any real value,
The log mean is the natural parameter for the Poisson distribution, and the log link is
the canonical link for a GLM with Poisson random component. A Poisson loglined,
model is 2 GLM that assumes a Poisson distribution for ¥ and uses the log link.
Let u denote the expected value for a Poisson variate Y, and let X denote an
explanatory variable. The Poisson loglinear model has form

logp = a + Bx. 431

For this model, the mean satisfies the exponential relationship

= exp(a + Bx) = e®(ef).
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A one-unit increase in X has a multiplicative impact of ¢® on yi. The mean of ¥ at
v + 1 equals the mean of ¥ at x multiplied by €. If B = 0, then ¢ = ¢" = | and
the multiplicative factor is 1; that is, the mean of ¥ does not change as X changes. If
B > 0, then ef > 1, and the mean of ¥ increases as X increases. If 8 < 0, the mean
decreases as X increases.

4.3.2 Horseshoe Crabs and Satellites

To illustrate Poisson regression, we analyze some data in Table 4.2 from a study of
nesting horseshoe crabs (J. Brockmann, to appear in Ethology (1996)). Each female
horseshoe crab in the study had a male crab attached to her in her nest. The study
investigated factors that affect whether the female crab had any other males, called
satellites, residing nearby her. Explanatory variables thought possibly to affect this
included the female crab’s color, spine condition, weight, and carapace width, The
response outcome for each female crab is her number of satellites. For now, we use
width alone as a predictor of the response. Table 4.2 lists this variable in centimeters.
(Other analyses of these data occur in Chapter 5.)

Figure 4.3 plots the response counts against width, with numbered symbols indi-
cating the number of observations at each point. The substantial variability in counts
makes it difficult to discern a clear pattern. To obtain a clearer picture of overall trend,
we grouped the female crabs into a set of width categories, (< 23.25, 23.25-24.25,
24.25-25.25, 25.25-26.25, 26.25-21.25, 27.25-28.25, 28.25-29.25, > 29.25), and
calculated the sample mean number of satellites for female crabs in each category.
Figure 4.4 on page 85 plots these sample means against the sample mean width for
crabs in each category. Our choice of width categories was somewhat arbitrary. The
sample mean width equals 26.3 and the standard deviation equals 2.1. We chose six
width categories, each of about half a standard deviation in width, with two outlying
categories to capture the lowest and highest measurements; we used 26.25 rather than
26.3 for the midpoint of the eight classes so that no observation would fall exactly
on the boundary between two categories.

Some software has more sophisticated ways of portraying the overall trend in the
data, based on smoothing the data without grouping the width values or assuming a
particular functional form for the relationship. Figure 4.4 also shows such a smoothed
curve. The sample means and the smoothed curve both show a strong increasing trend.
(The means tend to fall above the curve, since the response counts in a category
tend to be skewed to the right; the smoothed curve is less susceptible to outlying
observations.) The trend seems approximately linear, and we next discuss models for
Wwhich the mean or the log of the mean is linear in width.

Let g denote the expected number of satellites for a female crab, and let x denote

giher width. From GLM software, the ML fit of the Poisson loglinear model (4.3.1) is

logfh = & + Bx = —3.305 + 0.164x.

€ effect B = 0.164 of width has an asymptotic (large-sample) standard error of

PASE = 0.020. Since B > 0, width has a positive estimated effect on the number of
lites.
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Figure 43 Number of satellites by width of female crab.

Figure 44  Smoothings of horseshoe crab counts.

The model fit yields an estimated mean number of satellites i, a fitted value, at any

width level. For instance, from (4.3.2), the fitted value at the mean width of x = 263§
is h

Figure 4.4 reveals that the number of satellites may grow approximately linearly
with width. This suggests the Poisson regression model with identity link,

i = exp(& + Bx) = exp[—3.305 + 0.164(26.3)] = 2.74.

w=a+fx i

Its ML estimates equal @ = —11.53 and B = 0.55 (ASE = 0.059). The effect of X
on g in this model is additive, rather than multiplicative. A 1-cm increase in width has
apredicted increase of B = 0.55 in the expected number of satellites. For instance,
fitted value at the mean width of x = 26.3 is ft = ~11.53 + 0.55(26.3) = 2.93;
X = 27.3,itis 2.93 + 0.55 = 3.48. The fitted values are positive at all widths
tved in the sample, and the model provides a simple description of the effect
pf width on the number of satellites: On the average, an extra satellite results from
jughly a 2-cm increase in width.
b Figure 4.5 plots the fitted number of satellites against width, for the models with
g link and with identity link. Though they diverge somewhat for relatively small
Bid relatively large widths, they provide similar predictions over the portion of the
fdth range in which most observations occur. Sections 4.4.2 and 4.4.3 study whether
pither model provides an adequate fit to these data.

For this model, exp(8) = exp(0.164) = 1.18 represents the multiplicative effect on]
the fitted value for each 1-unit increase in x. For instance, the fitted value at x =
27.3 = 26.3 + 1 is exp[~3.305 + 0.164(27.3)] = 3.23, which equals (1.18)(2.74)
A l-cm increase in width yields an 18% increase in the estimated mean number of
satellites.
Figure 4.3 shows that one crab had somewhat greater width than the others]
33.5 cm. An observation having explanatory variable values much different from tha
rest of the sample can have an undue influence on the model fit. To check the effectd
this observation, we deleted it and refitted the model for the remaining 172 crabs.
ML estimates then equal & = —3.461 and fi = 0.170 (ASE = 0.022). The esti
differ somewhat, but again provide strong evidence of a positive width effect.
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For model (4.3.3), the expected number of outcomes satisfies

Mean Number = rexpla + Bx). (4.3.4)
of Satellites . . .

The mean is proportional to the index ¢, with proportionality constant depending on
the value of the explanatory variable. For a fixed value of x, doubling the population
size 1 also doubles the expected number of auto thefis s

identity Link

43.4 Examples of Rate Models

To illustrate models for rates, we first use data (from an article by W. A. Ray et

2 4 al., Amer. J. Epidemiol., 132: 873-884 (1992)) dealing with motor vehicle accident
rates for elderly drivers. The sample consisted of 16,262 Medicaid enrollees aged
65-84 years, with data on each subject for a period of somewhere between 0 and
4 years. The total observation time for women in the sample was 17.30 thousand
years. During this period, they had 175 accidents in which an injury occurred. The
total observation time for the men was 21.40 thousand years, during which they had
320 injurious accidents. The sample rates of injurious accidents are 320/21.40 =
14.95 crashes per thousand years of driving for males, and 175/17.30 = 10.12 for
females.

Let . denote the expected number of injurious accidents, for an observation period
of ¢ thousand years. To model the effect of gender on the accident rate, we use model
(4.3.3) with x = O for females and x = 1 for males. The explanatory variable x is a
dummy variable for gender. The log of the accident rate equals a for females, and it
equals @ + j for males. The rates are identical if 8 = 0.

The estimate of a in model (4.3.3) is simply the sample log(rate) for females,

. .namely log(10.12) = 2.31; the estimate of a + @ is the saimplc log(rate) for males,
namely log(14.95) = 2.70. The estimated difference is § = 0.39. The estimated
accident rate for men was exp(B) = exp(0.39) = 1.48 times the rate for women.
That is, 14.95/10.12 = 1.48, the sample rate being 48% higher for men.

y ‘o test whether the true rates are the same, we test Hy : B = 0. GLM software
3 .l:eports an ASE for fi = 0.39 of 0.09, so there is strong evidence that the accident
fate was higher for males (i.e., that 8 > 0). Of course, the accident rates do not take
nto account possibly different yearly levels of driving for the two groups.

We next reconsider the horseshoe crab data. In this sample, the 173 female crabs
ad 66 distinct width values. Let Y now denote the total number of satellites for the ¢
Brabs having a particular width, and let w = E(Y ). Then p/! is the expected number
bf 'satellites per crab at that width, and the rate model (4.3.3) applies. Fitting this
to the 66 counts of total satellites and the numbers of female crabs at the 66
fistinct widths necessarily gives the same ML estimates of the parameters as fitting
fiode! (4.3.1) to the 173 individual observations.

en all counts in a data set have the same index value ¢, or when counts do not
fBler to an index such as time or group size, the model does not need an offset term.
e can then analyze effects of explanatory variables on the response counts using
godel (4.3.3) with ¢ = 1, which is simply model (4.3.1).

0 T T T T J E

22 24 26 28 30 32

Width
Figure 4.5  Estimated mean number of satellites for log and identity links.

43.3 Poisson Regression for Rate Data

When events of a certain type occur over time, space, or some other index of size, it
is often relevant to model the rate at which events occur. For instance, in modeling §
numbers of auto thefts in 1995 for a sample of cities, we could form a rate for §
each city by dividing the number of thefts by the city’s population size. The model
might describe how the rate depends on explanatory variables such as the city's

unemployment rate, median income, and percentage of residents havin,

g completed
high school. F

When a response count Y has index (such as population size) equal to £, the sample!

rate of outcomes is Y /. The expected value of the rate is /1. A loglinear model for
the expected rate has form

log(i/f) = o + Bx.
This model has equivalent representation
logp —logt = a + Bx.

The a'djus-tmem term, — log ¢, to the log link of the mean on the left-hand side of
equation is called an offser. Standard GLM software can fit models having offsets.
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4.4 MODEL INFERENCE AND MODEL CHECKING Some software for GLMs also reports a third (.:h'!-squared leslj using a score
statistic, sometimes also called the efficient score statistic. We defer discussion of this

Having introduced the two primary GLMs for categorical data, we now turn our test to Section 4.5.2. The Wald, likelihood-ratio, and score tests are-the.lthr;:h::/dijoﬂrf
attention to statistical inference and model checking for GLMs. We illustrate for types of statistical test_s for G[TMS. For}ver‘y large vsa‘mples? they hlzlave simi. ax;- e lhan.
GLMs having a Poisson random component. Chapter 5 presents similar methods for For sample sizes used in practice, the .llktllh()()d’rdllO test is usual y more r;xa e
GLMs having a binomial random component. the Wald test. A maArked divergence in the va!ues of the three statistics mlxcatesh o

For most GLM:s for categorical responses, calculation of ML parameter estimates the distribution of 8 may be far from normality. In that case, small-samiple meG[LoM
IS computationally complex. GLM software uses a numerical method described in are more appropriate than large—sample mglho@s. For lt;‘e most We"‘k“:“;’wf(‘j !icai
Section 4.5.1, The ML estimates are approximately normally distributed for large regression for normal data using the identity link, the three tests provide iden
samples. Thus, a confidence interval for a model parameter B equals 8 + 24/2ASE, results.

A . ikeli -ratio tests for the Poisson loglinear model
where ASE is the asymptotic standard error of . We illustrate the Wald and likelihood-ratio tests for gl

fitted to the horseshoe crab data of Section 4.3.2. The ML estimate of the width

ffect equals B = 0.164, with ASE = 0.020. The Wald test of Hy:B=0 treats

4.4.1 The Wald, Likelihood-Ratio, Score Test Triad : = BJASE = 0.164/0.020 = 8.2 as standard normal, or 22 = 67.4 as chi-
B ; : H i itive effect of width

There are three methods for performing significance tests of hypotheses Hy - B = g squared with df = |. "l?us provides stron%}V cvntnf;e gf ?1 alj—oss::)‘:le cc V?;e :ce“;:-om

about parameters in GLMs. The simplest uses the large-sample normality of ML on the presence of satellites (P < .0001). We obtain simi e

estimates. The test statistic

a likelihood-ratio test comparing this model to the simpler one having 8 = 0. That

chi-squared statistic equals —2(Lo — L,) = 64.9 withdf = 1 (P < .0001).
7= B/ASE

i el Checkin;
has an approximate standard normal distribution when B = 0. One refers z to the 442 Poisson Mod ¢

' o e hat
standard normal table to get one-sided or two-sided P-values. Equivalently, for the A GLM provides accurate description and inference for a data set only if it fits that
two-sided alternative, 22 has a chi-squared distribution with df = 1; the P-value

data set well. Summary goodness-of-fit statistics and residuals help us to investigate
is then the right-tail chi-squared probability above the observed value. This type of the adequacy of a GLM fit. We ill'us[rale for GLMs wth Ponsso;[ r:n(ligm ;?{3120::,;
statistic, which divides a parameter estimate by its standard error and then squares it, We first test the null hypothesis that the chosen Poisson GLM holds.
is called a Wald statistic.

N settings of explanatory variables, denote the observed count by Yi a_nd the fitted
value by ;. The Pearson and the likelihood-ratio goodness-of-fit statistics equal

—- )2 Yi
Xlzz(y’ﬂ‘“')‘ Gzzzzy,log(ﬂ—'l).

{ When the fitied values {{1;} are relatively large (most!y exceeA'iing’S) andltheA nurpber
" of settings N is fixed, these test statistics have approximate chi-squared distributions.
The df equal the number of response counts minus the number of mofiel para‘n*lzeter;i
This df value is called the residual df for the model. The P-value is the right-tai
probability; large test statistics and small P-values suggest a poor model fit. e
We illustrate with the Poisson loglinear model for the numb-er of satellites for
a female horseshoe crab, using her width as the predictor (Secnqn 4.3.2). We use
the satellite totals for all female crabs at a given width (i.e., vers¥on'(§.3.3) of the
model), to increase the counts and fitted values relative to those for individual female
crabs. The N = 66 distinct width levels each have a total count Yi for‘ the number of
satellites and a fitted value fi;. The goodness-of-fit statistics comparing lhtf.se equal
Xt = 1743 and G? = 190.0, with df = 64, However, the large-sample chi-squared
: theory for these statistics is violated in two ways. First, many obs;crch tolgl count:
. are small, several equaling zero. Second, the chi-squared approximation improve
as the Poisson fitted values increase for a fixed number N of settings of explanatory

A second method uses the likelihood function through the ratio of two maximiza-
tions of it: (1) the maxim

ion calculated at the o value
for which the data would have been most likely, when 8 = 0. Then £} is always |

at least as large as £, since £y refers to maxi
parameter values that yield £,.
The likelihood-ratio test statistic equals

mizing over a restricted set of the

~2log(€o/1) = —2 [log(£,) — log(€))] = —2(14 ~ 1),

where Ly and L, denote the maximized log-likelihood functions. This transformation
of £y and £, yields a chi-squared statistic. Under Ho: B =0, italso has a large-
sample chi-squared distribution with df = 1. Most software for GLMs reports the
maximized log-likelihood values and the likelihood-ratio statistic =2(Lg — L)
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variables. In this case, additional width vaiues would occur when more female crabs
are sampled, so the number N of width settings would increase rather than remain
fixed. Thus, X2 and G2 are unreliable here as measures of lack of fit.

To achieve potentially a better chi-squared approximation, one can perform this
analysis for a fixed grouping of the data into width categories. We grouped width into
the eight categories shown in Table 4.3. For female crabs within each width category,
we sum the observed counts of satellites and sum the fitted values, yielding a new set
of eight pairs (y;, fi;) having much larger sizes than the original 66 pairs. Substituting
these, we get X> = 6.5 and G? = 6.9, with df = (number of response counts —
number of parameters) = 8 — 2 = 6, These statistics indicate a good fit (P > 3).
The method of grouping is arbitrary, but for most purposes about six to ten categories
are adequate. The fitted values should satisfy fi; = 5 for each category.

A simpler approximation results from refitting the model to the grouped counts,
This requires assigning scores to the width categories. One could simply average the
widths of all crabs in a category, which yields the width scores (22.69, 23.84,24.77,
25.84, 26.79, 27.74, 28.67, 30.41). This model fit, which is cruder since it treats all
crabs in a category as if they have the same width, has & = —3.535and B = 0.173
(ASE = 0.021). At the lowest width score of x = 22.69, for instance, the estimated
expected number of satellites per female crab is exp(—3.535 +0.173(22.69)] = 1.47. .

Since 14 female crabs had that score, this category has a fitted value of iy =
14(1.47) = 205 satellites; by contrast, the observed count of satellites in the first

width category is y, = 14. A comparison of observed and fitted values for the 8
categories yields X? = 6.2 and G? = 6.5 with df = 6(P > 3). This approach also |
shows no evidence of model lack of fit.

4.4.3 Model Residuals

For any GLM, goodness-of-fit statistics only broadly summarize how well models fit
data. We obtain further insight by comparing observed and fitted counts individually. §

For observation i, the residual difference y; — fi; between an observed and fitted 4}
count has limited usefulness. For Poisson sampling, for instance, the standard devi-
ation of a count is '\/;T,-, s0 larger differences tend to occur when i is larger. The

Table 4.3  Fit and Resid for Poisson Logli Model
Number Number Fitted Pearson Adjusted

Width Cases Satellites . Count Residual Residual |

<2325 14 14 205 —-1.44 —1.63
23.25-24.25 14 20 25.1 -101 =111
24.25-25.25 28 67 589 1.06 1.23
25.25-26.25 39 105 98.6 0.64 0.75
26.25-27.25 22 63 65.5 -031 —0.34
27.25-28.25 24 93 843 0.95 1.06
28.25-29.25 18 71 74.2 —0.37 -0.42

>29.25 14 72 7

79 —0.67 ~1.00
_ 7 T 0& -100
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Pearson residual is a standardization of this difference, defined by

(observed — fitted)

idual = —— . 4.4.1)
Pearson res (o E——
For Poisson GLMs, this simplifies for count i to
e = ;’1" “42)

N

which standardizes by dividing the difference by the estimated P_oisson standari!
deviation. These residuals relate to the Pearson goodness-of-fit statistic by e =
2

X :I‘able 4.3 shows Pearson residuals for the Poisson' loglinear model fitted to the
grouped crab data of Table 4.3, using the average width scores. For l'hc observed
count of y; = 14 and the fitted value of i, = 205atx = 22.6?, for mstanc'e, the
Pearson residual equals (14 — 20.5)/+/20.5 = —1.44, Cogm_s having larger residuals
made greater contributions to the overall X 2 value for Les}mg modell fit.

Pearson residual values fluctuate around zero, following a;.)prommately a no_m\al
distribution when p; is large. When the model holds, these residuals are less variable
than standard normal, however, because the numerator must usz the fitted value
fi; rather than the true mean y;. Since the sample data dclel:!'r{me the -ﬁtlcd'value,
yi — {1 tends to be smaller than y; ~ u;. The Pearson residual divided b.y its estimated
s;andard error is called an adjusted residual. Tt doe_s have an apprqxn'mate_standarﬁ
normal distribution when y; is large. Thus, with adjusted residuals it is easier to tel
when a deviation y; — fi; is “large.” Adjusted residuals larger than al?out. 2 in absolute
value are worthy of attention, though one expects some valugs of this size by chance
alone when the number of categories is large. Adjusted residuals are preferable to

1duals. )
PeaSrse(c);‘i(::sftij introduced adjusted residuals for tests of independence in two-way

' contingency tables. For Poisson GLMs, the general form of the adjusted residual is
.

(i = ) €

VE R J-m)

plex, but roughly speaking, the greater the leverage, the greater potential that
fobservation has for influencing the fit of the model. ] .

- Most GLM software (such as PROC GENMOD in SAS) reports gd]usted resu‘iiuacl;
ffor GLMs. Table 4.3 shows adjusted residuals for the Poisson loglinear model fitt

I satellites being somewhat less than predicted by the model. Nong of the a;d_:iusled
iduals is large enough, however, to indicate potential problems with model fit.
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The Poisson model using identity link also fits the grouped data well. For this link,
both X? and G? equal 3.0 based on df = 6, showing an even closer fit to the data
than the log link provides. This link fails, however, when other explanatory variables
are added to the model, because it yields some negative predicted counts.

Other diagnostic tools from regression modeling are also helpful in assessing fits
of GLMs. For instance, to assess the influence of an observation on the overall fit,
one can refit the model with that observation deleted. This is equivalent to fitting a
slightly more complex model having a parameter applying to that observation alone.
One studies the change in goodness of fit and the changes in parameter estimates and
fitted values. Section 5.3.4 presents diagnostics of this type.

4.4.4 Overdispersion in Poisson Regression*

Count data often show greater variability in the response counts than one would expect
if the response distribution truly were Poisson. For instance, for the grouped horseshoe
crab data, Table 4.4 shows the sample mean and variance for the response counts of
number of satellites for the female crabs in each width category. The variances are
much larger than the means, whereas Poisson distributions have identical mean and
variance. The phenomenon of a GLM having greater variability than predicted by the
random component of the model is called overdispersion.

A common cause of overdispersion is heterogeneity among subjects. For instance,
suppose width, weight, color, and spine condition all affect a female crab’s number
of satellites. Suppose the number of satellites has a Poisson distribution at each fixed
combination of those four variables. Now, suppose our model uses width alone as a
predictor. Crabs having a certain fixed width are then a mixture of crabs of various
weights, colors, and spine conditions; thus, the population of crabs having that fixed
width is a mixture of several Poisson populations, each having its own mean for
the response. This heterogeneity in the crabs having a given width yields an overall
response distribution at that width that shows greater variation than the Poisson
predicts. If the variance equals the mean when all relevant variables are controlled, it
exceeds the mean when only one is controlled. ,

OverdisperSion is not an issue in ordinary regression models for a normally-
distributed random component, because the normal distribution has a separate pa-

Table 4.4 Sample Mean and Variance of Number of Satellites

Number Number Sample Sample
Width Cases Satellites Mean Variance

<2325 14 14 1.00 2.7
23.25-24.25 14 20 143 8.88
24.25-25.25 28 67 2.39 6.54
25.25-26.25 39 105 2.69 11.38
26.25-27.25 22 63 2.86 6.88
27.25-28.25 24 93 3.87 8.81
28.25-29.25 18 71 3.94 16.88

>29.25 14 72 5.14 8.29
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rameter from the mean (i.e., the variance, o?)to describe variability. For binomial and
Poisson distributions, however, the variance is a function of the mean. Overdispersion
is common in the modeling of binomial and Poisson counts.

Many methods deal with overdispersion for discrete data, but it is beyond our
scope to discuss them (Good references are Collett (1992), Ch. 6, and Morgan (1992),
Ch. 6). We simply mention one elementary way. When the model holds, df is the
approximate expected value of X2. When the form of the model relating the expected
count to explanatory variables holds, but the actual response distribution is more
variable than Poisson, then this is not true. If the response variance is proportional
to the mean, rather than equal (as the Poisson requires), then X2/d 'f estimates the
proponionality constant. One obtains adjusted ASE values by multiplying the values
that GLM software reports by the scaling factor \/XZTf The regular ML parameter
estimates still apply, and one performs inference in the usual way with these adjusted
ASE values.

The ungrouped data provide a better estimate of the scaling factor than the grouped
data. For the goodness of fit of the Poisson loglinear model to the counts at the 66
distinct width levels, X = 174.3 based on df = 64, for which X2/df = 2.7. In
fact, on the average, the variance in Table 4.4 is nearly three times the mean. The
overdispersion adjustment for standard errors equals / 1743/‘64 = 1.65. Increasing
the standard errors by 65% helps adjust for the apparent overdispersion. The ML
fit of the mode! to the ungrouped data had width effect equal to B = 0.164, with
ASE = 0.020. Increasing the ASE by 65% yields ASE = 1.65(0.020) = 0.033. To
test Hy : B = 0, the adjusted Wald statistic equals (0.164/0.033)> = 24.8 with
df = 1, which yields P < .0001. Even with this increase in ASE, strong evidence
remains of a positive effect of width on the number of satellites.

An overdispersion-adjusted 95% confidence interval for B is 0.164 + 1.96(0.033),
or (099, .229). The corresponding interval for e, the multiplicative effect of a one-
unit increase in x, is (¢, ¢%%) = (1.10, 1.26). We conclude that the mean number
of satellites at width x + 1 is between 10% and 26% higher than the mean number of
satellites at width x.

i

4.5 FITTING GENERALIZED LINEAR MODELS*

We finish this chapter by discussing model-fitting for generalized linear models. We

* first describe an algorithm used to calculate the ML estimates of model parameters.

We then provide further details about how basic inference utilizes the likelihood

" ¥ function. Finally, we discuss a measure, called the deviance, ghat summarizes the fit
g of GLMs.

451 The Newton-Raphson Algorithm

most GLMs, the equations that determine the ML parameter estimates are non-
» and the estimates do not have a closed-form expression. Software calculates
estimates using an iterative algorithm for solving nonlinear equations. The algo-
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rithm requires an initial 8uess for the parameter values that maximize the likelihood
function. Successive approximations produced by the algorithm tend to fall closer to
the ML estimates. A popular algorithm for doing this, called Fisher scoring, was first
proposed by R. A. Fisher for fitting probit models, For binomial logistic regression
and Poisson loglinear models, Fisher scoring simplifies to a general-purpose method
called the Newton-Raphson algorithm.

The Newton-Raphson algorithm approximates the tog-likelihood function in a
neighborhood of the initia] guess by a simpler polynomial function that has the
shape of a concave (mound-shaped) parabola. It has the same slope and curvature
at the initial guess as does the log-likelihood function. It is simple to determine the
location of the maximum of this approximating polynomial. That location comprises
the second guess for the ML estimates. One then approximates the log-likelihood
functionina neighborhood of the second guess by another concave parabolic function,
and the third guess is the location of its maximum. The successive approximations
converge rapidly to the ML estimates, often within a few cycles. Software for GLMs
does not require the user to provide the initial guess.

Each cycle in the Newton—Raphson method represents a type of weighted least
squares fitting. This is a generalization of ordinary least squares that accounts for
nonconstant variance of Y in GLMs. Observations taken Wwhere the variability is
smaller receive greater weight in determining the parameter estimates. The weights
change somewhat from cycle to cycle, as we update the approximation for the ML
estimates and thus for variance estimates, ML estimation for GLMs is sometimes
called iteratively reweighted least squares.

The Newton-Raphson method utilizes a matrix, called the information matrix,
that provides ASE values for the parameter estimates. That matrix is based on the
curvature of the log-likelihood function at the M1, estimate. The greater the curvature,
the greater the information about the parameter values, The standard errors are the 7

4.52 Inference Using the Likelihood Function

Section 4.4.1 introduced three methods for testing Hy : B = 0 for a GLM model
parameter: Wald tests, likelihood-ratio tests, and efficient score tests. Figure 4.6,
showing a generic plot of a log-likelihood L as a function of a parameter 3, illustrates
the three tests. The Wald test is based on the behavior of the log-likelihood function
atthe ML estimate 8, having chi-squared form (8 /ASE)?. The ASE of B depends on
the curvature of the log-likelihood function at the point where it is maximized.

The efficient score test is based on the behavior of the log-likelihood function at the
null value for 8 of 0. It utilizes the size of the derivative (slope) of the log-likelihood
function, evaluated at the null hypothesis value of the parameter. The log-likelihood

FITTING GENERALIZED LINEAR MODELS* 95

L(B)

; ' B

used in Wald, likelih

i0, and score tests.

Figure 4.6 Inf

function for some GLMs, including Poissonkloglinear models and l?inomial lf)ng'!lC
models, has concave shape. The ML estimate Bisthen the pointat which lhe: qenvatlve
¢quals 0. The derivative at 8 = ( tends to be larger in abdolute.value wh.en Bis fmhcr
from that null value. Figure 4.6 illustrates the slope information -usefi in th_c efficient
score test. The score statistic is the square of the ratio of this derivative to its ASE. It
also has an approximate chi-squared distribution with df = 1. o

We shall not present the general formula here for score stansncs: §ut many t_est
statistics in this text are this type. Examples include the Peaxjson statistic for testing
independence and the CMH statistic for testing conditional independence. One can
usually compute the score statistic without fitting the model. Another advantage is

g that it exists even when the ML estimate § is infinite. In that case, one cannot compute

d statistic. . .
3 mc'l‘"::l likelihood-ratio test combines information about the log—li}(ellhood function
E both at 3 and at the null value for B of 0. It compares the log-likelihood values6 Lrlh a
: B and Lo at B = 0, using the chi-squared statistic —2(Ly — L,h)A In Figure 4. , this
Fstatistic is twice the vertical distance between values of the log-likelihood function at
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Band at B = 0.In a sense, this statistic uses the most information of the three types
of test statistic and is usually the most reliable.

4.5.3 The Deviance

maximized log-likelihood value for the most complex model, which has a separate

parameter at each explanatory setting; that model is said to be saturated. The deviance
of a model is defined 1o be

Deviance = —2[Ly - Lg).

The deviance is the likelihood-ratio statistic for comparing model M to the saty.
rated model; it is the statistic for testing the hypothesis that all parameters that are
in the saturated model but not in model M €qual zero. For models in this book, the
deviance has the same form as the G2 likelihood-ratio goodness-of-fit statistic for
model M. For instance, the deviance for a Poisson regression model is the G2 Statistic
for testing its fit by comparing observed counts to fitted values,

For many GLMs, the deviance has approximately a chi-squared distribution, An
example is Poisson regression with a fixed number of explanatory levels and relatively
large counts. Another example is binary regression models with a fixed number of
explanatory levels and relatively large counts of Successes and failures. For such
models, one can use the deviance to test the model fit. In either case, the residual df
equals the number of responses (Poisson counts or binomial “success™ totals) minug
the number of nonredundant model parameters.

Components of the deviance, called deviance residuals, provide diagnostic mea-

sures of lack of fit for individual observations, They are altematives 1o Pearson and 4

adjusted residuals. Like the Pearson residuals, deviance residuals are approximately
normally distributed but (when the model holds) somewhat less variable than standard
normal variates,

For two models, suppose that one Mp)isa special case of the other (M)). Given

that the more complex model holds, the likelihood-ratio statistic for testing that the
simpler model holds is

Ay~ L) = 211, “Lsl—{-2L, - Ly = Devianceg — Deviance,.
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Table 4.5 Types of Models for Statistical Analysis
_ T

Random Systematic T
Component Link Component Model Chapter
Normal Identity Continuous Regression

Normal Identity Categorical Anal. of variance

Normal Identity Mixed Anal. of covariance

Binomial Logit Mixed Logistic regression 5.7
Poisson Log Mixed Logli_near 6,7
Multinomial Generalized Mixed Multinomial response 8

logit

When df for comparing two GLMs is small, such as when M, has one more
parameter than M, chi-squared approximations work well for this test even when
they are poor for the overall goodness-of-fit test. For instance, qne can compa_re two
similar Poisson regression models even when the explanatory variables are continuous
or when fitted values are small,

4.5.4 Advantages of GLMs

The development of GLM theory in the past two decades has unified Important models
for continuous and categorical response variables. For theoretical reasons, the random
component in the definition of a GLM must have what is called an exponenl_ial family
distribution. This restriction is not serious, since this family contains most important
distributions, including the Poisson, binomial, normal, and gamma. Table 4.5 lists
several popular GLMs for practical application,

A nice feature of GLMs is that the model-fitting algorithm, Fisher scoring, is the
same for any GLM. This holds regardless of the choice of distribution for the random
component or the choice of link function. So, GLM software such as GLIM and
PROC GENMOD in SAS can fita very wide variety of useful models.

PROBLEMS

¢ 4.1 Describe the purpose of the link function of a GLM. Define the identity link,

and explain why it is not often used with binomial or Poisson data.

4.2. Refer to Table 4.1. Refit the linear probability model or the logistic regression
model using the scores (i)(0,2,4,6), (i) (0, 1, 2,3), (ii). (1, 2, 3, 4). Compare
the model parameter estimates under the three choices. Compare the fitted
values. What can you conclude about the effect of transformations of scores
(called linear) that preserve relative sizes of spacings between scores?

3. Refer to Table 4.2, Let Y = lif a crab has at least one satellite, and Y = 0
4 otherwise. Using weight as the predictor, fit the lincar probability model.

a. Use ordinary least squares. Interpret the parameter estimates. Find the pre-

dicted probability at the highest observed weight of 5.20 kg. Comment.
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&

. Attempt to fit the model using ML, treaing ¥ as binomial. (The failure ig
due to a fitted probability falling outside the (0, 1) range. In (a), least squares
corresponds to ML for a normal random component, for which fitted values
outside this range are permissible.)

I

- Fit the logistic regression model. Show that the predicted logit at a weight
of 5.20 kg equals 5.74. Show that # = 0.9968 at that point by checking
that log[# /(1 — #)} = 5.74.

d. Fit the probit model. Interpret the parameter estimates using characteristicg
of the normal cdf that describes the response curve. Find the predicted
probability at weight = 5.20 kg.

4.

bl

Refer to Table 2.7 on alcohol consumption and infant maiformation,

a. Using scores {0, .5, 1.5,4,7}, fit a linear probability model. Interpret, ang
compare the sample proportions to the fitted probabilities.

b. Fit a logit or probit model, and interpret.

4.5. Table 4.6 refers to a sample of subjects randomly selected for an Ttalian study

on the relation between income and whether one possesses a travel credit card

(such as American Express or Diners Club). At each level of annual income

in millions of lira, the table indicates the number of subjects sampled and the
number of them possessing at least one travel credit card. Analyze these data,

Table 4.6

Number Credit
Income Cases Cards Income Cases Cards
24 1 0 48 1 0
27 1 0 49 i 0
28 5 2 50 10 2
29 3 0 52 1 0
30 9 1 59 [ 0
31 5 1 60 S 2
32 8 0 65 6 6
33 1 0 68 3 3
34 7 i 70 5 3
35 1 1 9 1 0
38 3 1 80 1 0
39 2 0 84 ! 0
40 5 0 94 1 0
41 2 0 120 6 6
42 2 0 130 1 1
45 1 1

Source: Categorical Data Analysis, Quaderi del Corso Estivo di Statistica ¢ Calcolo delle Probabilit, 1.
4., Istituto di Metodi Quantitativi, Universita Luigi Bocconi, 2 cura di R. Piccarreta.

4.6. An experiment analyzes imperfection rates for two processes used to fabricate
silicon wafers for computer chips. For treatment A applied to 10 wafers, the

PROBLEMS 99

numbers of imperfections are 8, 7,6, 6.3.4.7,2, 3. 4. Treatment B applied to

10 wafers has 9. 9.8, 14.8.13.11,5.7. 6 imperfections. Treat the counts as

independent Poisson variates having means Maand pug.

a. Fitthe model log u = o + Bx, where v = | for treatment B and x = 0 for
treatment A. Show that 8 = log ug — log w4, and interpret its estimate,

b. Test Hy : 4 = ug by conducting the Wald or likelihood-ratio test of
Hop : B = 0. Interpret.

c. Construct a 95% confidence interval for w8/ pa. (Hint: First construct one
for B = log s — log, = log(ug/ps)).

4.7. Refer to the previous problem. Conduct the test of Ho: pa = pg by using
the fact that if X is Poisson with mean #y and Y is an independent Poisson
variate with mean u,, then X given X + Y is binomial with indexn=X+Y
and parameter w = /(i) + w,). (Hint: Let X and Y be the total numbers
of imperfections for the two treatments; then the test of equal Poisson means

reduces to a binomial test of 7 = % when 140 trials have 50 successes.)

4.8. Refer to Problem 4.6. The wafers are also classified by thickness of silicon

coating (z = 0, low; z = 1, high). The first five imperfection counts reported
for each treatment refer to z = 0 and the last five referto z = 1. Analyze these
data.

4.9. Refer to Table 4.2.

a. Using weight as the predictor and the number of satellites as the response,
fit a Poisson loglinear model. Estimate the mean number of satellites for
female crabs of average weight, 2.44 kg.

b. Use B to describe the effect of weight. Construct a confidence interval for
the effect.

¢. Conduct a Wald test of the hypothesis that the mean number of satellites is
independent of weight. Interpret.

d. Conduct a likelihood-ratio test of independence. Interpret.

4.10. Refer to the previous problem.

a. Test goodness of fit by grouping levels of weight. Use residuals to describe
lack of fit.

b. Is there evidence of overdispersion? If necessary, adjust the standard errors
for the parameter estimates, and interpret.

4.11. Refer to Table 4.2.

a. Fit a Poisson loglinear model using both weight and color to predict the
number of satellites. Assigning dummy variables, treat color as a nominal
factor. Interpret the parameter estimates.

b. Estimate the mean number of satellites for female crabs of average weight
(2.44 kg) that are (i) medium light, (ii) dark.

€. Test whether color is needed in the model. (Hint: From Section 4.5.3, the
likelihood-ratio statistic for comparing two models is the difference in their
G? goodness-of-fit statistics.)
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d. The entire cohort of elderly drivers had 495 injurious accidents in 387
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d. Note that the estimated color effects are ronotone across the four categories,
Fit a simpler model that treats color as quantitative by assuming a linear
color effect. Interpret the color effect in this model, and repeat the analyses
of (b) and (c). Compare the fit to the model in (a). Interpret,

®

- Add width to the model. Note the effect of the strong positive correlation
between width and weight. Are both width and weight needed?

In Section 4.3.2, refer to the Poisson regression model with identity link for
the crab data. Explain why the fit differs from the least squares fit. (Hint: The
least squares fit is the same as the ML fit of the GLM assuming normal rather
than Poisson random component. What do the two approaches assume about
the variance of Y 7)

- Refer to the injurious accident data in Section 434,

a. Test the hypothesis of equal rates for men and women using a likelihood-
ratio test. Compare results to the Wald test.

b. White drivers had 348 injurious accidents in 29.4 thousand years of driving,

and black drivers had 147 injurious accidents in 9.2 thousand years. Test
whether the rates of injurious accidents differ by race.

o

- In the same study, accident rates were much higher for subjects residing in
urban areas than in rural areas. Explain why, controlling for residence, the
difference in rates between blacks and whites is likely to be smaller than
that observed in (a).

thousand years of driving. Find a 95% confidence interval for the true rate.
(Hint: Compute a confidence interval first for the log rate by obtaining the
estimate and standard error for the intercept term in a Poisson loglinear
model that has no other predictor and uses log(38.7) as an offset.)
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4.14.

Table 4.7 lists total attendance (in thousands) and the total number of arrests.

in the 1987-1988 season for soccer teams in the Second Division of the British

football league. (Thanks to Dr. P. M. E. Altham for showing me these data.)

a. Let Y denote the number of arrests for a team with total attendance 7.
Explain why the model E(Y) = ur might be plausible. Show that it has
alternative form log[E(Y)/!] = a, where a = log(p). Assuming Poisson
sampling, fit the model. and interpret the estimate of .

b. Plot arrests against attendance, and overlay the prediction equation. Use
residuals to identify teams that had a much larger or smaller than expected
number of arrests.

4.15. Table 4.8 shows the number of train miles (in millions) and the number of
’ collisions involving British Rail passenger trains between 1970 and 1984. Is
it plausible that the collision counts are independent Poisson variates with
constant rate over the 14-year period? Respond by testing the goodness of fit
of a GLM for collision rates that contains only an intercept term.
Table 4.8
Year Collisions Miles Year Collisions Miles
281 1977 4 264
:33? : 276 1978 1 267
1972 4 268 1979 7 265
1973 7 269 1980 3 267
1974 6 281 1981 5 260
1975 2 271 1982 6 231
1976 2 265 1983 1 249

Source: British Dept. of Transport; see also C. Chatfield, Problem Solving: A Statistician's Guide (London:
Chapman and Hall, 1988), p. 86.

Table 4.7 4.16. Table 4.9, based on a study with British doctors conducted by R p9ll and

Team Attendance Arzests Team Attendance Arrests A. B. Hill, was analyzed by N. R. BreleW in A Celebration of Statistics, A. C.
Atkinson and S. E. Fienberg, eds. (Berlin: Springer-Verlag, 1985).

Aston Villa 404 308 Shrewsbury 108 68

Bradford City 286 197 Swindon Town 210 67

Leeds United 443 184 Sheffield Utd. 224 60 Table 4.9

Bournemouth 169 149 Stoke City 211 57 C Deaths

West Brom 22 132 Bamnsley 168 55 Person-Years oronary

Hudderfield 150 126 Millwall 185 44 Age Nonsmokers Smokers Nonsmokers Smokers

Middlesbro 321 110 Hull City 158 38 2 32

Birmingham 189 101 Manchester City 429 35 3544 18,793 52,407 o4

Ipswich Town 258 99 Plymouth 226 29 ] 45-54 10,673 43,248 12 206

Leicester City 223 81 Reading 150 20 F 55-64 5,710 28,612 28 ot

Blackburn 211 79 Oldham 148 19  65-74 2,585 12,663 2 102

Crystal Palace 215 78 - 75-84 1,462 5317 31

Source: The Independent (London), Dec. 21, 1988, Source: R

-Doll and A. B. Hill, Natl. Cancer Inst. Monogr., 19: 205-268 (1966).



4.17.

a.

=

<)

GENERALIZED LINEAR MODELS

For each age, compute the sample coronary death rates per 1000 person-
years, for nonsmokers and smokers. To compare them, take their ratio and
describe its dependence on age.

. Fita main-effects mode! for the log rates having four parameters for age and

one for smoking. In discussing lack of fit, show that this model assumes a
constant ratio of nonsmokers’ to smokers’ coronary death rates over levels
of age.

. Based on (a), explain why it is sensible to add a quantitative interaction of

age and smoking. Assign scores to the levels of age, and add a term based
on the product of age and smoking. For this model, show that the log of the
ratio of coronary death rates changes linearly with age. Fit the model, and
interpret.

For rate data, the Poisson GLM with identity link is

&

%=a+Bx,

. Since the model has form . = ar + Brx, argue that it is equivalent to a

Poisson GLM for the response totals at the various levels of X, using identity
link with ¢ and #x as explanatory variables and no intercept or offset terms.

. Fit this model to the grouped data in Table 4.3, using average width scores,

Compare results, including interpretations, goodness of fit, and residual
analyses, to those obtained with the log tink.

CHAPTER 5

Logistic Regression

Let's now take a closer look at the statistical modeling of binary response variables,
for which the response measurement for each subject is a “success” or “failure”
Binary data are perhaps the most common form of categorical data, and the met‘hods
of this chapter are of fundamental importance. The most popular model for binary
data is logistic regression. Section 4.2.3 introduced this model as a generalized linear
model (GLM) for a binomial random component. This chapter studies the application
of logistic regression in greater detail. ) ) A
The first section discusses interpretation of the logistic regression model. Section
5.2 presents statistical inference for the model parameters, and SCC!lol? 53 prt?sents
ways of checking the model fit. Section 5.4 shows how-to handie qualitative predlc?ors
in the model, and Section 5.5 discusses the extension of the model for multiple
explanatory variables. Section 5.6 discusses determination of the sample size needed
to obtain adequate inferential power. Finally, Section 5.7 presents smatll-sample, exact
inference for logistic regression.

5.1 INTERPRETING THE LOGISTIC REGRESSION MODEL

For a binary response Y and a quantitative explanatory variable X, let 7(x) denote
the “success™ probability when X takes value x. This probability is the parameter fqr
the binomial distribution. The logistic regression model has linear form for the logit
of this probability,

m(x)

logit[7(x)] = log (m) =a+ Bx (5.1.1)

& The formula implies that #(x) increases or decreases as an S-shaped function of x

(recall Figure 4.2). .
i An alternative formula for logistic regression refers directly to the success proba-
ility. This formula uses the exponential function exp(x) = €*, in the form

exp(a + Bx)

_expla + By (5.12)
1 + exp(a + Bx)

m(x) =

s section shows ways of interpreting these model formulas.
103
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S.L.1 Linear Approximation Interpretations

The parameter B determines the rate of increase or decrease of the S-shaped curve.
The sign of B indicates whether the curve ascends or descends, and the rate of change
increases as || increases. When the model holds with B = 0, the right-hand side of
(5.1.2) simplifies to a constant. Then, m(x) is identical at all X, s0 the curve becomes
a horizontal straight line. The binary response Y is then independent of X.

Figure 5.1 shows the S-shaped appearance of the logistic regression model for
7(x), as fitted for the example in the following subsection. Since it has a curved rather
than linear appearance, the function (5.1.2) implies that the rate of change in m(x)
per unit change in x varies. A straight line drawn tangent to the curve at a particular
x value, such as shown in Figure 5.1, describes the rate of change at that p(\)im,
For logistic regression parameter B, that line has slope equal to Br(){1 ~ w(x)).
For instance, the line tangent to the curve at x for which w(x) = .5 has slope
B(S)(.5) = .258; by contrast, when 7(x) = .9 or .1, it has slope .098. The slope
approaches 0 as the probability approaches 1.0 or 0.

The steepest slope of the curve occurs at x for which 7(x) = .5; that x value is

= —a/B. (One can check that m(x) = .5 at this point by substituting ~a/g for 1
xin (5.1.2), or by substituting (x) = .Sin (5.1.1) and solving for x.) This x value

1.0

Probabifity

0.8

0.6

0.4

0.2

0.0 _l T T T T T
20 22 24 26 28 30 32 34

Width

Figure 5,1 Linear to logistic

curve.
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is sometimes called the median effective level and is denoted ELsq. It represents the
level at which each outcome has a 50% chance.

5.1.2 Horseshoe Crabs Revisited

Maximum likelihood (ML) computations for ‘fming logistic regression models are
complex, but are easy to perform using statisnc:ﬂ sof(w.areA To illustrate the mf)del,
we reanalyze the horseshoe crab data introduced anSecuon 43.2. We' use the bmflry
response of whether a female crab has any sale!llles present; that is, ¥ = lifa
female crab has at least one satellite, and Y = 0 if .she has no satellite. We first use
the female crab’s width as the sole predictor. Section 5.5 discusses models having
additional predictors. ' ‘

Figure 5.2 shows a plot of the data. It consists of a set of points at the level
y = 1 and a second set of points at the level ¥ = 0. The numbered symbols
indicate the number of observations at each poml, It appears that Y = 1 tends to
occur relatively more often at higher x values. Sm‘ce Y lakz?s only val}Jes 0and 1,
however, it is difficult to determine whether a logistic regression mode! is reasonable

1 2 M1 M1 43622 LN 4 2 ALHRZ 2 16 21113 1

observed data (y = 1)

Presence of
Satellites

proportions for
width categories

smoothing curve observed data (y = 0)

o4+ s

Pm 0RURIZRY VNS 4 2—W 213 111

T T T T T T
22 24 26 28 30 32 34

Width
Figure 5.2 Whether satellites are present (Y = 1, yes; ¥ = 0, o), by width of female crab.
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Table 5.1 Relation Between Width of Female Crab and Existence of Satellites, and
Predicted Values for Logistic Regression Model

Number Predicted
Number Having Sample Predicted Number Crabg
Width Cases Satellites Proportion Probability with Satelliteg
<2325 14 5 .36 26 3.64
23.25-24.25 14 4 29 .38 531
24.25-25.25 28 17 .61 49 13.78
25.25-26.25 39 21 .54 62 2423
26.25-27.25 22 15 68 72 15.94
27.25-28.25 24 20 83 .81 19.38
28.25-29.25 18 i5 83 .87 15.65

>29.25 14

i4 1.00 .93 13.08

representing the sample proportions of female crabs having satellites
the mean widths for the eight categories.

Altematively, some software can smooth the data, revealing a general trend without
assuming a particular functional form for the relationship. Smoothing methods based
on generalized additive models do this by providing even more general structural form
than GLMs. For instance, they find possibly complex functions of the explanatory]
variables that serve as the “best” predictors of a certain type. Figure 5.2 also shows ¥
data using this method. The eight plotted sample
proportions and this smoothing curve both show a roughly increasing trend, so we JX
proceed with fitting models that imply such trends. ' :

For the ungrouped data from Ta
female horseshoe crab of width x
the linear probability model, (x) N
for this GLM fall outside the legitinate range for a binomial parameter, so ML fitti
fails. Ordinary least squares fitting yields #(x) = —1.766 + 0.092x. The predicted
probability of a satellite increases -cmincrease in width, This model

sample of 33.5, its predicted probability equals —
The ML parameter estimates for the logistic
and 8 = 0.497. The predicted probability of a sa

1.766 + 0.092(33.5) = 1.3.
regression model are & = —12.35
tellite is the sample analog of (5.1.2)]

exp(—~12.351 + 0.497x)
e
1+ exp(—12.35] + 0.497x)

=
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Since [3 > 0, the predicted probability 4 is higher at larger}vi(?[h values. At the mini-
um width in this sample of 21.0 cm, the predicted probability is 7 = exg( - 12.35} +
:)n497(2140))/[l +exp(—12.351 + 0.497(21.0)] = .129; at the maximum width
of 33.5 cm, the predicted probability equals exp(— 1'2351 +. 0A497(.33A5))/[1A +
(—12.351+0.497(33.5))] = 987. The median effective leve} is the width at which
:hx:prediclcd probability equals .5, which i§ x = ElLsg = —.&/B = .12_351/0_497 =
24.8. Figure 5.1 plots the predicted probabilities as a lfunchon of v{ulithA )
At the sample mean width of 26.3 cm, the predicted proba.bfhty of a satglllfe
uals .674. The incremental rate of change in the fitted probability at that pm.n( is
9q»(1 — ) = 0.497(0.674)(0.326) = .11. For female crabs near the mean width,
ﬁl:eslimated probability of a satellite increases at the rate of .11 per cm‘incrAease in
width. The predicted rate of change is greatest at the x value (24.8) at which # = 5;
there, the predicted probability increases at th rate of (0.497)(9.5?(0.5) = 11 2 percm
increase in width. Unlike the linear probapillty model, the logistic regression model
its the rate of change to vary as x varies.
pctx[‘rglfizlher describe thge fit, for each category of width Table 5.1 reports the predicted
number of crabs having satellites (i.e., the fitted values). 'I“o get these, one ‘adds
the predicted probabilities for all crabs in the category; for instance, the predicted
probabilities for the 14 crabs with widths below 23.25 cm sum to 3.64. The average
predicted probability for female crabs in a given width category equals tl}E fitted value
divided by the number of female crabs in that category. For the first width category,
3.64/14 = 26 is the average predicted probability. Tab]g 5.1 reports the fitted va}ues
and the average predicted probabilities in grouped f.ashlon. An eyebalt comparison
of these to the sample counts of crabs having satellites anfi v.h.e sarpplg proportions
suggests that the model fits decently. Section 5.3 presents objective criteria for making
this comparison.

5.1.3 Odds Ratio Interpretation

Another interpretion of the logistic regression model uses the odds and ,the odds ratio.
For model (5.1.1), the odds of response 1 (i.e., thé odds of a “success } are

m{(x)

(5.1.3)
1 — m(x)

= expla + Bx) = " (eP)~.

This exponential relationship provides an interpretation fc.)r B: The odds mcrcascl‘,
Qultiplicatively by e for every one-unit increase in x. That is, the odds at level x +
Bqual the odds at x multiplied by ¢®. When 8 = 0, é# = 1, and the odds do not
jpange as x changes. ) )
PFor the female horseshoe crabs, the estimated odds of a satellite mul‘txply by
B) = exp(0.497) = 1.64 for each centimeter increase in width; that is, @em
2 64% increase. To illustrate, the mean width value of x = 26.3 has a predicted
ility of a satellite equal to .674, and odds 674/.326 = 2.07. At x
= 26.3 + 1.0, one can check that the predicted probability equals .773, and
$=.773/.227 = 3.40. But this is a 64% increase; that is, 3.40 = 2.07(1.64).

Ry o 3

lrob =
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The logarithm of the odds, which is the logit transform of #(x}, has the linear
relationship (S.1.1). This is the logit expression of the model, originally introduced
in Section 4.2.3. It states that the logit increases by f units for every 1-unit change in
x. Most of us do not think naturally on a logit scale, so this interpretation has limited
use.

5.14 Logistic Regression with Case-Control Studies*

Another property of the logistic regression model relates to situations in which
the explanatory variable X rather than the response variable Y is random. Most
commonly, this occurs with retrospective sampling designs, such as case-control
studies (Section 2.3.4). For samples of subjects having Y = 1 (“cases”) and having
Y = 0 (“controls”), the value of X is observed. Evidence exists of an association {
between X and Y if the distribution of X values differs between cases and controls,
Many biomedical studies, particularly epidemiological studies, use case-contro] §
designs. For retrospective data, Section 2.3.4 noted that one can estimate odds ratios,
Logistic regression parameters refer to odds and odds ratios. Thus, one can fit such
models to retrospective data, and one can estimate effects in case-control studies,
This is not true of other models for binary responses, since the odds ratio is not their
natural measure for describing effects. This provides an important advantage of the |
logit link over links such as the probit and is a major reason why the logit model has
surpassed the others in popularity. Section 9.2.3 discusses the application of logistic
regression to case-control studies that match each case with a single control.
Regardless of the pling t the logistic regression model may or,
may not describe a relationship well. In one special case, it does necessarily hold3
Suppose that the distribution of X for all subjects having ¥ = 1 is normal N(y;, o),
and suppose the distribution of X for all subjects having Y = 0 is normal N(uy, o);
that is, with different mean but the same standard deviation. Then one can show that|
w(x) satisfies the logistic regression curve, with 8 having the same sign as u; — g
‘When a population consists of a mixture of two types of subjects, one set with ¥ =
having a bell-shaped distribution on X and the other set with ¥ = 0 having‘anothef
bell-shaped distribution with similar spread, then the logistic regression function
(5.1.2) approximates well the curve for 7(x). If the distributions are beli-shaped bu
with highly different spreads, then a model containing also a quadratic term (i.
both x and x2) often fits well. In that case, the relationship is nonmonotone, with (x}
increasing and then decreasing, or the reverse (Problem 5.5).

5.2 INFERENCE FOR LOGISTIC REGRESSION

We have studied how the fit of a logistic regression model helps us describe the effec
of a predictor on a binary response variable. We next present statistical inference g8
the model parameters, to help judge the significance and size of the effects. Widel
available software reports the parameter estimates and their standard errors, as W3
as other information about the model fit.

- in the odds that a female crab has a satellite.

fWe next discuss significance tests for the effect of X on the b
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5.2.1 Confidence Intervals for Effects

A large-sample confidence interval for the

r parameter 8 in th isti it
model OBn()] o & B B in the logistic regression

B 2 /(ASE),

Exponentiating the endpoints of this interval
effect on the odds of a 1-unit increase in X.
To illuslra?e. we continue our logistic regression analysis of the horseshoe crab
data. A'I'h? estimated effect of width in the fitted equation for the probability of a
satellite is B = 0.497, with ASE = 0.102. A 95% confidence interval for B is
0497 * 1.96(0.102), or (0.298,0.697). The confidence interval for the effect on the
odds per centimeter increase in width equals (¢ %, ¢997) = (1.35,2.01 ). We infer that
each centimeter increase in width has at least a 35

yields one for ¢f, the multiplicative

% increase and at most a doubling

B = .124. A 95% confidence interval for 0.258 i

! : » equals 0.25 times

e.chpomm qf the interval for 8, or [0.25(.298), 0.25(.697)) = (.074,.174). If the
istic regression model holds, for values of x near the width at which 7r = 5, the

of increase in the probability of a satellite per centimeter increase in wi
een about .07 and .17, " o wdh falls

Significance Testing

inary response. For the

gistic regression model, the null hypothesis Hy : 8 = 0 states that the probability

success is independent of X.
; For large samples, the test statistic

i \‘ astandard no@al distribution when B = 0. One can refer z to the standard normal
Bo.c to g.el a one-sided or two-sided P-value in the usual manner. Equivalently, for
wo-sided alternative 8 # 0, (B/ASEY? is a Wald statistic (Section 4.4.1) haw,/in
fge-sample chi-squared distribution with df = 1. ’ ¢
Hough the Wald test works well for very large samples, the likelihood-ratio test
on 4‘.4.1) is more powerful and reliable for sample sizes used in practice. The
lll;t:: compares the maximL_lm Lo of the log-likelihood function when B=0
-likel’;;(:())dlsf forc'ed to be 1den(llcal at all x values) to the maximum L, of
Sy un-ctlon for upre?ncted B. The test statistic, —=2(Lg — L,), also
Be-sample chi-squared distribution with df = 1. Most software for logistic
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regression reports the maximized log-likelihoods Lq and L, and the likelihood-ratio The sample proportion estimate at x = 26.5 is p = 4 .
statistic derived from those maxima. . ] pased estimate. From inverting small-sampie - s’:s usian *‘hg:; Slml.lar to thf: model-
For the horseshoe crab data, the statistic z = B/ASE = 0.497/0.102 = 4.9 shows 95% confidence interval based on these six observati £ romial distribution, a
strong evidence of a positive effect of width on the presence of satellites (P < .0001). When the logistic regression model truly ho]‘;’: [11(1]125 al::el e';]uals (:22,.96).
s model-based estimator of a

The equivalent Wald chi-squared statistic, 22 = 239, hasdf = 1. The maximized bability i :

equi probability is considerably better th: :

log likelihoods equal Lo = —1 12.88 under Ho : B = OandL; = —97.23 forthe full two parameters to estima?e, whereazl:ht:cms;r:llile IPLOPOrllon, The model has only
model. The likelihood-ratio statistic equals —2(Lo — L) = 313, withdf = 1. This ° el-based approach has a separate

arameter for every distinct value of i =
provides even stronger evidence than the Wald statistic of a width effect. iSE = 0.04 for the model-b et X o panet, i1 = 26.5, software [oports an
. odel-based estimate .695, whereas the estimated standard error

is Vp(1—p)/n = V(67)(.33)/6 = 0.19 for the sample proportion of

ononly 6 obs'ervanons. The 95% confidence intervals are (.61 T7) v o (2 a5y

Instead t_)f using only 6 observations, the model uses the inf’o'nnatiersut;(lz’ g

obsewathns provide in estimating the two model parameters. The r:n ‘jﬁ o

more precise estimate. ) pult s 2 much

Reality is a bit more complicated. In i i

_ the true relation.ship betwegn 7(x) ang ‘:C nﬁad:nzsn:::esla:vr::)ll:(:i;:aiily e e

mo'del-bascd t?stlmalor may not converge exactly to the true value of mecreasc:_ fhe
i[‘hxs dm?s not imply, however, that the sample proportion is actually a bett: o e
in practice. If the model approximates the true probabilities decent! itsr CSlfmalor
still mfds to be much closer than the sample proportion to the true va;:’xe T;in::dt:;
mamltsh:, es:;ntpol:abt:; lsomn:;vhat dampening the observed variability. The resulting
gl er unless each sample proportion is based on an extremely
f; Insummary, if the logistic regression model approxim

{ w(x) on x, point and interval estimates of 1112:’) basc:[f)srlv;f l::;:::: ?1:5::;’?1'3]1%
ext section shows how to investigate whether the model does in fact ide an
dequate fit to the sample data. provide an

5.2.3 Distribution of Probability Estimates*
The estimated probability that ¥ = 1 at a fixed setting x of X equals

exp(a + fx)

_exp@+px) (521 §
1 + exp(@ + Bx) i

r(x) =

i

Most software for logistic regression can report such estimates as well as confidence
intervals for the true probabilities.

We illustrate by estimating the probability of a satellite for female crabs of width
x = 26.5, which is near the mean width. The logistic regressi fityields the y
#(26.5) = exp(—12.351 +0.497(26.5))/[1 + exp(—12.351 +0.497(26.5))] = 6953
From software, a 95% confidence interval for the true probability is (.61,.77).

One can construct confidence intervals for probabilities using the covariance ma;
trix of the model parameter estimates. The term & + Bx in the exponents of thd]
prediction equation (5.2.1) is the estimated linear predictor in the logit transforny
(5.1.1) of (). This estimated logit has large-sample ASE given by the estima
square root of

Var(a + px) = Var(&) + x* Var(B) + 2x Cov(&, B). i ;
F Bx) = Var(@) ® @ : '. MODEL CHECKING
A 95% confidence interval for the true logit is (& + Bx)* 1.96ASE. Substituting th3 {
endpoints of this interval for « + Bx in the exponents of (5.2.1) gives a corresponding
interval for the probability.
For instance, at x = 26.5, the predicted logit is —12.351 + 0.497(26.5)
0.825. Software reports Var(@) = 6910, Var(B) = 0.01035, Cov(a. B) §
—0.2668, from which the estimated variance of this predicted logit equals (6.910) §
(26.5)2(0.01035) + 2(26.5)(—0.2668) = 0.038. The 95% confidence interval for th
true logit equals 0.825 * (1.96)1/0.038, or (0.44,1.21). From (5.2.1), this translatcs
to the interval

ar, we have useid logistic regression for description and inference about the effect:

preldol?l:: ;J:nl:]lpary responses. There is no guarantee, however, that a particulaf-
is appropriate or i i i i

st :12,1 gpthe H?Odt:la;i 1t\ provides a good fit to the data. This section

:t:: logistic regression mode!s provide predicted probabilities that Y = 1. At
" mgb:f the exPlanatory vzfnables, one can multiply the predicted probability
e ur; _r of subjects to-obtam a fitted count. Similarly, one can obtain the fitted
I r = 0 at each setting. The test of the null hypothesis that the model holds

: .mtche fitted and observed counts using a Pearson X2 or likelihood-ratio G2

( exp(0.44) exp(1.21) ) = (61,.77)
T o048 TT op(i2D 61, ‘r’ ahﬁxed number of settings, when most fitted counts equal at least about 5, X2

; :;'Ie dapproxxmate chi-squared distributions. The degrees of freedom, cailed
- flfor the moc‘!el, equal the number of sample logits (i.e., the nur;lber of
&8 O explanatory variables) minus the number of model parameters. As usual

or G* values provide evidence of lack of fit, and the P-value is the right-

for the probability of satellites at width 26.5 cm.
One could ignore the model fit and simply use sample proportions to estimate SUg
probabilities. Six crabs in the sample had width 26.5, and four of them had satellit
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tail probability above the observed value. When the fit is poor, residuals and other
diagnostic measures describe the influence of individual observations on the model
fit and highlight reasons for the inadequacy.

Predictors

53.1 Good of Fit for Models with C

We first present a goodness-of-fit analysis for the model using x = width to predict
the probability m(x) that a female crab has a satellite,

logit[7(x)] = & + Bx. (5.3.1)
Width takes 66 distinct values for the 173 crabs, with few observations at most widths,
One could regard the data as a 66 X 2 contingency table, in which the two cells in
each row give the counts of the number of crabs with satellites and the number of
crabs without satellites, at that width. The cell counts in this table are small, as are
the fitted counts.

The large-sample theory for X7 and G applies for a fixed number of cells when the
fitted counts are large. This theory is violated for the 66 X 2 table in two ways. First
most fitted counts are very small. Second, when more data are collected, additio
width values would occur, so the contingency table would contain more cells rathe
than a fixed number. Because of this, X2 and G? for logistic regression models fittedy
with continuous or nearly-continuous predictors do not have approximate chi-squared]
distributions. These indices of fit are more properly applied when the explana
variables are categorical, and relatively few fitted counts are small.

To check the adequacy of logistic regression for these data, we compare thd
observed and fitted values in the grouped form of Table 5.1, shown again in Table 5.2
which is an 8 X 2 table. In each width category, the fitted value for response “yes” if
the sum of the predicted probabilities #r(x) for all crabs having width in that catego
the fitted value for response “no” is the sum of 1 — #(x) for those crabs. The fitte

values displayed in this form are much larger than in the original 66 X 2 table, and}
chi-squared statistics for testing the model have better validity. Substituting the I3

Table 5.2 Grouping of Observed and Fitted Values for
Fit of Logistic Regression Model to Horseshoe Crab

Data
Number - Number Fitted ~ Fitted
‘Width Yes No Yes No
<2325 5 9 364 10.36
23.25-24.25 4 10 531 869
24.25-25.25 17 11 1378 1422
25.25-26.25 21 18 2423 1477
26.25-21.25 15 7 1594 606
27.25-28.25 20 4 1938  4.62
28.25-29.25 15 3 1565 235
>29.25 14 0 1308 092
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grouped observed counts and fitted values into the standard chi-squared statistics
¥t = (observed — fitted)? _
> fitted =353,

and

G*=2 (observed) lo, observed) _
Somncatos (st - 2

'(I;al;]el )Shz;,:::i, i sample logits, one for each width setting; the logistic regression model

3. parameters,sodf = 8 —2 = 6. Neither X nor G2 sh i

3 ows evide

!ack of‘ﬁt (P > 4). Thus, we can feel more comfortable about the use of the ;cjdoi
in Sections 5.1 and 5.2 for the original ungrouped data ©

A simpler but more approximate method for

ler e obtaining goodness-of-fit statisti

fits the 'lognsuc regrgsm'on model directly to the observed counts in the 8 X 2 fabtllesu'lc‘s
treat width as quantitative, we assign scores to its categories, such as the mean wi&ths

{22.69, ?184, 2.4..77, 25.84,26.79,27.74,28.67,30.4 1} for the crabs in each cate,

'[?le logit prediction equation then equals logit[#(x)] = —11.51 + 0.465 g;if}ﬂ
5 yields a set of predicted probabilities and fitted values. For ﬂ;is fit, XI2 =X-5‘(')’ Cg
G* = 6.0, based ondf = 6. Results are similar to the statistics usi’n fitted ;/alan
based on predicted probabilities at the individual width values. t e

c in this way. For the model fitted, the 14 crabs in the first width category are the

s with the smallest predicted probabilities of a satellite; the 14 crabs in the second

¥vidth category h.ave higher predicted probabilities than the crabs in the first catego:
) t ‘:maller predicted probabilities than crabs in the other categories, and so forfh >
egardless of how many predictors are in the model, one can partition obsen;ed

:- I;ilzi v:lllless a.cco}:dmg t‘0- the predicted probabilities. One common approach
6 v gf ps in the pamuqn so they have approximately equal size. To form

groi Ps, or 1n‘stance. or-w pair of observed and fitted counts refers to the n/10
” (;)L:;r:‘s,a:li?)\::i lhf: hlug;hest predicte_d probabilities, another pair refers to the
b i ons :rlmg e secf)nd decile of predicted probabilities, and so forth.
g Db&;r‘lm—ionsuh y not possible tx_) form groups of exactly equal size because

s pmdicteds a\l/)e the same predl‘ctcd probability, and all observations having
pm' ability are kept in tht? same group. For each group, the fitted
*b§erva[10ns inrtr;::l :Sgr tzﬁ ps.um of the predicted probabilities for that outcome for

"40)‘ T?]Z;lr;cllon 1s.xhe ha§i§ of a test due to Hosmer and Lemeshow (1989,
3 earson-like statistic does not actually have a chi-squared distribution,
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115
but simulations have shown that its distribution is roughly approximated by chi-
squared with df = g — 2, where g denotes the number of groups. We applied their
test with g = 10 approximately equally sized groups for the logistic regression mode]
fitted to the ungrouped data (Table 4.2). The Hosmer—Lemeshow statistic equals 3.5,
based on df = 8, indicating a decent fit.

One can also detect lack of fit by using a likelihood-ratio test to compare the
working model to more complex ones, as we will illustrate in Section 5.5. For
instance, we might consider more complex models containing nonlinear effects (such
as quadratic terms) for quantitative predictors or interaction terms. If we do not find a

statistic for testing it is simply the G? statistic (24.3) ing i
s -4.3) for testing ind i
m;o-way _conungency table. For the observed counts in the 8 x 2g ’Il‘:bleepgzd?tlce :‘la
h(; (AéO)(A; ;34.0,gadsed ondf = 7.Since the fit of the model with widh asva’pr;qictaoj
as Ua(My) = 6.0 with df = 6, the comparison statistic f
s or thy i

GXMy | M) = G*(Mo) - G*(M,) = 34.0 - 6.0 = 28.0, based :)n 5/“3(’7"1"23’-5 L
In fact, this equals the likelihood-ratio statistic 2oL ‘ P

. . for testi =0i
the logistic regression model fitted to the grouped data of 'll")abl: 56 sztlng that 8 = Qin

more complex model that provides a better fit, this provides some assurance that our
fitted model is reasonable. This approach is more useful from a scientific perspective,
A large goodness-of-fit statistic simply indicates there is some lack of fit, but provides

no insight about its nature. Comparing a model to a more complex model, on the

other hand, indicates whether lack of fit exists of a particular type.

5.3.2  Goodness of Fit and Likelihood-Ratio Model Comparison Tests
Sections 4.4.1 and 4.5.2 introduced the likelihood-ratio statistic —2Ly = Ly) for

53.3 Residuals for Logit Models

Goo‘dness-of—ﬁl stfxt.is!ics such as G? and X? are summary indicators of the overall
quality :f ;itﬁ Aclizdemonal diagnostic analyses are necessary 1o describe the naturer Zf
any lack of fit. Residuals c. i

iy Omparing observed and fitted counts are useful for this

Let y; denote the number of “successes” for n; tri i
: o i trials at the jth segtip, f

explanatory vanab{es: Let #; denote the predicted probability of successgfgr ttl}::
model fit. Then n,#; is the fitted number of Successes. For a GLM with binomial

!+ random component, the Pearson residual (4.4.1) for the fit at setting i is

testing whether certain parameters in a model equal zero. The test compares the
maximized log likelihood (L;) for the model to the maximized log likelihood (Lg)
for the simpler model that deletes those parameters. Denote the fitted model by M,
and the simpler model for which those parameters equal zero by M. E
The goodness-of-fit statistic G2 for testing the fit of a logistic regression model M
is the special case of the likelihood-ratio statistic in which My = M and M, is the
most complex model possible. That complex model has a separate parameter for each
. logit, and provides a perfect fit to the sample logits. It is called the saturated model. In
testing whether M fits, we test whether all parameters that are in the saturated model
but not in M equal zero. Denote this statistic for testing the fit of M by G*(M). In GLM
terminology, it is called the deviance of the model (Section 4.5.3). Let Lg denote the
maximized log likelihood for the saturated model. Then, for instance, the deviances §
for models Mo and M, are GX(Mg) = ~2(Lg — Ls) and G*(M,) = —2(L, — Lg).
Denote the likelihood-ratio statistic for testing Mo, given that M, holds, by,
G*M, | M,). This statistic for comparing these models equals

Yi — midy

Vi =gy (532

ch residual divides the difference between an i
£ : des th observed count and its fitted
by the estimated bu?m.rual standard deviation of the observed count. alve
The Pearson statistic for testing the model fit satisfies

2 _
Xt = Ze,-z. (5.3.3)

squared Pearson re_sidual is a component of X2. When the binomial, index n;
W ?es the Pfearson residual & has an approximate normal distribution. When thé
giodel holds, it has an approximate expected value of zero but a smaller variance

e =

GAMo | M) = 2o —Ly) = —2Lo— Ls) — [~2(Ly ~ L)) = GX(Mo) — GX(My),

the difference in G goodness-of-fit statistics for the two models. That is,
likelihood-ratio statistic for comparing two models is simply the difference in
deviances of those models. This statistic is large when Mj fits poorly compared tg
M,.Itis a large-sample chi-squared statistic, with d f equal to the difference betv
the residual df values for the two models.

We illustrate this comparison for two models fitted to the grouped crab dati
Denote the logistic regression model (5.3.1) with width as the sole predictor by
M, and the simpler model having only an intercept parameter as M. That simpld

oo £ wi . . 2 _of-if ed : X
model posits independence of width and having a satellite, and the G? goodness- Proportions and the predicted probabilities of a sat ellitc against width, The
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Table 5.3 Residuals for Logistic Regression Models Fitted to Grouped Crab Data

itted®  Pearson”  Fitted  Pearson Adjgsted
Width N(l:]:;:s j N‘g?ﬂ Fl;tes Residual Yes Residual  Residual
<2325 14 5 8.98 -222 3.85 0.69 0.85
23.25-24.25 14 4 8.98 -278 5.50 -082 -0.93
24.25-25.25 28 17 17.96 -0.38 13.97 1.14 1.35
25.25-26.25 39 21 25.02 -134 2421 -1.06 -1.24
26.25-27.25 22 i5 14.12 0.39 15.80 -0.38 -0.42
27.25-28.25 24 20 15.40 1.96 19.16 0.43 0.49
28.25-29.25 18 15 11.55 1.70 15.46 -0.31 -0.36
>29.25 14 14 8.98 2.80 13.05 1.01 114

“Independence model, other fitted values and residuals refer to model (5.3.1) with width predictor.

fit seems decent, which is not surprising since the formal goodness-of-fit tests showed
no evidence of lack of fit.

We have noted that X2 and G? are invalid when fitted values are very §mall.
Similarly, residuals have limited meaning in that case. When explanatory variables
are continuous, often #; = 1 at many settings. Then, y; can equal only 0 or 1, and

1.0 1 *
Proportion
Having
Satellites 08 -

Logistic
regression fit
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€; can assume only two values. One must then be cautious about regarding either
outcome as “extreme,” and a single residual is usually uninformative.

ie M, *

€

534 Di

es of Infl

As in ordinary regression modeling, some observations may have much, perhaps too
much, influence in determining parameter estimates. The fit could be quite different
if they were deleted. An observation is more likely to have a large influence when
it takes an extreme value on one or more of the explanatory variables. It may be
informative to report the fit of the model after deleting one or two observations, if the
fit with them seems misleading.

Several measures describe various aspects of influence. Many of them relate to
the effect on certain characteristics of removing the observation from the data set.
These measures are algebraically related to an observation’s leverage, its element
from the diagonal of the so-called hat matrix. (Roughly speaking, the hat matrix is
amatrix that, when applied to the sample logits, yields the predicted logit values for
the model.) The greater an observation's leverage, the greater its potential influence.
Formulas for leverages and the diagnostic measures of influence are complex, so we
do not reproduce them here. Most software for logistic regression produces these
diagnostics. Influence measures for each observation include the following:

1. For each parameter in the model, the change in the parameter estimate when
the observation is deleted. This change, divided by its standard error, is called
Dfbeta.

2. A measure of the change in a joint confidence interval for the parameters
produced by deleting the observation. This confidence interval displacement
diagnostic is denoted by ¢.

3. The change in X? or G?
deleted.

R R

goodness-of-fit statistics when the observation is

0.0

30

28
Width

22 24 26

Figure 5.3 Observed and fitted proportions of satellites by width of fenale crab.

For each measure, the larger the value, the greater the observation’s influence.
£ We illustrate them using the logistic regression model with width as a predictor for
the grouped crab data. Table 5.4 contains the Dfbeta measure for the coefficient of
width, the confidence interval diagnostic c, the change in X?, and the change in G2.
gNone of their values reveal any highly influential observations. By contrast, Table
.4 also contains the changes in X2 and G? for deleting observations from the fit of
’he independence model ((5.3.1) with B = 0). At the low and high ends of the width
yralues, several of these changes are large. The severe influence of these values partly

1l s not permit width to have an effect on the

ects the poor fit of the model that doe:

j One can also use leverage values to construct an adjustment to the Pearson residual
hat is slightly larger in absolute value and does have an approximate standard
al distribution when the model holds. For observation i with leverage h;, the
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Table 5.4 Diagnostic Measures for Logistic Regression Models Fitted to Grouped

K The variables x and z in this model are dummy variables that indicate categories
Crab Data

for the predictors. At a fixed level z of Z, the effect on the logit of changing from
x=0tox =1is

Pearson Likelihood-Ratio Pearson®  Likelihood-Ratio?
Width Dfveta c Diff. Diff. Diff. Diff.

<2325 -054 038 073 0.70 536 5.09 = la+ (1) + Boz] — [a + By(0) + Byz] = By.
23.25-24.25 0.37 0.25 087 0.89 8.39 8.00
2425-2525  ~043 071 182 183 0.17 017 This difference between two logits equals the difference of log odds, which equals the
2525-2625  -002 058 155 152 233 27 log of the odds ratio between X and Y, at a fixed level of Z. Thus, exp(8;) describes
6252125 -009 004 0.17 017 0.18 0.18 the conditional odds ratio between X and Y . Controlling for Z, the odds of “success”
;;;:jgz _z?; gg g'ﬁ 37153 :;i ::g at x = 1 equal exp(B;) times the odds of success at:t = 0. .This confiilio'nal odds
> 2925 055 034 129 224 851 B ratio is the same at each level z of Z. The lack of an interaction term in this model

implies a common value of the odds ratio for the partial tables at the two levels of Z.
The model satisfies homogeneous association (Sections 3.1.5, 3.2.3,3.2.4).

Conditional independence exists between X and Y, controlling for Z, if B =0,
in which case the common odds ratio equals 1. The simpler model

“Independence model, other values refer to model (5.3.1) with width predictor.

adjusted residual has form

& _ yi — nif
VIi—h (= 70— ]

These serve the same purpose as the adjusted residuals defined in Section 2.4.5 for {
detecting pattems of dependence in two-way contingency tables and in Section 4.4.3
for describing lack of fit in Poisson regression models.

Table 5.3 contains adjusted residuals for the logistic regression model with width
predictor fitted to the grouped crab data. Though slightly larger than the Pearson
residuals, they show a similar pattern and do not suggest any lack of fit. 1

logit(7) = a + B,z (54.2)

then applies to the three-way table. One can test whether 8; = 0 using a Wald statistic
i or a likelihood-ratio statistic comparing the two models.

£ 542 AZT and AIDS Example

L We illustrate models with qualitative predictors using Table 5.5, based on a study
described in the New York Times (Feb. 15, 1991) on the effects of AZT in slowing the
development of AIDS symptoms. In the study, 338 veterans whose immune systems
were beginning to falter after infection with the AIDS virus were randomly assigned
cither to receive AZT immediately or to wait until their T cells showed severe immune
E weakness. Table 5.5 is a 2 X 2 X 2 cross classification of the veterans’ race, whether
: they received AZT immediately, and whether they developed AIDS symptoms during
the three-year study.

In model (5.4.1), we identify X with AZT treatment (x = 1 for those who took
EAZT immediately and x = 0 otherwise) and Z with race (z = 1 for whites and
2 = 0 for blacks), for predicting the probability that AIDS symptoms developed. The
EML estimate of the effect of AZT is B1 = —0.720 (ASE = 0.279). The estimated

54 LOGIT MODELS FOR QUALITATIVE PREDICTORS

Logistic regression, like ordinary regression, extends to models incorporating multi-§
ple explanatory variables. Moreover, some or all of those explanatory variables can bej
qualitative, rather than quantitative. This section shows the use of dummy variables,
for including qualitative predictors, often called factors, and Section 5.5 presents the§
general form of multiple logistic regression models.

»

§.4.1 Dummy Variables in Logit Models

Table 5.5 Develoy of AIDS Symptoms by AZT
Use and Race
1

the probability wthat Y = 1, ___ Symptoms
Race AZT Use Yes No
logit(7) = a + Bjx + B;2z, White Yes 14 93
. No 32 81
has separate main effects for the two predictors. It assumes an absence of interactiof§ Black Yes 1 52

the effect of one factor being the same at each level of the other factor. No 12 43
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0dds ratio between immediate AZT use and development of AIDS symptoms equals
exp(—0.720) = 0.49. For each race, the estimated odds of developing symptoms are
half as high for those who took AZT immediately.

The hypothesis of conditional independence of AZT treatment and the develop-
ment of AIDS symptoms, controlling for race, is Hy : B) = 0. The likelihood-ratio
statistic —2(Lg ~ L,) based on comparing models (5.4.2) and (5.4.1) equals 6.9,
based on df = 1, showing evidence of association (P = .01). The Wald statistic
(BI/ASE)? = (~0.720/0.279)* = 6.6 provides similar results (P = .01).

We next analyze the goodness of fit of model (5.4.1). For its fit, white veterans with
immediate AZT use had predicted probability .150 of developing AIDS symptoms
during the study. Since 107 white veterans took AZT, the fitted number developing
symptoms is 107(.150) = 16.0, and the fitted number not developing symptoms is
107(.850) = 91.0. Similarly, one can obtain fitted values for all eight cells in Table
5.5. Substituting these and the cell counts into the usual goodness-of-fit statistics,
we obtain G2 = 1.4 and X2 = 1.4. The model has four sample logits, one for each
binomial response distribution at the four combinations of AZT use and race. The
model has three parameters, so the residual df = 4 —3 = 1. The small values for G2
and X? suggest that the model fits decently (P > .2). Further analysis suggests that
an even simpler model may be adequate, since the effect of race is not significant,
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Table 5.6  Parameter Estimates for Logit Model Fitted to Table 5.5

Definition of Parameters

Parameter m
Intercept -1.074 -1.738 —1.406

AZT—yes -0.720 0.000 ~0.360
AZT—no 0.000 0720 0360
Race—W 0.055 0.000 0.028

Race—B 0.000 ~0.055 ~0.028

category 1 and x = | in category 2 of AZT use. For the third approach, when a
factor has two levels, one estimate s the negative of the other (eg., B¥ = — BY)
This results from “effect coding” for a dummy variable, such as x = | ix; calcgor)zl l'
and x = —1 in category 2.

For any of the three coding schemes, the differences BY — BX and pz — BZ are
identical and represent the conditional log odds ratios of X and Z with the respénse
given the other variable. For instance, exp(B¥ — By = exp(~0.720) = 0.49 refers to
the estimated common odds ratio between immediate AZT use and development of

symptoms, for each race. The estimate of a parameter for a single category of a factor
is imrelevant; different ways of handling parameter redundancies result in different
values for that estimate. An estimate makes sense only by comparison with one for
mothexr category. Exponentiating a difference between estimates for two categories
g determines the odds ratio relating to the effect of classification in one category rather
b than the other.
- Similarly, different parameter coding schemes yield the same estimated probabil-
!ues. "I'he sum of the intercept estimate and the estimates for given factor levels is
identical for each scheme. For instance, from Table 5.6, the intercept estimate plus

5.4.3 ANOVA-Type Representation of Factors

A factor having two levels requires only a single dummy variable. A factor having 7
levels requires / ~ 1 dummy variables, as shown in Section 5.5.1.

An alternative representation of factors in logistic regression models
the way ANOVA models ordinarily express them. The model formula

logit(m) = « + B + pZ (543

represents the effects of X through parameters {8} and the effects of Z through
parameters {B7}. (The X and Z superscripts are simply labels, and do not represent;
'powers.) Model form (5.4.3) applies for any number of levels for X and Z. Each
factor has as many parameters as it has levels, but one is redundant. For instance, if
X has I levels, it has I — 1 nonredundant parameters; BY denotes the effect on the
logit of being classified in level i of X. Conditional independence between X and Y §
given Z, corresponds to g = gf = --- = gX.
One can account for redundancies iri parameters in (5.4.3) by setting the parameter]
for the last category equal to zero. When X and Z have two categories, as in Table}
5.5, the parameterization in model (5.4.3) then corresponds to that in model (5.4.1)
with B} = B, and B¥ = 0, and with B = B, and BZ = 0. For model (5.4.3}
fitted to Table 5.5, Table 5.6 shows parameter estimates for three ways of defining}
parameters: (1) the approach just described that sets the last parameter (e.g., %) equal
to 0, (2) an analogous approach for which the first parameter equals 0, and (3) &
approach whereby each factor’s parameters sum to zero. For the second approaciy
model (5.4.3) corresponds to model (5.4.1) with the dummy variable x = 0 if

XK contingenFy table that cross classifies X, ¥, and Z. In this model, conditional

fidependence exists between X and Y, controlling for Z, if BY = B, in which case

P common X-¥ odds ratio exp(B) — BY) for the K partial tables equals 1. One can
absorb the common value of BY into the term, yielding the simpler model

logit(w) = a + g7 (5.4.4)

br the three-way table. When K = 2, this is equivalent to mode] (5.4.2).
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Given that model (5.4.3) holds, one can test conditional independence of X and
Y by the likelihood-ratio statistic —2(Ly — L,), comparing that model to the simpler
model (5.4.4) not having the X main effect, as illustrated above in Section 5.4.2,
Section 3.2.1 presented the Cochran-Mantel-Haenszel (CMH) test of this same
hypothesis for 2 X 2 X X tables. That test performs well when the association between
X and Y is similar in each partial table. In fact, the CMH statistic is the efficient score
statistic (Section 4.5.2) for testing X-Y conditional independence in mode} (5.4.3),
which assumes a common odds ratio for the partial tables. The likelihood-ratio test
is an alternative to the CMH procedure for testing X-¥ conditional independence in
2 X 2 X K tables. For model (5.4.3), the ML estimate exp(3¥ — B¥) of the common
X-Y odds ratio for the K partial tables is an altemative to the Mantel-Haenszel
estimate (3.2.2).

For Table 5.5, we noted that the likelihood-ratio test of conditional independence
of immediate AZT use and AIDS symptom development has test statistic equal
t0 6.9, with df = 1, and the ML estimate of the conditional odds ratio equals
exp(BY — BY) = 0.49. The CMH statistic (3.2.1) equals 6.8 with df = 1, and the

Mantel-Haenszel estimate (3.2.2) of a common odds ratio equals 0.49. Similarity of

results among likelihood-ratio, Wald, and CMH (efficient score) tests usually happens
when the sample size is large relative to the number of strata.

For model (5.4.3) with binary X, the odds ratio between X and Y is the same at
each level of Z. In testing goodness of fit for this model, we are testing that this
structure holds. That is, the goodness-of-fit tests also provide tests of the hypothesis
of homogeneous odds ratios between X and Y at the K levels of Z. These large-
sample tests have df = K — 1 and are alternatives to the Breslow-Day test presented
in Section 3.2.4. For Table 5.5, for instance, the goodness-of-fit statistics equal
G? = 1.38 and X? = 1.39 and the Breslow-Day statistic equals 1.39, all based on
df = 1. They all indicate that homogeneity is plausible.

5.5 MULTIPLE LOGISTIC REGRESSION i

The logistic regression model and other GLMs, like ordinary regression models for

normal data, generalize to allow for several explanatory variables. The predictors can,

be quantitative, qualitative, or of both types.
Denote a set of k predictors for a binary response ¥ by X1, X3,
(5.1.1) for the logit of the probability 7 that ¥ = 1 generalizes to

logit(m) = & + Bixy + Byxy + - - - + Bexs.

The parameter B; refers to the effect of X; on the log odds that Y = i, controlli 5
the other Xs. For instance, exp(8;) is the multiplicative effect on the odds of a 1-
increase in X;, at fixed levels of the other Xs.

5.5.1 Horseshoe Crab Example Using Color and Width Predictors

We continue our analysis of the horseshoe crab data of Table 4.2 (Section 4'3'
by including both the female crab’s width and color as predictors. Color has fivy

-+ Xy Model
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categories: light, medium light, medium, medium dark, dark.
age, older crabs tending to be darker. The sample contain
models use only the other four categories.

We first treat color in a qualitative manner b;
represent the four categories. The model is

Color is a surrogate for
ed no light crabs, so our

Y using three dummy variables to

3

logit(7) = « + Bici + Bycy + Bacs + Bax, 55.2)

where x denotes width and

¢1 = 1 for medium light color, and 0 otherwise,

1 for medium color, and 0 otherwise,
¢3 = 1 for medium dark color, and 0 otherwise.

(]

The crab color is dark (category 4) when ¢,
the parameters are

= @2 = ¢3 = 0. The ML estimates of

Intercept: & = —12.715, ASE = 2.762
ai Br= 1330, ASE = 03852

¢ o= 1402, ASE = 0548

ot By = 1106, ASE = 0592
width: B, = 0.468, ASE = 0.106,

For instance, for dark crabs, ¢, = €2 = ¢3 = 0, and the prediction equation is
logit(#) = —12.715 + 0.468x; by contrast, for medium-light crabs, ¢, 1, and
logit(#) = (=12.715 + 1.330) + 0.468x = —11.385 + 0.468x.
The model assumes a lack of interaction between color and width in their effects

on the response. Width has the same effect (coefficient 0.468) for all colors, so the
hapes of the curves relating width to 7 = P(Y = 1) are identical. For each color, a
1-cm increase in width has a multiplicative effect of exp(0.468) = 1.60 on the odds
that Y = 1. Figure 5.4 displays the fitted mode
e s!\iftcd to the right or to the left. The parallelism of curves in the horizontal
ension implies that two curves never cross. At all width values, for instance, color
i (dark) has a lower predicted probability of a satellite than the other colors.
3 The positive effect of width on the odds of having satellites is similar to the
ct seen in Section 5.1.2 for the simpler model excluding color. One can calculate
ctftd probabilities of a satellite using prediction equations for the probabilities,
nding the approach of Section 5.1.2. To illustrate, for a medium-light crab of
age width (26.3 cm), the predicted probability is

exp[—11.385 + 0.468(26.3)] _

1+ exp[—11.385 + 0.468(263)] >

B Comparison, a dark crab of average width has

edicted
RI68(26.3)) /{1 + exp( s

probability exp[—12.715+
—12715 + 0.468(26.3)]} = .399.
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Predicted 1 of a color effect.
4 More generally, one can compare maximized log-likelihoods for any pair of models

Probabiity such that one is a special case of the other. One such comparison checks whether

10 i ] numbers of parameters in the two models. The P-value of .07 provides slight evidence

the model requires interaction terms. The test analyze i
results from adding the interaction of color and v{idtsh“t,:cr:l:(;; b(gt;e;?lf;;g modl
complex mode] allows a separate width effect for each color. It has.ll.u-s.e d:js' WOTB
¥enns, Fhe cross-products of width with the color dummy variables. Fittin, :ﬂ l!lg:al
is equivalent to fitting the logistic regression model with width as t}i S':;' o
separately for the crabs of each of the four colors. Each color then has a 11;1;? et
shaped curve relating width to the probability of a satellite, so a comparison e;f“t'
colors varies according to the level of width. The likelihood-ratio statistic co " .WO
the models with and without the interaction terms equals 4.4, based on df —m ganng
evidence of interaction is not strong (P = .22). ' 3w
_The reduced model (5.5.2) has the advantage of simpler interpretations. In f;
:ls modc[lfts adequately according to formal goodness-of-fit tests. For instz;ncc i:;z
e . . anee %
eq‘f:fo 347?::::\\; ;e‘si} w:hsfen groups of predicted probabilities has a test statistic

Color 1

Color 3

0.2 1
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0.0 T T T T T T T
Co.lor has a natural ordering .of categories, from lightest to darkest. One can construct
¢ asimpler mo.del yet by treating this ordinal predictor in a quantitative manner. Color
b ma')I" h:al‘Ie a linear effect, for a set of monotone scores assigned to its categoric;s

o illustrate, we assi; = i i
b gn scores ¢ = {1,2,3,4} to the color categories and fit the

Width
Figure 5.4 Logistic regression model using width and color predictors.

The exponentiated difference between two color parameter estimates is an odds
ratio comparing those colors. For instance, the difference in color parameter estimates
between medium-light crabs and dark crabs equals 1.330; at any given width, the
estimated odds that a medium-light crab has a satellite are exp(1.330) = 3.8 times
the estimated odds for a dark crab. Using the probabilities just calculated at width 26.3,
the odds equal .715/.285 = 2.51 fora medium-light crab, and .399/.601 = 0.66
for a dark crab, for which 2.51/0.66 = 3.8. The color estimates indicate that, in this
sample, dark crabs are less likely than crabs of other colors to have satellites.

logit(m) = a + Bic + Byx, (5.5.3)
f The prediction equation is
logit(#r) = —10.071 — 0.509¢ + 0.458x.

4 .:] color and width estimates have ASE values of 0.224 and 0.104, showing strong
5 : ence of an effect f(_)r each. At a given width, for every one-category increase in
ppolor d«:;lknes;,l the estimated odds of a satellite multiply by exp(—0.509) = 0.60
Or Instance, the estimated odds of a satellite for mediu; 1 ' b of
hoc for e f e m colored crabs are 60% of
§ A lllksehhood-:'atio test compares the fit of this model to the more complex
I, (_i.Z) tilat has a separate parameter for each color. The test statistic equals
A ldls) = 1.7, based on df = 2. This statistic tests that the simpler model
‘ 5 s 2;) w}; glveln tl;t model (5.5.2) is adequate. It tests that the color parameters
+2-2), When plotted against the color scores, follow a linear trend i i
on seems permissible (P = .44). e The simpli

5.5.2 Model Comparison

One can use the likelihood-ratio method to test hypotheses about parameters in multiz
ple logistic regression models. For instance, to test whether color makes a significa
contribution to model (5.5.2), we test Hg : B; = B2 = B3 = 0. This hypothesis states
that, controlling for width, the probability of a satellite is independent of color.
compare the maximized log-likelihood L, for the full model (5.5.2) to the ma imi
log-likelihood Lg for the simpler model in which those parameters equal 0, using t¢5§
statistic —2(Lo — L;) = 7.0. The chi-squared df = 3, the difference between the
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The estimates of the color parameters in the model (5.5.2) that treats color as
qualitative are (1.33,1.40, 1.11,0), the 0 value for the dark category reflecting the
lack of a dummy variable for that category. Though these values do not depart
significantly from a linear trend, the first three are quite similar compared to the last
one. This suggests that another potential color scoring for model (5.5.3)is {1, 1, 1,0};
that s, score = 0 for dark-colored crabs, and score = 1 otherwise. The likelihood-ratio
statistic comparing model (5.5.3) with these binary scores to model (5.5.2) equals
0.5, based on df = 2, showing that this simpler model is also adequate (P = .78).
This model has a width estimate of 0.478 (ASE = 0.104) and a color estimate of
1.300 (ASE = 0.525). At a given width, the estimated odds that a lighter-colored
crab has a satellite are exp(1.300) = 3.7 times the estimated odds for a dark crab.

In summary, the qualitative-color model, the ordinal model with color scores
{1,2,3,4}, and the model with binary color scores {1, 1, 1,0} all suggest that dark
crabs are least likely to have satellites. It would require a much larger sample size |
to determine which of the two color scorings is more appropriate. It is advantageous
to treat ordinal predictors in a quantitative manner when such models fit well. The
advantages include that the model is simpler and easier to interpret, and that tests of
the effect of the ordinal predictor are generally more powerful when it has a single
parameter rather than several parameters.

5.5.4 Model Selection with Several Predictors

The horseshoe crab data set in Table 4.2 has four predictors: color (four categories),
spine condition (three categories), weight, and width of the carapace shell. We next
fit a logistic regression model using all these predictors.

Several model selection procedures exist, no one of which is “best” Cautions
that apply to ordinary regression modeling of normal data hold for any generalized
linear model. For instance, a model with several predictors has the potential for
multicollinearity: strong correlations among predictors making it seem that no one
variable is important when all the others are in the model. A variable may seem to
have little effect simply, because it “overlaps” considerably with other predictors in
the model. i

To illustrate, suppose we started by fitting a model containing main effects
for the four predictors, treating color and spine condition as qualitative (factors).
A likelihood-ratio test that the probability of a satellite is jointly independent of]
these four predictors simultaneously tests that all their parameters equal zero. The
likelihood-ratio statistic based on comparing the main-effects model to the null model;
that has only an intercept term equals —2(Lo —L,) = 40.6 with df = 7. This statistid]
has P-value < .0001, extremely strong evidence that at least one predictor has ag
effect. Table 5.7 shows the parameter estimates and their ASE values. Even thoug
the overall test is highly significant, the results in this table are not encouraging. The
estimates for the quantitative predictors, weight and width, are only slightly larg
than their ASE values. The estimates for the qualitative predictors compare each 1
to the final category as a baseline; that is, they set up dummy variables for the fi
three colors and for the first two spine conditions. For color, the largest differency

A

simplicity,
g regarding C and S in the models as factors, For instance, C + § + W denotes a model

. with main effects of the sort shown in Table 5.7, whereas C + § * W denotes a model
K that also has an interaction between S and W. !
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Table 5.7 Parameter Estimates for Main Effects Model
with Horseshoe Crab Data

Parameter Estimate ASE
Intercept -9.2713

Color(1) 1.609 Sﬁﬁgﬁ
Color(2) 1.506 0.567
Color(3) 1.120 0.593
Spine(1) ~0.400 0.503
Spine(2) —0.496 0.629
Weight 0.826 0.704
Width 0.263 0.195
_— 0%

between estimates for two levels is between the first and fourth, which is less than
two standard errors; for spine condition, the largest difference between estimates for
two levels is between the second and third, which is less than a standard error.

The very small P-value for the overall test, yet the lack of significance sh(.)wn in
Table 5.7, is a warning signal of potential multicollinearity, Section 5.2 showed stron,
evidence of a width effect on the presenice of satellites, yet, controlling for weighf
color, al!d spine condition, little evidence exists of a partial width effect, Graphical
ex'ploratmn reveals, however, a strong linear component for the relationship between
width and weight. The sample correlation between them equals 0.887. It does not
make much sense to analyze an effect of width while controlling for weight, since

; weight naturally increases as width does.

For practical purposes, width and weight serve equally well as predictors, but it

¥ is redundant to use them both: In further analysis, we use width alone together with

color and spine condition as predictors. Denote these predictors by W, C, and §. For

we symbolize various models by the highest order terms in the model,

.5.5 Backward Elimination of Predictors

Buble 5.8 summarizes results of fittin i isti i
4 g and comparing several logistic regression
fmodels. The deviance of a model is the G2 o pe
Khe model to the saturated model (Sections

test of goodness of fit based on comparing
4.5.3and5.3.2); the difference of deviances
peiween two models is the likelihood-ratio statistic ~2(Lg — L) for comparing them.
O select a model, we use a backward elimination procedure, starting with a complex

del and successively taking out terms. At each stage, we eliminate the term in the
odel that has the largest P-value when we test that its parameters equal zero. We
fStonly the highest-order terms for each variable. It is inappropriate, for instance, to
"“ main effect term if the model contains higher-order interactions involving
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Table 5.8 Results of Fitting Several Logistic Regression Models to Horseshoe

ing C increases the deviance (comparing models (7b) and (6c) by 7.0 ondf = 3
Crab Data

(P = .07). The analysis in Section 5.5.3 revealed a noticeable difference between

odele .5 daﬂ( ;lral;s (cat]egory 4)lfand (;hfe o:jhe:(s. Tht:: sin:!pllcr tll'(:odel that has a single dummy
. ; Jatio variable for color, equaling 0 for dark crabs and 1 of erwise, fits essentially as well
Model Predictors Deviance  DF Compared  Difference  Comelation (the deviance difference between models (8) and (6¢) equals 0.5, with daf =y2). Fur-
M CeSew 170.44 152 — o 0.526 ther simplification resuits in large increases in deviance and is unjustified. As a final
@ C*S+CsW+S*W 173.68 155 @-(1) 32 (:f = ;; step, one can use the methods of Section 5.3 to check further the fit of this model.
(3a) C*S+S*W 17734 158 (a2) i; (d; z o Computerized variable selection procedures should be used with caution. When
(3b) CHW+S+W 181.56 161 (;2)4;) o'n Ed/ oy one considers a large number of terms for potential inclusion in a model, one or two
()  CeS+Crw 173.69 ::; (Ez ‘));(SC)) 50 =6 of them that are not really important may look impressive simply due to chance. For
(4a)  S+Csw :g;: 60 WnGe 393 instance, when all the true effects are weak, the largest sample effect may substantially
(4b)  W+CxS§ 18661 166 (Sh@b)  90(df=6) overestimate its true effect. In addition, it often makes sense 1o include certain
((65:) g : .; +W 208:83 167 (6aS)  22Wdf=1) variables of s!Jecial i_nte@st in a model and report their estimated effects even if they
)  S+w 19442 169 (6b){5)  78Uf=3) are not statistically significant at some level.
6) C+Ww 18746 168 (695)  08(df=2) 0452
o) ¢ 21206 169 (Ta<6) 245@/=1 0285
W 19445 171 (T)6c)  7.0(df =3) 0402 55.6 A Correlation Summary of Predictive Power*
® C=dark + W 18796 170 (8)-(6c) 05(df =2) 0.447
©  None 2576 112 (948)  318@f=2D) 0000

It can be informative to compare various GLMs fitted to a data set in terms of their
predictive power. The correlation R between the observed responses {¥;} and the
model’s fitted values {f;} describes this. For least squares regression (i.e., a GLM
with normal random component), R represents the multiple correlation between the
response variable and the predictors; then R2 describes the proportion of variation in
[ Y that is explained by the predictors.

£~ Forlogistic regression, R is the correlation between binary Y = (0, 1) observations
on the response and the predicted probabilities 4. For such models, R is a crude
E index of predictive power, and it does not have the nice properties it has for normal
i GLMs. For instance, R is not guaranteed to be nondecreasing as the model gets
" more complex. Also, like any correlation measure, its value can depend strongly on
- the range of observed values of explanatory variables. Nevertheless, R is useful for
L comparing fits of different models to the same data set.
Table 5.8 shows correlations between observed responses and estimated proba-
gbilities for a few of the models fitted to the horseshoe crab data. Width alone has
£ R = 402, and adding color to the model increases R to 452, The simpler model that
color merely to indicate whether a crab is dark does essentially as well, with
R = .447. This model has 85% as high a correlation as the complex model contain-
: color, spine condition, width, and all their two-way and three-way interactions
R = 526). Little is lost and much is gained by using the simpler model to describe

Note: C = color, § = spine condition, W = width

We begin with the most complex model, syml?olizx:d by C * ASA « W, listed a
model (1) in Table 5.8. This model predicts the logit of the probabll'lty of a satellite
using main effects for each term as well as the three two-fact.or mteracqons and
the three-factor interaction. Removing the three-factor inmraf:t.lon lgm yields the
simpler model C * S + C * W + § * W containing two-factor interactions anq main
effects, model (2) in Table 5.8. To compare the fits, we test the hypothesis that
the simpler model holds against the alternative that the more complcx_ one hold's.
The likelihood-ratio statistic comparing the two models equals the difference in
deviances, or 3.2 with df = 3. This does not suggest Fhat Y.he tl}ree-faclor term is
needed (P = .36), thank goodness, so we continue the simplification process.

The next stage considers the three models that remove a two-factor interaction.
Of these models, C * § + C * W gives essentially the same fit as the more comp}cx
model, so we drop the § * W interaction from the model. Next, we c_onsnder drpppmg
one of the other two-factor interactions. The model S + C * W (i.e., dfopplng €
C * § interaction but maintaining the S main effect) has an increased .devmnc.e of 8.0,
ondf = 6(P = .24); the model W + C % §, drzo’;)pi:lg Ee C *W ml;ra}ch;l, hag

i i = = .27). Neither increase is importa
Suggesing hatwe cn dro s an o e , J: To compare effects of quantitative predictors having different units in multi-
le logistic regression models, it can be helpful to report standardized coefficients.
can do this by fitting the model to standardized versions of the predictors,
each measurement on a predictor is replaced by its z-score, (measurement —
)/(standard deviation). Then, each reported regression coefficient represents

‘eﬁect of a one standard deviation change in a predictor, controlling for the other
ables. See Problem 5.30.

dropping one of them. Table 5.8 shows little consequence from rc.moving S. B d
remaining variables (C and W) then have nonnegligible effects. For instance, remoy
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5.6 SAMPLE SIZE AND POWER FOR LOGISTIC REGRESSION*

The major aim of many studies is to determine whether a particular variable X has
an effect on a binary response. The study design should take into account the sample
size N needed to provide a good chance of detecting an effect of a given size.

5.6.1 Sample Size for Comparing Two Proportions

When X also is binary, the study often refers to comparing two groups (i.e., the
two levels of X) on the binary response. To test the hypothesis that the “success”
probabilities 7| and 7, for the groups are identical, one might conduct a chi-squared
test for the 2 X 2 table that cross-classifies group by response, rejecting the nul]
hypothesis if the P-value is smaller than some fixed level, . To determine sample
size, one needs to specify the probability B of failing to detect a difference betweep
w1y and 77, of some fixed size considered to be
of effect, 8 is the probability of failing to “reject Hy" at the « level. Then, a is the
probability of Type I error and B is the probability of Type Il error. The power of the
test equals 1 — g,
A study using equal sample sizes for each group requires approximately

Ny =Ny = Gornt 280 0m(l = m) + my(1 = my)]
(m —m)?

in each group to achieve these error probabilities. This formula requires values for ar; §
and r, and for the error probabilities « and B. To illustrate, for testing H,, : m=m
at the .05 level, suppose one wants a probability of Type II error equal to .10 if m; and
y are truly about .20 and .30, Then o = .05, B = .10, the z-scores are zgys = 1.96
and z o = 1.28, and the required sample sizes equal :

2,
Ny = Ny = 96+ L2828) + (37 _

389,
(2- 3%

with & = .05 and 8 = .10, one needs about 400 subjects in each group for a 959
confidence interval to have only a.10 chance of containing 0 when actually 7, = 2]
and m, = 30,

logit() = o* + g*x.

- disease on x = cholestero]
' of independence B =
cholesterol increases, Suppose Pprevious studies

SAMPLE SIZE AND POWER FOR LOGISTIC REGRESSION

or = 0for Groy 2, i
of the success probability equals a* + B* for Group 1 and o* for Groupp2. I?:nlt‘i)cgz:l[

i  OF B% = 0. Thus, this
OIStic regression model.

mean of x. 'Lct A = log(6).F. Y, Hsieh (Statiss. Medic., 8:795-802 (1989)) provided
the approximate sample-size formula for a one-sided test,

N = latzgexp(-a2/a)p(1 + 278)

where

s 1td+ A%)exp(5A2/4)
1+ exp(—AZ/4)

We illustrate for modeling the dependence of the probability of severe heart
level for a middle-aged Ppopulation. Consider the test
0) against the altemaliveA B > 0of increasing risk as
have suggested that the probability -

of severe heart disease at an average level of cholesterol is about .08, Suppose we

¥ want the tes{ “f be sensitive to a 509 increase in this probability (i.e., to -12), fora
. standard deviation increase in cholesterol. The odds of severe heart disease at the mean
g cholesterol level equal 08/.92 = 0,087, and
k the mean equal .12/.88 = 0,136, The odds ratio equals § = 0.136/0.087 = 1.57,

the odds one standard deviation above

and A = log(1.57) = 0.450, A2 = 0,207, Fora B = 10 chance of a Type Il error in

[ ana = 05-leve] test, z, = 745 = 1.645, 28 = 210 = 1.28. Thus,
5= 1 +(1.202) exp(5 X 0.202/4)  2.548 1
S o) 2548 .
1+ exp(—0.202/4) 1.951 306,

N =

[L645 + 1.28exp(~0.202/4)p1 + 2(.08)(1.306)) _
(:08)(0.202) =612

i The value ¥ de.:cre'ases as 7 gets closer to .5 and as 1Al gets farther from the null
iue of (), ts df,nvauon assumes that the explanatory variable has approximately a



LOGISTIC REGRESSION
132

5.6.3 Sample Size in Multiple Logistic Regression

i istic regression model requires larger sample sizes to de}act partial
eAﬁ:cl:l[.lileet :: ﬁcnote ug\;e multiple correlation between the predictor X of m;erest and
the others in the model. One divides the above formula for N by (1 — R ). I}] that
formula, 4 denotes the probability at the mean value of a}l the explanatory variables,
and the odds ratio refers to the effect of the predictor of interest at the mean level of
me\;/‘:;‘isl;strale by continuing the previous example. Consider a test for the effect of
cholesterol on severe heart disease, while controlling for blood pressure level. If the
correlation between cholesterol and blood pressure lgvcls is .40, we nef‘,d a sample
size of roughly 612/[1 — (401 = 729 for detecting the stated partial effect of
Ch‘:'.;;st::em;;)mulas provide, at best, rough ballpax‘k ifldicalions of_sample snz;;‘“lln
most applications, one has only a crude guess fqr gdxces such as 7 and R, and the
explanatory variable may be far from normally distributed.

57 EXACT INFERENCE FOR LOGISTIC REGRESSION*

ML esti of model par: rs work best when the sample s'ize ?s large compared
to the number of parameters in the model. When thg sarpple size is small, or when
there are many parameters relative to the samPle size, improved inference results
using the method of conditional maximum likelihood.

571 Conditional Maximum Likelihood Inference

The conditional ML method bases inference for the primary parameters of mtercs‘t on
a conditional likelihood function that eliminates the other parameters. The technique
uses a conditional probability distribution defined over data sets in wh}ch fhe.vah.m
of certain “sufficient statistics™ for the other parameters are ﬁxefi, This distribution
is defined for potential samples that provide the sa{neAmfr_)rmanon about the otl::
parameters that occurs in the observed sample. The dlsmbuufm and the related con

tional likelihood function depend only on the parameters of 1xtlterest, T_hc com‘ht:.of
ML method applies to any GLM that uses the canon}'cal Ifnk (S'ecuon 4.1.3); fof
instance, the logit link with binomial data and the log link with Poisson data.

For binary data, conditional likelihood methods are especially useful wh !

Jogistic regression model contains a large number of “nuisance” par.ame(ers.‘ .,\
instance, models for matched-pairs data in matched case-control stu&;lles contain 2
separate parameter for each matched pair, so the number of paran.'teters 'mcr wi /
the sample size. More accurate inference for the parameters of primary mterest' . ‘
from eliminating the nuisance parameters from the likelihood function. Section

discusses conditional ML methods for this type of model. o

Conditional likelihood methods are also useful for small sampl:cs. One can pe!
exact inference for a parameter by using the conditional likelihood function ¥
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eliminates all the other parameters. Since that conditional likelihood does not involve
unknown parameters, one can calculate probabilities such as P-values exactly rather

than use crude approximations. This section introduces conditional ML methods for
small-sample exact inference.

5.7.2 Exact Inference for Contingency Tables

Consider first the logistic regression model for a single explanatory variable,
logit{m(x)] = a + Bx.

When X can take only two values, the model applies to 2 X 2 tables for which the
two rows are the levels of X and the two columns are the levels of Y. The usual
sampling model treats the responses on Y at the separate x values as independent
binornial variates. The row totals, which are the “numbers of trials” for those binomial
variates, are naturally fixed.

For this model, the hypothesis of independence is Hg : B = 0. The unknown
parameter « refers to the relative number of response outcomes of the two types. One
can eliminate o from the likelihood by conditioning also on the column marginal
totals. These “sufficient statistics” for « represent the information that the data provide
sbout a. Fixing both sets of marginal totals yields hypergeometric probabilities that
do not depend on any unknown parameters. The resulting exact conditional test that
B = 0in 2 X 2 tables is simply Fisher’s exact test (Section 2.6.1).

When X has / ordered levels, one can apply this logit model to the / X 2 table
by assigning scores to the rows. Again, conditioning on the column totals yields a

 conditional likelihood free of a, which one can use for exact inference about 8. The

exact test of B = 0 is an alternative to the large-sample trend test discussed in Section
2.5.5 (which is the “efficient score” test for the logit model) or the large-sample Wald

or likelihood-ratio tests for 8.

Next, suppose the model also contains a second explanatory factor, Z, having K

levels. If Z is qualitative, a rélevant model is

logit{m(x)] = « + Bx + BE.

When X is binary, this is the model presented in Section 5.4.4 for 2 X 2 X K contin-
B gency tables. The test of Hy : B = 0 refers to the effect of X, controlling for Z.

-"I'he exact test eliminates the other parameters by conditioning on the marginal totals
kin each of the partial tables. Section 3.3.1 discussed this exact test of conditional

ndependence between X and Y, controlling for Z.
Computations for exact inference in logistic regression models are highly com-

1€X, but software is available. In fact, the manual for the software LogXact (Cytel
PSoftware) is a good source for discussion of this approach. When the sample size

8 small, the exact tests and related confidence intervals are more reliable than the
inary large-sample ML inferences.

' Exact methods are also useful when ordinary ML methods report an infinite
Mrameter estimate. In such cases, exact methods can still yield P-values for tests
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and confidence intervals in which one endpoint is finite. An infinite estimate would
occur in logistic regression model (5.1.1) for the effect of width on the presence of a
sateliite, for insmncé, if ¥ = 0 whenever width is 26.0 or less, and Y = 1 whenever
width is at least 26.0. Generally, suppose there is no overlap in the sets of explanatory
variable values having the two response outcomes, in the sense that a line (or plane)
can pass through the data such that ¥ = 1 on one side of the line and Y = 0 on
the other side. There is then perfect discrimination, as one can predict the sample
outcomes perfectly by knowing the predictor values (except possibly at a boundary
point). In such cases, an ML parameter estimate for the logistic regression model is
infinite. Software may not always detect this, and may instead report a very large

estimate with an extremely large standard error.

5.7.3 Diarrhea Example

Table 5.9 refers to 2 sample of 2493 patients having stays in a hospital. The response
is whether they suffered from an acute form of diarrhea during their stay. The three
predictors are age (1 for over 50 years old, O for under 50), length of stay in hospital (1
for more than one week, 0 for less than one week), and exposure to an antibiotic called
Cephalexin (1 for yes, O for no). We discuss estimation of the effect of Cephalexin,
controlling for age and length of stay, using a model containing only main effect
terms.

The sample size is large, yet relatively few cases occurred of acute diarrhea.
Moreover, all subjects having exposure to Cephalexin were also diarrhea cases. Such
“boundary” situations in which none or all responses fall in one category cause infinite
ML estimates of some model parameters. An ML estimate of o for the Cephalexin
effect means that the likelihood function continually increases as the parameter

i for Cephalexin i indefinitely. Software for logistic regression may
or may not indicate this. Some software reports “no convergence,” whereas other
packages simply report a large value for the estimated effect of Cephalexin with an
extremely large standard error (e.g., one procedure reports a ML estimate of 27.0
based‘on ASE = 70,065.8). i

Table 5.9 Example for Exact Conditional Logistic
Regression

Sample

Length Cases of
Cephalexin Age of Stay  Diarrhea Size
0 0 0 0 385
0 0 1 5 233
0 1 0 3 789
0 1 1 47 1081
[ 1 1 5 5

Source: Based on study by Dr. E. Jaffe and Dr. V. Chang, Comell
Medical Center, reported in manuaf for LogXact (Cambridge, MA:
Cytel Software, 1993, p. 7-5).

:g'
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To study the effect of Cephalexin, we conduct an exact analysis, conditioning on
sufficient statistics for the other predictors. Though the estimate of the parameter for
the effect of Cephalexin is infinite, a 95% confidence interval for the true value is
(2.95, ). Exponentiating yields a confidence interval of (19, =) for the odds ratio
between exposure to Cephalexin and the response. This suggests that subjects taking
Cephalexin have odds of developing diarrhea at least 19 times the odds for subjects
not taking it, controlling for age and length of stay in the hospital. Assuming that the
main-effects model is valid, Cephalexin appears to have a strong effect. Similarly, we
obtain P < .0001 for testing that the parameter for Cephalexin equals zero.

Though the confidence interval is wide, it provides information not available
through ordinary ML methods. Results must be qualified somewhat, because there
were no Cephalexin cases at the first three combinations of levels of age and length
of stay. In fact, the first three rows of Table 5.9 make no contribution to the analysis
(Problem 5.39). The data actually provide evidence about the effect of Cephalexin
only for older subjects having a long stay.

PROBLEMS
5.1. For the 23 space shuttle flights that occurred before the Challenger mission
disaster in 1986, Table 5.10 shows the temperature (°F) at the time of the flight
and whether at least one primary O-ring suffered thermal distress.

Table 5.10

Temp TD Ft Temp ™ Ft Temp ™D
66 0 9 57 1 17 70 0
70 1 10 63 1 18 81 0
69 0 11 70 1 19 76 0
68 0 12 78 0 20 79 0
67 0 13 67 . 0 21 75 1
72 0 14 53 1 22 76 0
73 0 15 67 0 23 58 1
70 0 16 75 0

lote: Ft = flight no., Temp = temperature, TD = thermal distress (1 = yes, 0 = no).
S e: Data based on Table | in S. R. Dalal, E. B, Fowlkes, and B. Hoadley. J. Amer. Statist. Assoc, 84:
5-957 (1989). Reprinted with permission of the American Statistical Association.

a. Use logistic regression to model the effect of temperature on the probability
of thermal distress. Interpret the model fit.

b. Calculate the predicted probability of thermal distress at 31°, the temper-
ature at the time of the Challenger flight. At what temperature does the
predicted probability equal .5? At that temperature, give a linear approx-

imation for the change in the predicted probability per degree increase in
temperature.
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c. Interpret the effect of temperature on the odds of thermal distress. Test the
hypothesis that temperature has no effect, using (i) the Wald test, (ii) the
likelihood-ratio test.

5.2. In the first nine decades of the twentieth century in baseball’s National League,
the percentage of times the starting pitcher pitched a complete game were:
72.7 (1900-1909), 63.4, 50.0, 44.3, 41.6, 32.8,27.2, 22.5, 13.3 (1980-1989)
(Source: George Will, Newsweek, April 10, 1989).

a. Use a logistic regression fit to describe the time trend in these data. (For
simplicity, suppose the number of games was the same in each decade.) Use
the fitted model to predict the percentage of complete games for each of the
next three decades.

b. Repeat the analysis using a linear probability model. Are its future predic-
tions realistic?

5.3. Refer to Table 4.1. Using scores {0,2.4, 5} for levels of snoring, fit the logistic
regression model. Interpret using fitted probabilities, linear approximations,
and effects on the odds. Analyze goodness of fit.

5.4. Refer to Table 4.6. Use logistic regression to analyze these data.

5.5, Hastie and Tibshirani (1990, p. 282} described a study to determine risk factors
for kyphosis, severe forward flexion of the spine following corrective spinal
surgery. The age in months at the time of the operation for the 18 subjects for
whom kyphosis was present were 12, 15, 42, 52, 59, 73, 82, 91, 96, 105, 114,

120, 121, 128, 130, 139, 139, 157 and for 22 of the subjects for whom kyphosis

was absent were 1, 1, 2, 8, 11, 18, 22, 31,37, 61,72, 81,97, 112, 118, 127,

131, 146, 151, 159, 177, 206.

a. Fita logistic regression model using age as a predictor of whether kyphosis

is present. Test whether age has a significant effect.

b. Plot the data. Note the difference in dispersion on age at the two levels of

kyphosis. ,
¢. Fit the model logit{m(x)] = a + Bix + Bzxz. Test the significance of the
squared age term, plot the fit, and interpret.
5.6. Refer to Table 2.5. To investigate the association, one can use a Jogistic regres-
sion model, but interchange roles of response and explanatory variables.

a. Fit the model, treating party identification as nominal. Note that it is satu-
rated. (The likelihood-ratio test for an absence of a party effect in this model
s identical to the G? test of independence in Section 2.4.)

Fit a model that treats party identification as ordinal with equally spaced

scores, and use the model to test independence. Interpret. Show that the

model implies that the odds ratio for the first two columns is identical 0

that for the last two col . Report this and interpret.

5.7. Table 5.11 contains results of a case-control study on the relationship betw
smoking and myocardial infarction (MI). The sample consisted of young
middle-aged women admitted to 30 coronary units in northern Italy and con
admitted to the same hospitals with other acute disorders. The table classift

&
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Table 5.11
Cigarettes/Day Cases Controls
None 90 346
1-14 57 91
15-24 65 48
=25 40 18

5.8.

5.9,

Source: A. Gramenzi et al., J. Epidemiol. and Commun. Health, 43:
214-217 (1989).
Reprinted with permission of BMJ Publishing Group.

the cases and the controls by their smoking histories, measured in terms of av-

erage number of cigarettes per day. Using scores {0,7.5, 19.5, 30} for smoking

level, use logistic regression to describe and make inferences about the effect

Ofb;lari?n Pearson or adjusted residuals for the model fit. Do they show any lacl;

of fit?

Refer to Table 4.2. Using weight as the predictol isti i

model for the probabilitygof a sitcllite. P v it the logstc regression

a. Report and plot the ML fit, and find predicted probabilities at the values
1.20, 2.44, and 5.20 kg of weight, which are the sample minimum, mean
and maximum. ' '

b. Find the weight at which the predicted probability equals .5. At that value
give a linear approximation for the estimated effect of a 1-kg increase m
weight. This represents a relatively large increase, so interpret in terms of
(i) a 0.1-kg increase, (ii) a standard deviation increase in weight.

¢. Provide an odds interpretation for the association. Construct a 95% confi-
dence interval to describe the effect of weight on the odds of a satellite.

d. Using a Wald test, find the P-value for the hypothesis that weight has no
effect. Perform also a likelihood-ratio test for the effect. Interpret.

Refer to the previous problem. By categorizing weight, test whether the model

is adequate for predicting the presence of satellites. Obtain Pearson or adjusted

residuals, and interpret. Obtain influence diagnostics, and interpret.

. For Table 4.2, fit a logistic regression model for the probability of a satellite,

using color alone as the predictor.

a. Treat color as qualitative (nominal). Conduct a likelihood-ratio test of the
hypothesis that color has no effect. Compare the result to the test for color
conducted in Section 5.5.2 for the model that also contains width. Explain
how the relation between the tests is analogous to that for a continuous

response between a test for a factor in one-way ANOVA and in analysis of
covariance.

=

. Treating color in a quantitative manner, obtain a prediction equation. Inter-
pret the fit, and test the hypothesis that color has no effect.

. Te§\ goodness of fit of the mode! in (b). Interpret, and use Pearson or
adjusted residuals to describe any lack of fit.

I
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d. The data are binomial responses at four color levels. Explain why the model
in (a) is saturated. Express its parameter estimates in terms of the sample
logits for each color. )

5.11. A recent article (D. J. Moritz and W. A. Satariano, J. Clin. Epidemiol., 46:
443-454 (1993)) used muitiple logistic regression to predict whether the stage
of breast cancer at diagnosis was advanced or was local for a sample of 444
middle-aged and elderly women. A table referring to a particular set o_f fie—
mographic factors reported the estimated odds ratio for the effect of living
arrangement (three categories) as 2.02 for spouse versus alone and l:7l for
others versus alone; it reported the effect of income (three categories) as
0.72 for $10,000-24,999 versus < $10,000 and 0.41 for $?5.000+ vers.us
< $10,000. Interpret these results, and estimate the odds ratios for the third
pair of categories for each factor.

5.12. Fit model (5.4.1) to Table 5.5.

a. For black veterans without immediate AZT use, obtain the predicted prob-
abilities and fitted values for (yes, no) AIDS symptoms.

b. Construct a 95% confidence interval for the conditional odds ratio between
AZT use and the development of symptoms.
¢. Describe and test for the effect of race in this model.

5.13. Table 5.12 appeared in a national study of 15 and 16 year-old adolesc_ems. 'I‘he
event of interest is ever having sexual intercourse. Analyze these data, including
description and inference about the effects of gender and race, goodness-of-fit
and residual analyses, and summary interpretations.

Table 5.12
Intercourse
Race Gender Yes No
White Male 43 134 ,
’  Female 26 149 {
Black Male 29 23
Female 22 36

Source: S. F. Morgan and J. D. Teachman, J. Mcrriagf & Fam., 5?:
929-936 (1988). Reprinted with permission of The National Council
on Family Relations.

5.14. The U. S. National Collegiate Athletic Association (NCAA) conc}ucted a sdy
of graduation rates for student athletes who were freshmen d.urmg the 1984
1985 academic year. Table 5.13 shows the data. Analyze and interpret.

. According to the Independent newspaper (London, March 8, 1994),
Metropolitan Police in London reported 30,475 people as missing in the yes
ending March 1993. For those of age 13 or less, 33 of 3271 missing males ng
38 of 2486 missing females were still a year later. For ages 14-18
the values were 63 of 7256 males and 108 of 8877 females; for ages 19
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Table 5.13
Group Sample Size Graduates
White females 796 498
‘White males 1625 878
Black females 143 54
Black males 660 197

Source: 1. J. McArdle and F. Hamagami, J. Am. Statist. Assoc., 89:
1107-1123 (1994).

Reprinted with permission of the American Statistical Association.

above, the values were 157 of 5065 males and 159 of 3520 females. Analyze

and interpret these data. (Thanks to Dr. P. M. E. Altham for showing me these
data.)

Refer to Table 3.1.

a. Fit model (5.4.1). Interpret the parameter estimates using conditional odds
ratios.

b. Test goodness of fit. Interpret.

¢. Test the effect of defendant’s race on the death penalty, controlling for
victims’ race. Interpret.

. Refer to Table 3.3.

a. Fit model (5.4.3). Conduct Pearson and likelihood-ratio tests of goodness
of fit, and interpret. Since the tests provide tests of equality of odds ratios,
compare results to those given by the Breslow—Day test of Section 3.24.
b. Check Pearson or adjusted residuals to analyze further the quality of fit.
Interpret.

. Forthis model, conduct the likelihood-ratio test of conditional independence
of smoking and lung cancer, given site. Estimate the conditional odds ratio
between smoking and tung cancer. Interpret. .

d. Compare results of (c) to those obtained in Section 3.2 using CMH methods.

o

. Refer to Table 3.5. Analyze these data using logistic regression, with lung

cancer as the response. Can one fit a linear probability model or a probit model
to these data? Explain.

. Refer to Table 3.6. Using logistic regression, conduct analogous analyses to

those in Problem 3.10. Compare results.

. Refer to Problem 3.1. Analyze these data using logistic regression, treating

death penalty as the response. Interpret results.

. Inastudy designed to evaluate whether an educational program makes sexually

active adolescents more likely to obtain condoms, adolescents were randomly

gned to two experi I groups. The educational program, involving a
lecture and videotape about transmission of the HIV virus, was provided to
one group but not the other. In logistic regression models, factors observed
to influence a teenager to obtain condoms were gender, socioeconomic status,
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lifetime number of partners, and the experimental group. Study results are
summarized in Table 5.14.

Table 5.14

Variables Odds Ratio 95% Confidence Interval
Group (Education vs. None) 4.04 (1.17,13.9)
Gender (Males vs. Females) 1.38 (1.23,12.88)
SES (High vs. Low) 5.82 (1.87,18.28)
Lifetime No. of Partners 322 (1.08,11.31)

Source: V. 1. Rickert et ak., Clin. Pediatrics 31:205-210(1992).

a. Interpret the odds ratio and the related confidence interval for the effect of
gmup‘ - .

b. Find the parameter estimates for the fitted model, using (1, Q) dummy vari-
ables for the first three predictors. Based on the corresponding confidence
interval for the log odds ratio, determine the standard error for the group
effect. )

¢. Explain why either the estimate of 1.38 for the odds ratio for gender or
the corresponding confidence interval is incorrect. Sho?v that if the rgpomd
interval is correct, then 1.38 is actually the log odds ratio, and the estimated
odds ratio equals 3.98. }

5.22. Table 5.15 refers to results of a case-control study about effects of cigarette

smoking and coffee drinking on myocardial infarction (MI) for a sample of

men under 55 years of age.

Table 5.15
Cigarettes per Day
0 1-24 25-34 =35
Cups Coffe ~——n———
per Day Cases Conmwols ~ Cases  Controls  Cases Controls  Cases  Controls
_perDay  Rases MO ~ ~
0 66 123 30 52 15 12 36 13
1-2 141 179 59 45 53 22 69 25
3-4 13 106 63 65 55 16 119 30
=5 129 80 102 58 118 44 373 85

Source: L. Rosenberg et al., Am. J. Epidemiol., 128: 570-578 (1988).

a. Fit a logit model, treating coffee drinking and cigarette smoking as quali-

tative factors. Interpret effects, and conduct likelihood-ratio tests of thosé,

effects. )
Fit another model, treating the ordinal predictors as quantitative by ass|
category scores. Interpret, and conduct tests of the predictor effects.

¢. Use goodness-of-fit statistics to check the model fits in (a) and (b). Cond

v

residual analyses to describe lack of fit. Test whether there is 2 sig_niﬁ ca M\
difference in the fits of the models that treat the predictors as nominal 2 s

ordinal. Interpret.

T PROBLEMS 141

5.23. A sample of subjects were asked their opinion about current laws legaliz-
ing abortion (support, oppose). For the explanatory variables gender (female,
male), religious affiliation (Protestant, Catholic, Jewish), and political party
affiliation (Democrat, Republican, Independent), the model for the probability
7 of supporting legalized abortion,

logit(m) = a + B8 + BF + B;”

has reported parameter estimates & = 0.62, ﬁf = 0.08, Bf = -0.08,Bf =

~0.16, A% = ~0.25, BR = 0.41, B7 = 0.87, B = —1.27, B = 0.40.

a. Interpret how the odds of supporting legalized abortion depend on gender.

b. Find the estimated probability of supporting legalized abortion for (i) Male

Catholic Republicans, (ii) Female Jewish Democrats.

c. Redefining parameters using constraints B¢ = B = BP = 0, report

estimates of the other parameters, and explain how to interpret them.

524, Table 5.16 shows estimated effects for a fitted logistic regression model with
squamous cell esophageal cancer (Y = 1, yes; ¥ = 0, no) as the response
variable. Smoking status (§) equals 1 for at least one pack per day and 0
otherwise, alcohol consumption (A) equals the average number of alcoholic
drinks consumed per day, and race (R} equals 1 for blacks and 0 for whites.

Table 5.16

Variable Effect P-value
Intercept -7.00 <.01
Alcohol use 0.10 03
Smoking 1.20 <01
Race 0.30 .02
Race X Smoking 0.20 K

»

. To describe the race-by-smoking interaction, construct the prediction equa-
tion when R = 1 and again when R = 0. Find the fitted Y-S conditional odds
ratio for each case. Similarly, construct the prediction equation when § = 1
and again when S = 0. Find the fitted Y-R conditional odds ratio for each
case. Note that, for each association, the coefficient of the cross-product
term is the difference between the log odds ratios at the two fixed levels for
the other variable.
In Table 5.16, explain what the coefficients of R and S represent, for the

coding as given above. What hypotheses do the P-values refer to for these
variables?

14

I

. Suppose the model also contained an A-R interaction term, with coefficient
0.04. In the prediction equation, show that this represents the difference
between the effect of A for blacks and for whites.

. Refer to model (5.5.2). Explain how this model is analogous to the analysis of
covariance model with no interaction for a continuous response, whereby the
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slope effect of a quantitative predictor is the same at all levels of a qualitative
factor. Fit the model, using weight instead of width as x. Interpret the pg{ameter
estimates. Controlling for weight, test the hypothesis that the probability of a
satellite is independent of color. Interpret.

5.26. For the horseshoe crab data with color and width as predictors (Section 5.5.1),

fit the logistic regression model permitting interaction.

a. Report the prediction equations relating width Fo the probability of a satel-
lite, for each of the four colors. Plot them, and interpret.

b. Test for a difference between the slope parameters for medium-dark and
dark crabs.

c. Test whether the interaction model gives a better fit than the simpler model
lacking the interaction terms.

5.27. Using models that treat color in a quantitative manner, repeat the analyses in

(i) Problem 5.25, (ii) Problem 5.26¢c.

5.28. Refer to model (5.5.2). At width = 20 cm, find the predicted probabilities of

5.29. For the horseshoe crab data, fit a model using weight and width as predictors.

5.30. Refer to the prediction equation logit(7) = —10.071 —0.509¢ + 0.458x, using

a satellite for the colors medium dark and dark. Find the odds for eac'ht an'd
show that the odds ratio equals exp(1.106) = 3.02. When each .probabllft).' is
close to zero, the odds ratio is similar to the ratio of probabll.mes, prov1.dm.g
another interpretation for logistic regression parameters. Fc?r widths at wh{ch it
is small, the predicted probability for medium-dark crabs is about three times
that for dark crabs.

a. Report the prediction equation. Interpret effects.

b. Conduct a likelihood-ratio test of the hypothesis Hy : §; = 8, =0 !hal

neither variable affects the response. Interpret.

¢. Conduct separate tests for the partial effects of ead‘l variable. thy does
neither test show evidence of an effect when the test in (b) does?

i antitative color for the horseshoe crab data. Color has a mean of}
;ﬁmana:csl;;:dard deviation of 0.80, and width has a mean of 26.30 an‘d standard
deviation of 2.11. For standardized versions of the predictors, explain why the ]
estimated coefficients equal (0.80)(—.509) = —0.41 and (2.11)(:458) = 0.9
Interpret these by comparing the partial effects on the odds of a one standa
deviation increase in each predictor.

§.31. For the horseshoe crab data, use backward elimination to select a good mod

5.32. An alternative goodness-of-fit test when at least one predictor is continuou3

when weight, spine condition, and color are the predictors for the probabilityg
of a satellite.

partitions values for the explanatory variables into a set of regions and add]
a dummy variable to the model for each region. The test statistic com
the fit of this model to the simpler one, testing that the extra Parameters. X
not needed. Doing this for model (5.5.2) by partitioning according to the eigl
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534

5.35.

5.36.

5.37.

5.38.
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width regions in Table 5.2, show that the tikelihood-ratio statistic for testing
that the extra parameters are unneeded equals 7.5, based on df = 7.

Refer to Problem 6.12 and Table 6.16 in Cha

pter 6. Treating opinion about
premarital sex as the response variable, use backward elimination to select a
model. Interpret that model.

Refer to Table 7.1, treating marijuana use as the response variable. Analyze

these data using logit models. Interpret estimated effects.

About how large a sample is needed to test the hypothesis of equal proportions
so that P(Type II error) = .05 when 7 = .40and m, = 60, if the hypothesis
is rejected when the P-value is less than .017
We expect two proportions to be about .20 and -30, and we want an 80%
chance of detecting a difference between them using 2 90% confidence interval,
Assuming equal sample sizes, how large should they be? Compare results to
the sample sizes required for a 90% interval with power 90%, a 95% interval
with power 80%, and a 95% interval with power 90%.

The horseshoe crab width values in Table 4.2 have a mean of 26.3 and standard
deviation of 2.1. If the true relationship were similar to the fitted equation
reported in Section 5.1.2, how large a sample yields P(Type II error) = .10
inan a = .05-level test of independence against the altemative of a positive
effect of width on the probability of a satellite?
Refer to Table 2.7.

a. Fit the logistic regression model using scores {0,.5,1.5,4,7} for alcohol

consumption. Check goodness of fit.

. Test independence, using the likelihood-ratio test and the Wald test for the

model in (). (Note: The trend test of Sectiori 2.5 is the “efficient score” test

for this model.)

Conduct the tests of independence using scores {1,2,3,4,5). Compare re-

sults to (b), noting that results for highly unbalanced data can be sensitive

to the choice of scores.

. Check the %ensitivity of the choice of model by repeating the analyses of
(a)~(c) vsing a different link function. Compare results to those obtained
using the logit link.

. The table has some small counts, and exact methods have greater validity
than large-sample ones. Show that the exact test of independence using the
scores in (a) has one-sided P-value of .016.

Refer to Table 5.9. Apply exact logistic regression to the model discussed

in Section 5.7.3 for Cephalexin Use (C), Age (A), Length of Stay (L), and
Diarrhea Outcome (D).

=

e

o

a. Obtain an exact P-value for testing the hypothesis of no C effect against

the alternative of a positive effect, and construct a 95% “exact” confidence
interval for the conditional C-D odds ratio.

. Construct the four partial tables relating C to D, for the combinations of

levels of (A4, L). Note that three of the tables have no data for the row with

&
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5.41.

5.42.

544,

. The logistic regression curve (5.1.1) has the shape of the cdf of a logistic
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C = 1. For the sole partial table having observations ‘al both levels of C,
find a 95% “exact” confidence interval for the odds ratio, and find an exact
one-sided P-value. Compare to results using the entire data set. Com@gm
about the contribution to inference of tables having only a single positive
row total or a single positive column total. ) )

¢. Obtain the ordinary ML fit of the logistic regression mofiel. To ulwesugate _
the sensitivity of the estimated C effect, find the change in the estimate and

standard error after adding one observation to the data set, a case withno LO gllne ar Models for

diarrhea when (C,A,L) = (1,1, 1). - 3
Refer to Table 7.10 in Chapter 7. Applying software for exact logistic re- Contmgency Tables

gression, obtain exact P-values for testing the effects of each predictor in the
i isti ! Its.

multiple logistic regression model. Interpret resul
Refer to the logistic regression model (5.1.1). Show that e* eq_ualls )t(he_ 0<2lds o;
success when X = 0. Construct the odds of success when{( =1LX= i ang
X = 3. Use this to provide an interpretation of . Generalize these results to
the multiple logistic regression model (5.5.1). ©pat

i i i rve ata icu-
The slope of the line drawn tangent to the probit regression curve
lar x value equals (.40)8 exp[—(a + Bx)2/2].' Show this 115 highest zhen
x = —a/B, where it equals 0.408. At this point, 1r(x! = ;. For the fit of
the probit model to the crab data using width asa predictor, where dogs the
predicted probability of a satellite equal %‘? Fu-.ad the rate of change in the
probability per 1-cm increase in width at that point. Compare results to those
obtained with logistic regression.

CHAPTER 6

Section 4.3 introduced loglinear models as generalized linear models (GLMs) for
Poisson-distributed data. Their most common use is the modeling of cell counts in
contingency tables. The models specify how the size of a cell count depends on the
levels of the categorical variables for that cell. The nature of this specification relates
to the association and interaction structure among the variables. Loglinear models
describe association and interaction patterns among a set of categorical variables.
Section 6.1 introduces loglinear models for two-way contingency tables, and Sec-
¥ tion 6.2 extends them to three-way tables. Section 6.3 discusses statistical inference

E. for model parameters and the checking of model adequacy. Section 6.4 extends results
10 higher-way tables.

When one variable is a bin:
logit models for that Tesponsi

distribution with mean u = —a/p and standard deviat?on o= 1'8!4/“8‘)'
Show that for the ungrouped horseshoe crab data with width as a predlcl(?r, the
curve has the shape of a logistic cdf with mean 24.8 and s-taxildard deviation
3.6. Since about 95% of a bell-shaped distribution occurs Wlfhlf] two standard }
deviations of the mean, argue that the probability of a satellite increases from
near 0 to near | as width increases from about 17 to 32 cm.
Refer to the models discussed in Section 5.3.2 for the crab data. Show that
the value of Lg, and hence G*(M,) and G?(M,), depends on v{hemf‘,r the data)
are entered as individual binary observations or summary bmorrual count
However, Ly and Ly, and hence G*(M, | M), do not depend on this choice.

ary response and the others are explanatory variables,
e variable are equivalent to certain loglinear models.
.. Section 6.5 presents the connection between loglinear and logit models and discusses

model selection. We shall see that loglinear models are mainly of use when at least
two variables in a contingency table are response variables; when there is a single
v Tesponse, it is simpler and more natural to use logit models.

.l LOGLINEAR MODELS FOR TWO-WAY TABLES

nsider an / X J contingency table that cross-classifies n subjects on two categorical
FSponses. When those variables are statistically independent, the joint probabilities
3} for the cells in that table are determined by the row and column marginal totals,

Wij = Wiy My, i=1...0 j=1,..,1J
related expression for the expected frequencies {u;;

l!l iand j. These formulas refer to cell probabilities {
binomial and multinomial distributions. Loglinear m

= nmy}is iy = ATis Ty
m;}, which are parameters
odel formulas use {;;} rather
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than {m;;}, sd they also apply to Poisson sampling for cell counts with expectations
{I‘w) .

6.1.1 Independence Model

Denote the row variable by X and the column variable by Y. The condition u;; =
ni+ 4 j of independence between X and Y is multiplicative. Taking the log of both
sides of the equation yields an additive relation. Namely, log p;; depends additively
on a term based on the sample size, a term based on the probability in row i, and a
term based on the probability in column j. Thus, independence has form

logp; = A+ AF +Af, 6.L1.1)

whereby the log expected frequency is an additive function of a row effect AX °
and a column effect )‘/Y (The X and Y superscripts are simply labels, not “power”
exponents). This model is called the logli model of independence for two-way
contingency tables.

The parameter A¥ represents the effect of classification in row i for variable X,
The larger the value of A, the larger each expected frequency is in row i of the table,
When A¥ = A¥, each expected frequency in row k equals the corresponding expected
frequency in row {. Similarly, the parameter A}’ represents the effect of classification
in column j for variable Y.

The null hypothesis of independence between two categorical variables is simply
the hypothesis that this loglinear model holds. The fitted values that satisfy the model
are {fi;; = ni+n4;/n), the estimated expected frequencies for chi-squared tests of
independence. Chi-squared tests using X? and G? ((2.4.3) in Section 2.4) are also
goodness-of-fit tests of this loglinear model. .

6.1.2 Belief in Afterfife Example

! Table 6.1 shows a 2 X 2 table of cell counts and the corresponding fitted values {fi;}
for the loglinear model of independence (6.1.1). The cell counts are taken from Tabie!
2.1, a cross classification of X = gender and Y = belief in the afterlife. The fitted
values are also the estimated expected frequencies for testing independence. ;

Since the fitted values satisfy independence, they have an odds ratio of 1. Th
are close to the observed counts, and the goodness-of-fit statistics for testing that
independence loglinear model holds equal X2 = 0.2 and G* = 0.2, with df = 1
These are simply the test statistics (2.4.3) for testing the hypothesis of independenc
in two-way tables. The independence model is plausible for these data.

6.1.3 Interpretation of Parameters

Loglinear models for contingency tables are examples of generalized linear me
For 7 X7 tables, this GLM treats the N = [J cell counts as N independent observatiod
of a Poisson random component. For loglinear GLMs, the data are the N cell cound

" distinguish between res;
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Table 6.1 Loglinear Parameter Estimates for
. inea the Inde i
2.1, Relating Belief in the Afterlife (Columns) to Gender:;::lsc)e Model Fited to Tble
Observed i
Fitted i
Frequency Vahexe bs:l:“ed
e
435 147 432.10
. 149.90 6.069
375 134 377.90 131.10 5.93s 33;2
Parameter Set 1 Set 2 Set 3
et
T e e
2 6.069
: ; -
Aﬁy 0 ~0.134 ~0.067
A} 1.059 0
y o 0.529

- M -0

rather than the individuai classifications of the n j
v subjects. The expectati 7

the cell counts are linked to the explanatory terms using the log l.ufl:c tons L of

As formula (6.1.1) illustrates, loglinear models for contingency tables do not

ponse and explanatory classification variables. The

t ht D . They treat all
vnm;blﬁ jointly as responses,Amodelmg the cell count for all combinationi of their
levels. Most studies, however, identify some classifications as response variables and
others as explanatory factors. This can influence the interpretation of parameters and,
#s Section 6.5 shows, the choice of model. e

l?aramcter interpretation is simplest for binary responses. For instance, consider
the independence model. (6.1.1) forf x 2 tables, with the two columns bé‘ing levels
of aresponse Y. In row i, the logit for the probability 7 that ¥ = | equals

log(lj

- M)
7) =l (;) = logpy — log s

=LA -4+ AX 4D

=Al-AL.

“-: dﬁna] terf is a constant that does not depend on /; that is, the logit for ¥ does
3 s'epelnd on the le\{el of X. The loglinear model of independence corresponds to
3 relsmp e n'lodel having form logit() = q, whereby the logit for the probability
g ::en.‘se lnlcolurrlm 1 takes the same value in every row. In each row, the odds of
fPonse in column 1 equal exp(er) = exp(AY — AY). The chance of ssification i
m culfzr column is the same in all rows. l 2 o0 of clasefcadon n
E l:!oglll:ear model (6.1.1), @ifferences between two parameters for a given variable
o e log odds of malu'ng One response, relative to another, on that variable.
Od, whe:n there is a smgle response variable that is binary, one can apply
models directly, and loglinear models are unneeded. Loglinear models are

ily useful foy i ionshi .
. able. r modeling relationships among two or more categorical response

i

it
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6.1.4 Parameter Constraints

We now discuss parameter identification and interpretation for Table 6.1. That table
also exhibits the logs of the fitted values for the independence model. The {log i}
satisfy formula (6.1.1) with estimated parameter values & = 4.876, ):f = 0.134,
A¥ = 0,47 = 1.059, A = 0. For instance, &j; = 149.90, and from (6.1.1),
log iy = A + A¥ + &Y = 4.876 + 0.134 + 0 = 5.010 = log(149.90). The model
fit also satisfies other possible values for the estimated parameters, such as the lower
panel of Table 6.1 exhibits. There is no unique way of specifying the parameters or
their estimates, and Table 6.1 shows three possible sets of estimates.

For the independence model, one {A} parameter is redundant, and one {A}}
parameter is redundant. This is analogous to ANOVA and multiple regression models
with factors, which require one fewer dummy variable than the number of factor
levels. Section 5.4.3 showed ways of eliminating the redundancy. One can set the
parameter for the last level of each factor equal to 0, as in the first set of estimates in
Table 6.1. Or, one can set the parameter for the first level of each factor equal to 0, as

in the second set of estimates. Another approach lets the parameters for each factor §

sum to 0; for instance, for 2 X 2 tables,

Al +Af=0 and Af +A] =0,
as in the third set. The choice of constraints is arbitrary. Some software for loglinear
models, such as SAS-GENMOD and GLIM, set a parameter equal to 0; others, such
as SAS-CATMOD, have parameters sum to zero.

‘What is unique is the difference between two main effect parameters of a particula
type. For instance, for each set of estimates in Table 6.1, AY — &Y = 1.059. For each
gender, the estimated log odds of response in column 1 instead of column 2 equals
1.059; that is, the estimated odds of belief in the afterlife equal exp(1.059) = 2.9. The
estimated probability of belief in the afterlife equals exp(1.059)/(1 + exp(1.059)] =
0.74.

6.1.5 Saturated Model

Variables that are statistically dependent rather than independent satisfy a morg
complex loglinear model, i

log i = A+ AF + A7 + A%,

The {)‘}](-7 } parameters are association terms that reflect deviations from independend
of X and Y. The parameters represent interactions between X and Y, whereby g
effect of one variable on the expected cell count depends on the level of the othig
variable. This model describes perfectly any set of expected frequencies. Called {8
saturated loglinear model, it is the most general model for two-way contingelg
tables. The independence model (6.1.1) is the special case in which all ).,?57 =0.
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Direct relationships exist between log odds ratios and the {AXY} association pa-
t 5
rameters. For instance, the saturated model for 2 X 2 tables has lég odds ratio

log 6 = log (Mlﬂzz

I-LIZI»‘QI) = logpyy + log pyp — log oy — log pp,

SAHA A AT A A A A
Al ) +AD) = A+ AL A+
= AT A AT -y (6.1.3)
Thus, {)\,’J”’ A} determine the log odds ratio. When these parameters equal zero, the log
odds ratio is zero. The odds ratio then equals I, and X and Y are independent.
The observed counts in Table 6.1 have an odds ratio of (435 X 134)/(147 x

375) = Al 057, and a log odds ratio of log(1.057) = 0.056. Table 6.2 shows possible
assoclation parameter estimates that have a log odds ratio of

A+ X% - 87 - A% = 0.0s6. (6.1.4)

One can specify association parameters so that the ones in the last row and in the last
“* column are zero, or so that the ones in the first row and in the first column are zero.
Or, one can let the sum of the parameters equal O within each row and within each
column. The combination that is identical for each potential definition is (6.1.4).

InI X J tables, only (I — 1)(J — 1) association parameters are nonredundant. These

. “interaction” parameters in the saturated model are coefficients of cross-products of

'(1 — 1) dummy variables for X with (J — 1) dummy variables for Y. Tests of
independence analyze whether these (I = 1)(Y = 1) parameters equal zero, so they
have residual df = (J — ID(J —1). When I = J = 2, as in Table 6.1, a single
nonredundant parameter determines the odds ratio.

The saturated model (6.1.2) has a single constant parameter (A}, (/ ~ 1) non-

f redundant parameters of form A¥, (J — 1) nonredundant parameters of form AY,

and (/ ~ 1)(J ~ 1) nonredundant parameters of form A,-X-Y . The total number i)f
; nonredundant parameters equals | + (/ — 1)+ (J ~ 1) + (JI -1 ~1)=1/.The
model has as many parameters as it has Poisson observations, which is why it gives a
kperfect fit. It has the maximum possible number of parameters, and in this sense the
pmodel is said to be saturated.

glable 6.2 Equivalent Association Parameter Estimates for Saturated Loglinear Model

sociation Parameter Set 1 Set 2 Set 3

a 0.056 0.014 0.0

AY 0 -0.014 0.0

~0.014 00
0.014 0.056
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In practice, we try to analyze data using unsaturated models, si%loe their fit
smidothd the sample data and yields simpler interpretations. For three-way and higher-
dimensional tables, unsaturated models can include association tem;lsi Then, loglinear
models are more commonly used to describe associations (throifgh two-factor terms)
than to describe odds (through single-factor terms). After fitting loglinear models,
we convert estimates of two-factor parameters to estimates of conditional odds ratios
between pairs of variables.

Model (6.1.2} and others used in this text are called hierarchical models.. This
means that the model includes all lower-order terms composed from variables con-
tained in a higher-order term in the model. When the model contains /\,-’§Y , forinstance,
it also contains AX and AY . Similarly, when an ordinary regression or logistic regres-
sion model contains an interaction term (form Bx, x;) for two predictors or a quadratic
term (form Bx?), it also contains the main effect terms (form B,x; and Byxy). A rea-
son for including lower-order terms is that, otherwise, the statistical significance
and practical interpretation of a higher-order term depends on how the variables are
coded. This is undesirable, and with hierarchical models one gets the same results no
matter how variables are coded.

When a model has two-factor terms, one should be cautious in interpreting the
lower-order single-factor terms. By analogy with two-way ANOVA, when there is
two-factor interaction, it can be misleading to report main effects. The estimates of
the main effect terms depend on the coding scheme used for the higher-order effects,
and the interpretation also depends on that scheme. Normally, we restrict our attention
to the highest-order terms for a variable, as the next section illustrates.

6.2 LOGLINEAR MODELS FOR THREE-WAY TABLES

‘We next introduce loglinear models for three-way contingency tables. Different mod-4

els have different independence and association patterns. A good-fitting model helps

us describe those patterns and estimate the strength of pairwise odds ratios.
/

6.2.1 Loglinear Models and Independence Structure

Denote the cell expected frequencies in the contingency table by {4 4}. Single-factor,
terms in loglinear models for {u;;} represent marginal distributions. For instance§
including A¥ in a model forces the fitted values {ftije} to have the same totals o
the various levels of X as do the observed data. The information of primary us¢
in loglinear models relates to higher-order parameters. Partial associations betweery
variables correspond to two-factor terms.

For instance, consider loglinear model

logu.-,-k=A+A?‘+A,¥+t\f+)\ﬁz+kﬂzv

Since it contains an X-Z two-factor term, it permits association between X and %
controlling for ¥ . This model also permits a Y-Z association, controlling for X. Itd
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not contain a two-factor term for an X-Y associatiol . Thi i i
conditional independence between X and Y, controlnlir;l;h ;(s)rl ;glmea: model specifies
We symbolize this loglinear model of X-Y conditional indey
The symbol lists the highest-order terms in the model for e:::(:les:::;lece'l'l;\}f (xidf:lZ)
an important one, It holds, for instance, if an association between X ana Y :1818[: o
when we'control for Z. For 2 X 2 X K tables, this model corresponds to the h Pl‘ie s
tested using the Cochran-Mantel-Haenszel statistic in Section 3.2 ypofiest
Simpler models than 6.2.1) that delete other two-factor assoc'ia.tion terms are t
simple to fit most data sets well. For instance, the model that contains only sin, lt:
factor terms, denoted by (X, Y,2), is called the mutual independence modz[yh u'fats
each pair of variables as independent. When variables are chosen wisel for. a stud
this model s rarely appropriate. Y i
A model that permits all three pairs of variables to be conditionally dependent is

log s = X 4 a¥ £ xZ 4 XY

0g ije = A+ AT+ AT + AT + A8 402 4 AR, 6.2.2)
For Lhis' model, th§ next subsection shows that conditional odds ratios between any
two variables are identical at each level of the third variable, This is the property
of homogeneous association (Section 3.1.5). We refer to this loglinear mode] as the

" homogeneous association model and symbolize it by (XY, XZ, ¥Z).

6.2.2 Interpreting Model Parameters

1 The most general loglinear model for three-way tables is

logp,-,;=).+).f+/\}'+Af+A,-’§y +A{§Z+Aﬁz+x3§{2. (6.2.3)

The l.hree—fa'clnr term pert«(ains to three-factor interaction. Denoted by (XYZ), this
model permits the odds ratio between any two variables to vary across levels of the

ythird variable. This is the saturated model for a three-way table, and it provides a
.-perfecj,t fit. The homogeneous association model (6.2.2) that deletes the three-factor
* term is often called the no three-factor interaction model, The right-hand side of
E .6.2.3) has the same structure as models for a three-way factorial ANOVA., The

}-?ctor terms are main effects, and the two-factor interactions represent partial
&ssociations.

; Ir.llerpretati'ons of loglinear model parameters refer to their highest-order terms.
i .' Instance, interpretations for the homogeneous association model (6.2.2) use the
,o‘-factor terms to describe associations. In their presence, the main effect estimates

olillustr:fte', for 2 X 2 X K tables, consider model (XY, XZ, YZ) or any simpler
1 Qontammg the X-Y term. The X-¥ conditional odds ratio Oxy ) describes
ation between X and Y in the kth partial table. Using an argument similar to
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Table 6.3 Alcohol (4), Cigarette (C), and Marijuana (M) Use for High School Seniors
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Table 6.5 Estimated Odds Ratios for Loglinear Models in Table 6.4

Alcohol Cigarette Marijuana Use Ms"ciam“ Marginal Association
Use Use Yes No Model A-C A-M Cc-M A-C AM M
Yes Yes 911 538 (A.C. M) 1.0 10 1.0 1.0 L0 0

No 44 456 (AC.M) 17.7 10 1.0 177 10 10
No Yes 3 43 ; (AM,CM) 1.0 61.9 25.1 27 61 ‘9 25‘1
No 2 279 (AC,AM,CM) 7.8 19.8 17.3 17.7 619 251
- — — - . (ACM) Levei 1 138 243 175 177 ) :

Source: 1 am grateful to Prof. Harry Khamis, Wright State University, for supplying these data. (ACM) Level 2 77 s o7 61.9 25.1
-

that in Section 6.1.5, one can show that .
loglinear models. The fit for model (AC, AM, CM)is close to the observed data which

M are the fitted values for model (ACM). The other models seem to fit poorly, '
log Bxy ) = log (ﬁﬂ) =AY + A - A - Ay (6.2.4) Table 6.5 illustrates association pattemns for these models by presenting estimated
12kH21k

The right-hand side of this expression does not depend on k, so the odds ratio is the §
same at every level of Z. Similarly, model (XY, XZ, YZ) also has equal X-Z odds ratios
at different levels of Y, and equal Y-Z odds ratios at different levels of X. Any model
not having the three-factor interaction term has homogeneous association structure,

6.23 Alcohol, Cigarette, and Marijuana Use Example

Table 6.3 refers to a survey conducted in 1992 by the Wright State University School of
Medicine and the United Health Services in Dayton, Ohio (Thanks to Professor Harry
Khamis for providing these data). Among other things, the survey asked students in
their final year of high school in a nonurban area near Dayton, Ohio whether they
had ever used alcohol, cigarettes, or marijuana. Denote the variables in this 2 X 2 X 2
table by A for alcohol use, C for cigarette use, and M for marijuana use.

Widely available software can fit loglinear models. Our discussion emphasizes
interpretive aspects rather than calculations. Table 6.4 shows fitted values for several

Table 6.4 Fitted Values for Loglinear Models Applied to Table 6.3

Alcohol  Cigarette  Marij Loglincar Model

Use Use Use (AC,M) (AC.M) (AM,CM) (AC.AM,CM)

Yes Yes Yes 540.0 611.2 909.24 9104

Ne 7402 837.8 438.84 5386

No Yes 282.1 2109 45.76 46

No 386.7 289.1 555.16 4554

No Yes Yes T 906 194 476 36

No 1242 26.6 142.16 424

No Yes 413 1185 0.24 14

No 64.9 162.5 179.84 2796

‘This model implies conditional inde

contr(})l,l'fng for marijuana use, and yields odds ratios of 1.0 for the A-C conditional
j association. The entry 2.7 for the A-C marginal association for this model is the fitted
R odds ratio for the marginal A-C fitted table,

The’odds ratios for the observed
A(ACM). which provides a perfect fit,

odds ratios for their marginal and conditional associations. For examy
1.0 for the A-C conditional association for model
the A-C fitted odds ratios at the two levels of M s

ple, the entry
(AM, CM) is the common value of

_ 909.24X0.24 _ 43884 X179.84
4576 X 476 555.16 X 142.16

pendence between alcohol use and Cigarette use,

_ (90924 + 438.84)(0.24 + 179.84)
=-—__ 7 AvT 784
(45.76 + 555.16)(4.76 + 142.16)

data are those reported for the satirated model

Model (AC, AM, CM) permits all pairwise associations but maintains homoge-

us odds ratios between two variables at each level of the third variable. The A-C
tted conditional odds ratios for this model 2

ho have smoked cigarettes have estimated odds of having drunk alcohol that are

8 times the estimated odds for students who have not smoked cigarettes. One can
Calculate this odds ratio using the model’s fitted values at either level of M, or (from
6.2.4)) using the parameter estimates to construct exp(AAC + A4C — R4¢ — A4C). The
ma{ginal 0dds ratio of 17.7 ignores the third factor (M), whereas the conditional

pOds ratio of 7.8 controls for it.
Table 6.5 shows that estimated conditional odds ratios equal 1.0 for each pairwise
Ot appearing in a model, such as the A-C association in model (AM, CM).
that model, the estimated marginal A-C odds ratio differs from 1.0; Section
4 noted that conditional independence does not imply marginal independence.
e models have conditional associations that are necessarily the same as the
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corresponding marginal associations. Section 7.1.2 presents a condition guaranteeing
this. This equality does not normally happen for loglinear models containing all
pairwise associations.

Table 6.5 shows that estimates of conditional and marginal odds ratios are highly
dependent on the model. This highlights the importance of good model selection. An
estimate from this table is informative only to the extent that its model fits well. The
next section shows how to check model goodness of fit.

6.3 INFERENCE FOR LOGLINEAR MODELS

A good-fitting loglinear model provides a basis for describing and making inferences
about the true association structure among a set of categorical response variables. We
now present ways of checking the goodness of fit of loglinear models and conducting
inference about model parameters.

6.3.1 Fitting Loglinear Models

Some loglinear models have explicit formulas for fitted values {ji; ik} in terms of the
sample cell counts {r;;x}. The estimates are then said to be direct. For example, the
model (XZ,YZ) of X-Y conditional independence has ik = Mppanej/ny k. The

fitted value for a cell in partial table k equals its row total n;4 times its column total 4

R4 jt, divided by the sample size n, , for that partial table. This equals the fitted
value for the model of independence applied to that partial table alone.
Many loglinear models do not have direct estimates. ML estimation then requires

iterative methods, such as the Newton-Raphson algorithm (Section 4.5.1). In practice,
it is unimportant to know which models have direct estimates. Iterative methods for
models not having direct estimates also work for models having them. Most software %

packages use iterative routines for all cases.

6.3.2 Chi-Squared Goodness-of-Fit Tests

Consider the null hypothesis that the expected frequencies for a three-way table 3
satisfy a given loglinear model. As usual, large-sample chi-squared statistics assess ]
model goodness of fit by comparing the cell fitted values to the observed counts. The

likelihood-ratio and Pearson statistics are
2 Nijk
G =22n,»jklog( )

(nijx — fuige)?
£ Xt =y SR AR
Hijk Z

Baje

The degrees of freedom equal the number of cell counts minus the number of nonre-
dundant parameters in the model. The df value decreases as the model gets more

complex. The saturated model has df = 0,
For the Dayton drug survey (Table 6.3), Table 6.6 presents results of tests of fit fo

several loglinear models. For a given df, larger G2 or X2 values have smaller P-valueg
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Table 6.6 Good {-Fit Tests for L gli Models Relati i
(©and Marguane o 1 ¢lating Alcohol (4), Cigarette
Mode! G? X2 df P-value?
(A.C. M) 1286.0 1411.4 4 < 001
(A.CM) 534.2 505.6 3 < '001
(€, AM) 939.6 8242 3 < '001
(M,AC) 843.8 7049 3 < -001
(AC, AM) 4974 443.8 2 < A001
(AC.CM) 92.0 8038 2 < 001
(AM,CM) 187.8 177.6 2 < '001
(AC, AM,CM) 0.4 04 1 54
(ACM) 0.0

=]

0.0 —
“P-value for G? statistic.

and indicate poorer fits. The models that
fit poorly, having P-values below .001.
pairwise associations but assumes no

lack any of the two-way association terms
The model (AC, AM, CM) that permits all
three-factor interaction fits well (P = 54),

63.3 Loglinear Residuals

One can inspect quality of fit more closely by studying cell residuals. They can show
why 2 model fits poorly, perhaps suggesting an al ive model, or highlight cells
that display lack of fit in a generally good-fitting model. When a table has ma;y cells,
some residuals may be large purely by chance, of course. '

T Section 2..4.5 introduced adjust'ed residuals for the independence model, and Sec-

values of adjusted residuals larger than about 2 when there are few cells or 3 whén
there are many cells indicate lack of fit,
’l‘a.ble 6.7 shows adjusted residuals for the fit of the model (AM,CM) of A-C
= ‘ conditional independence to Table 6.3. Since this model corresponds to independence
between A and C at each level of M, one can calculate these by applying formula
24.4) fortwo-way tables separately for the partial table at each level of A . This mode!
glas df = 2for testing fit, and the two nonredundant residuals refer to checking A-C
Hld?pendence ateach level of M. The large residuals reflect the overall poor fit (In fact,
2" is related to the two nonredundant residuals by X2 = (3702 + (12.80)2 = 177.6).
tremely large residuals occur for students who have not smoked marijuana. For
em, the positive residuals occur when A and C are both “yes” or both “no.” More
o !hcse_ students have used both or neither of alcohol and cigarettes than one would
tif their usage were independent. The same pattern persists for students who

grve smoked marijuana, but the differences between observed and fitted counts are
$°0 not as striking,
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Table 6.7 Adjusted Residuals for Two Loglinear Models The sample size can strongly influence results of any infecential .
. : enf
Model (AM, CM) Model (AC, AM,CM) is more likely to detect an effect of given size as the sample s,l:e I:;::;: m' %‘-e
_ DmgUs Observed  Fitted  Adjusted  Fitted  Adjusted suggests a cautionary remark. For small sample sizes, reality may be mue:' -
A C M Count Count Residual Count Residual complex than indicated by the simplest model that passes a goosc/iness ofc ﬁ[n[mr‘e
By contrast, for large sample sizes, Section 6.4.4 mon test
s .4.4 show: isti I
Yes Yes Yes 911 909.2 3.70 910.4 0.63 effects can be weak and unimportant. This remark reﬂef:t‘.sh Titrrsl:?;:'sucal]y Slgnlﬁca{ll
N No 538 432-3 ‘;gg 522 :(0)2; testing. A more relevant concem is whether the difference betwcclznti:f hypothesis
© ;es 4‘;‘; 555'2 ~12.80 455.4 063 and null hypothesis values is large enough to be substantively importante}EJ,sa:‘.am(:‘lerS
’ g : . articularly confid i i I - Lslimation,
No Yes Yes 3 48 ~370 36 —063 ‘l;'e - orlin Ct;n ; efnfce intervals, is more useful than significance tests for assessing
No 4 1422 -12.80 424 0.63 P of effects.
No Yes 2 0.2 3.70 1.4 0.63
No 279 1798 12.80 2196 ~06 6.3.5 Confidence Intervals for Odds Ratios

ML estimators of loglinear model parameters have Iarge-sample normal distributi
softwar? for loglinear models reports the estimates and their stzmclardls s For
models in which the highest-order terms are two-factor associations th: "01_’& o
refer to conditional log odds ratios. One can use the estimates and ‘the' esumda vl
errors to construct confidence intervals for true log odds ratios and then onen _afd
them to form intervals for odds ratios. cHponentite
To illustrate, we estimate the conditional odds ratj

cigarette use for Table 6.3, assuming that model (AC, ,a::l,b;ltze::l:skgt?:wuse ;n .
sets redundant association parameters in the last row and the last ct;lumn amal o
zero (such as PROC GENMOD in SAS) reports A{C = 2.054, with ASE :q (;1 17;0
Fof that approach, the lone nonzero term equals the estimated 'conditional Io -odd>
ratio. Software for which parameters sum to zero across levels of each indexg( ;
#s CATMOD in SAS) reports AfC = R4C = 0514 and R4C = {4C —ossuxcfa
wn_h ASE = 0.044 for each of the four terms. For t.hat'app;;ach frf)lm (6.2 4- thy .
¢ estimated conditional log odds ratio equals ' 20 the

Table 6.7 also shows adjusted residuals for model (AC,AM,CM). Since df =1
for this model, only one residual value is nonredundant. Both G? and X? are small,
50 it is not surprising that these residuals indicate a good fit (In fact, when df = 1,
X2 is simply the square of each adjusted residual). Pearson residuals (Section 4.4.3)
provide similar conclusions. For Poisson loglinear models, they have form e;; =
ik = Papd/ / Beije-

6.3.4 Tests about Partial Associations

One can conduct tests about partial associations by comparing different loglinear
models. For instance, for model (AC, AM,CM), the null hypothesis of no partial
association between alcohol use and cigarette smoking states that the AA€ term equals
zero. The test analyzes whether the simpler model (AM,CM) of A-C conditional
independence holds, against the alternative that model (AC, AM, CM) holds.

The likelihood-ratio test of the hypothesis that a loglinear model term equals zero
is simple. The likelihood-ratio statistic —2(Lo — L) is identical to the difference
between the goodness-of-fit G? statistics (i.¢., the deviances) for the model without
that term and the model containing the term. The df equal the difference between
the corresponding df values. Section 5.3.2 presented this procedure for logistic
regression modeling.

The test statistic for testing that A4C = 0 in model (AC, AM, CM) is the difference

AT+ A - E ~ 84 = 2054 = afse,

Similarly, the ASE of that conditional lo
ASE reported for X;‘f, or0.174,

Thus, regardless of the parameter constraints, the estimated A-C conditional

: log odds rati‘?.equals 2.054, with ASE = 0.174. A 95% confidence interval for

.»Ii’llejtlme2 ;:;Jndmona] log odds ratio is 2.054 + 1.96(0.174) or (1.71,2.39), yielding

{eﬂ e .) = (5.5,11.0) for the odds ratio. There is a strong positive association
\ ween cigarette use and alcohol use, both for users and nonusers of marijuana

v .MFor qu.el (AC, AM, CM), the 95% confidence intervals are (8.0,49.2) for' the

condmona} 0dds ratio and (12.5,23.8) for the C-M conditional odds ratio. The

pinte rval; are v&{nde, but these associations also are strong. In summary, csﬁm;xﬁon

pising this lcglxneu model reveals strong conditional associations for éach pair of

g gs;'th.ere 1s a strong tendency for users of one drug to be users of a second drug,

! ll;ls is h'ug both for users and for nonusers of the third drug. Inspection in Table:

L of the estimated marginal associations for this mode] shows that they are even

g odds ratio estimate equals four times the

G2[(AM, CM) | (AC, AM,CM)} = GX(AM,CM) — G¥(AC, AM,CM)

between G2 = 187.8 (df = 2) for model (AM,CM) and G = 04 (df =
for model (AC, AM,CM). The difference of 187.4 is based on df = 2 —1 =1
(P < .001). The small P-value provides strong evidence against the null hyp
esis and in favor of an A-C partial association. The statistics comparing modeig
(AC,CM) and (AC, AM) with model (AC, AM, CM) also provide strong evidence of

A-M and C-M partial associations. Further analyses of Table 6.3 should usc modtg
(AC, AM, CM) rather than any of the simpler models.
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stronger; controlling for outcome on one drug moderates the association somewhat
between the other two drugs.

The analyses in this section pertain to association structure. A different type of
analysis pertains to comparing marginal distributions, for instance to determine if
there is more usage of one drug than the others. Section 9.1 discusses this type of
analysis.

64 LOGLINEAR MODELS FOR HIGHER DIMENSIONS

Logtinear models for three-way tables are more complex than for two-way tables,
because of the variety of potential association patterns. Basic concepts for loglinear
models with three-way tables extend readily, however, to multi-way tables.

6.4.1 Four-Way Tables

We illustrate models for higher dimensions using a four-way table with vari-
ables W, X, Y, and Z. Interpretations are simplest when the model has no three-
factor interaction terms. Such models are special cases of the model denoted by
(WX, WY,WZ,XY,XZ,YZ). This model has homogenous association structure. Each
pair of variables is conditionally dependent, with the same odds ratios at each
combination of levels of the other two variables. An absence of a two-factor term 4
implies conditional independence for those variables. Model (WX, WY, WZ,XZ,Y2Z),
for instance, does not contain an X-¥ term, so it treats X and Y as conditionally
independent at each combination of levels of W and Z.

A variety of models exhibit three-factor interaction. A model could contain any of
four possible terms: WXY , WXZ, WYZ, or XYZ. The XYZ term permits the association
between any pair of those three variables to vary across levels of the third variable, at
each fixed level of W. The saturated model contains all these terms plus a four-factor

interaction term.
i

6.4.2  Automobile Accident Example

Table 6.8 refers to observations of 68,694 passengers in autos and light trucks involved
in accidents in the state of Maine in 1991. The table classifies passengers by gendef;
(G), location of accident (L), seat-belt use (8), and injury (/). Table 6.8 reports the
sample proportion of passengers who were injured. For each G-L combination, th¥]
proportion of injuries was about halved for passengers wearing seat belts.

Table 6.9 displays tests of fit for several loglinear models. To investigate the co
plexity of model needed, we consider model (G, 1,L, S) containing only single-factol
terms, model (G, GL, GS, IL, IS, LS) containing those and all the two-factor termi
and model (GIL,GIS, GLS, ILS) containing those and all the three-factor term$]
Model (G, 1, L, §), which implies mutual independence of the four variables, fits
poorly (G = 27928, df = 11). Model (GI,GL,GS, IL, IS, LS) fits much betig
(G? = 23.4,df = 5), but still has lack of fit (P < .001). Modet (GIL, GIS, GLS, IL]

Table 6.8 Injury () by Gender (G), Location (L), and Seat Belt Use (S), with Fit of Models (GI, GL, GS,'IL, 1S, LS) and (GLS, GI, IL, IS)

Sample
Prop. Yes

(GI,GL,GS,IL,IS,LS) (GLS,GI,1L,1S)

Injury

Yes
1009.8

No
7273.2
11632.6

Yes
993.0

No
7166.4
11748.3
3353.8

No Yes

Seat Belt

Location

Gender

Female

12
.06

996
759
973
757

7287
11587

No

Urban

7134

964.3

721.3

23

3254.7

988.8

No

Rural

781.9 6093.5 797.5 11

5985.5

6134

.07
.03

10471.5 845.1 10358.9 834.1
10959.2

812
380
1084

No 10381
10969

Urban

Male

389.8
1056.8

387.6
1038.1

10837.8

Yes

15
.07

6150.2

6045.3

6123
6693

Source: I am grateful to Dr. Cristanna Cook, Medical Care Development, Augusta, Maine, for supplying these data.

Rural

6811.4 518.2 6697.6 508.4

513
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Table 6.9 Goodness-of-Fit Tests for Loglinear Models Relating Injury (1), Gender ),
Location (L), and Seat-Belt Use (S)

Model G? df P-value
(G.1.L.S) 27928 1 < .0001
(GI,GL,GS,IL,1S.LS) 234 5 <.001
(GIL,GIS.GLS,ILS) 1.3 1 25
(GIL,GS,1S,LS) 18.6 4 001
(GIS,GL,IL,LS) 228 4 < .00t
(GLS,GLIL,IS) 7.5 4 11
{LS,GI.GL,GS) 20.6 4 <.001

seems to fit well (G? = 1.3,d 'f = 1), but is quite complex and difficult to interpret.
This suggests studying models that are more complex than (GI,GL,GS,IL,IS,LS)
but simpler than (GIL, GIS, GLS, ILS ). We do this in the next subsection, but first we
analyze model (GI, GL, GS, IL, IS,LS).

Table 6.8 displays the fitted values for model (GI, GL, GS, IL,IS,LS). Since the
model contains no three-factor interaction terms, it assumes homogeneous condi-
tional odds ratios for each pair of variables. Table 6.10 reports the model-based
estimates of these odds ratios. One can obtain them directly using the fitted values
for partial tables relating two variables at any combination of levels of the other
two; to illustrate, for the /-S odds ratio, females in urban accidents have a value
of (7166.4)(721.3)/(993.0)(11748.3) = 0.44. The log odds ratios also follow di-
rectly from loglinear parameter estimates; for instance, log(044) = —0814 =
RIS 4 RIS — RIS — RIS,

11T An T Ap T Ay

Since the sample size is large, the estimates of odds ratios are quite precise.
For instance, the ASE of the estimated /-§ conditional log odds ratio is 0.028. A
95% confidence interval for the true log odds ratio is —0.814 * 1.96(0.028), or
(—0.868, —0.760). This translates to a confidence interval of (0.42,0.47) for the odds
ratio. This model predicts that the odds of injury for passengers wearing seat belts
were less than half the odds for passengers not wearing them, for each gender|
location combination. The fitted odds ratios in Table 6.10 also suggest that, other;
factors being fixed, injury was more likely in rural than urban accidents and more
likely for females than males; also, the estimated odds that males used seat belts 2
only 0.63 times the estimated odds for females.

6.4.3 Three-Factor Interaction

Interpretations are more complicated when a model contains three-factor interactiod
terms. Table 6.9 shows results of adding a single three-factor interaction term 1
model (GI, GL, GS, IL, IS, LS). Of the four possible models, (GLS, GI, IL, IS ) app
to fit best. Table 6.8 also displays its fit. Given the large sample size, its G* valu
suggests that it fits quite well.

For model (GLS, G, IL, IS), each pair of variables is conditionally dependen
ateach level of I the association between G and L or between G and S or between

; Table 6.10 Estimated Conditional Odds Ratios for Two Loglinear Models
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S varies across the levels of the remaining variable. For this model, it is inappropriate
to try to interpret the G-l:, G-S, and L-S two-factor terms on their own. For instance
one would not convert {A%%} 1o a fitted G-S odds ratio, because the pl'-esence of Ihe‘
GLS three-factor interaction term implies that the G-§ odds tatio varies across the
levels of L. Since / does not occur in a three-factor interaction, the conditional odds

ratio between»l and each variable is the same at each combination of levels of the
other two variables. The top portion of

f Ta X i

P asna ble 6.10 reports the fitted odds ratios for

When a model has a three-factor interaction term but no term of higher-order
mafm that, one can study the interaction by calculating fitted odds ratios between two
vangbles ateach level of the third. One can do this at any levels of remaining variables
not involved in the interaction. The bottom portion of Table 6.10 illustrates this for
model (GLS, G1, IL, 1S). For instance, the fitted G-S odds ratio of 0.66 for L
refers to four fitted values for urban accidents, both the four with (injury
the four with (injury = yes); that is,

= urban)
= no) and

0.66 = (7273.2)(10,959.2) /(1 1632.6)(10,358.9)
= (10098)(389.8)/(7134)(834.1).

This model permits the association between any twoof G, L, and S to vary across levels

of the third. Model (G7, GL,GS,IL, 1S, LS) forces such odds ratios to be identical, as
Table 6.10 shows. ’

644 Large Samples and Statistical versus Practical Significance

Model (GLS, GI,1L,1S) seems to fit much better than (GI,GL,GS, IL, IS LS), the
difference in G? values of 234 — 7.5 = 15.9 being based on dj'= '5 . 4 = 1
P = 0001) The fitted odds ratios in Table 6.10, however, show that the degree of
three-factor interaction is weak. The fitted odds ratio between any two of G, L, and

3 § is similar at both levels of the third 'variable. The significantly better fit of model

Loglinear Model

.
Odds Ratio (GI,GL,GS,IL,18,LS) (GLS, Gl,IL,IS)
G-I 0.58

0.

.. 213 2?2
0.44

L (S = no) 1.23 (1);;

= yes) 1.23 117

S (L = urban) 0.63 0.66

g5 (L = ruray) 0.63 0.58

B (G = female) 1.09 l:l7

= male) 1.09 1.03
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(GLS, Gl1,1L,1S) mainly reflects the enormous sample size. Though the three-factor
interaction is weak, it is significant because the large sample provides small standard
erTors.

A statistically significant effect need not be important in a practical sense. With
huge samples, it is crucial to focus on estimation rather than hypothesis testing. For
instance, a comparison of fitted odds ratios for the two models in Table 6.10 suggests
that the simpler model (GI,GL,GS,IL,IS,LS) is adequate for practical purposes.
Simpler models are easier to summarize. One should not use goodness-of-fit tests
alone to select a final model.

For a table of arbitrary dimension with cell counts {n; = np;} and fitted values
{fi; = nir;}, one can summarize the closeness of 2 model fit to the sample data by the
dissimilarity index,

D= ln—pl/2n =" lpi— #l/2.

This index takes values between 0 and 1, with smaller values representing a better
fit. It represents the proportion of sample cases that must move to different cells in
order for the model to achieve a perfect fit.

The dissimilarity index D a corresponding index A that describes model
lack-of -fit in the population sampled. The value A = 0 occurs when the model holds
perfectly. In that case D overestimates A, substantially so for small samples, because
of sampling variation. In practice, models rarely (if ever) hold perfectly, so A>0.
When the model does not hold, for sufficiently large n, the goodness-of-fit statistics |
G? and X2 will be large, showing lack of fit. The estimator D then reveals whether
the lack of fit suggested by those statistics is important in a practical sense. A value
of D less than about .03 suggests that the sample data follow the model pattern quite
closely, even though the model is not “perfect.” b

For Table 6.8, model (GI,GL, GS, IL,1S,LS) has D = 008, and model (GLS,Gl,
IL,IS) has D = .003. These values are very small. For either model, moving less
than 1% of the data yields a perfect fit. The relatively large value of G? for model
(GI,GL,GS,IL, IS, LS) indicated that the model does not truly hold. Nevertheless,
the small value for D suggests that, in practical terms, the model provides a decea
fit. This is also suggested by the correlation between the observed cell counts and
model’s fitted values, which equals .9998.

6.5 THE LOGLINEAR-LOGIT CONNECTION

Loglinear models for contingency tables do not distinguish betwéen response a0y
explanatory variables. In essence, they treat ali variables as response variables. Log!

models, on the other hand, describe how a binary response depends on a set O
explanatory variables. Though the model types seem distinct, strong connectio
exist between them. For a loglinear model, one can construct logits for one respoiy
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to help interpret the model. Moreover, logit models with cate

variables have equivalent loglinear models. gorical explanatory

6.5.1 Using Logit Models to Interpret Loglinear Models

To understand implications of a logli
glinear model formula, it can h i
I 3 el
that treats one variable as a response and the others as explanatory. V\l;e‘iollfom o IOg“
the loglinear model of homogeneous association in three-way tabies ustrte with

logpize = A+ Af + A7 FA AT 1A 412 6.5.1)
2. 5.

Suppose Y is binary, and we treat it as a res
Y, ponse and X and Z as anatory. Let o
denote the probability that Y = 1, which depends on the levels of‘;q:ld aZw'l‘l;c lot it
. gil

for Y is
logit(m) = 1og( ‘"ﬂ_) = log (i—g = ; :; =iZ= k))
- =iz =k

= By _

log ( IJ-m) = log(pite) — log(peau)

= (NN HAZ AN A + A7)
— (A A A AT AT HAE 0T

= (A7 =AD) + (A - A0 + (M - A1),

‘The first parenthetical term is a constant; that is, it does not depend on i or k. The

second parenthetical term depends on the level i i
11 of X. The third parentheti
; depends on the level & of Z. The logit has the addjtive form purenhetical term

logit(m) = « + B¥ + BZ. 6.5.2)

mdS:.;:ti(l)n 543 discussed lh_is model, in which the logit depends on the level of X
o lt:,levell of Z in an additive manner. The effect of X on the logit is the same
i evel of Z, and the effect of Z is the same at each level of X. Additivity on

3 lzg;,t sca;f: is the standa:rd definition of “no interaction” for categorical variables.
2 1s binary, the loglinear model of homogeneous association (no three-factor

Iteraction) is equivalent to this logit model.

" When X is also binary, logit model (6.5.2) and loglinear model (XY, XZ, YZ) are
‘.4 t}rlur,ed bx t?qual odds ratios between X and Y at each of the K levels of Z.
s 18 e condltlofl t.ested by the Breslow-Day test (Section 3.2.4). The G? or X?

ss-of-fit statistics for these models provide alternative ways of testing for a

mmon odds ratio. When the sample size is large relative to K, they. also have

Prroximate chi-squared distributions with df =K -1
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6.5.2 Accident Data Revisited

For the data on Maine auto accidents (Table 6.8), Section 6.4.3 showed that loglinear
model (GLS, GI, L1, 1S) fits well. That model has form

108 pgis = A+AGHALHAF+AT 44T +AGE A +AY AN AL HAGE . (6.5.3)
For these data, one could treat injury (/) as aresponse variable and gender (G), location
(L), and seat-belt use (S) as explanatory variables. Let 1 denote the probability of
injury. Forming logit(w) at each combination of levels of G, L, and S, one can show
that loglinear model (6.5.3) is equivalent to logit model

logit(w) = « + BG + B + 8. (6.5.4)

Here, G, L, and § all affect /, but without interacting. The parameters in the two
models are related by B¢ = A ~ A4, B} = Aif — AL and 8§ = AfS - AL Inthe
logit calculation, all terms in the loglinear model not having the injury index { in the
subscript cancel.

Odds ratios relate to two-factor loglinear parameters and main-effect logit param-
eters. For instance, in logit model (6.5.4), the log odds ratio for the effect of S on/
equals 5 — B5. This equals Aj} + M3 — AS — A% in the loglinear model. These
values are the same no matter how one’s software sets up constraints for the nonre-
dundant parameters. For Table 6.8, for instance, ﬁf - Bg = —0.817 for logit model
(6.5.4), and A5 + Af§ — A1 — AL = —0.817 for loglinear model (GLS,GI,LLIS).
We obtain the same results whether we use software for logit models or software for
the equivalent loglinear model. Fitted values, goodness-of-fit statistics, residual df,
and adjusted residuals for logit model (6.5.4) are identical to those in Tables 6.8 to
6.10 for loglinear model (GLS, GI,IL,IS).

Loglinear models are GLMs that treat the 16 cell counts in Table 6.8 as outcomes
of 16 independent Poisson variates. Logit models are GLMs that treat the table as

binomial counts: Logit models with / as the response treat the marginal G-L-S table/

{ng+1s} as fixed and regard {ngus} for {(g,1.9) = (L1, 1),(1,1,2),(1,2,1),(1,2,2),
2,1,1),(2,1,2),2,2, 1.2, 2,2)} as eight independent binomial variates on that re-
sponse. Though the sampling models differ, the results from fits of corresponding
models are identical.

6.5.3 Corresp Between Logli and Logit Models

Refer back to the derivation of logit mode} (6.5.2) from loglinear mode! (XY, XZ, YZ).
The A,{Z term in model (XY,XZ,YZ) cancels when we form the logit. It might}
seem as if the model (XY, YZ) omitting this term is also equivalent to that log
model. Indeed, forming the logit on Y for loglinear model (XY,YZ) resultsina logi
model of the same form. However, the loglinear model that has the same fit as g
logit model is the one containing a general interaction term for relationships amoug
the explanatory varfables. The logit model does not describe relationships among
explanatory variables, so it allows an arbitrary interaction pattern for them.
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Table 6.11 summarizes equivalent logit and loglinear models for three-way tables
when Y is a binary response variable. The simple loglinear model (Y, XZ) states that
Y is jointly independent of both X and Z, and is equivalent to the special case of
logit model (6.5.2) with {3}} and {BF} terms equal to zero. In each pairing of models
in Table 6.11, the loglinear model contains the X-Z association term relating the
variables that are explanatory in the logit models.

The saturated loglinear model (XYZ) contains the three-factor interaction term.
When Y is a binary response, this model is equivalent to a logit model with an
interaction between the predictors X and Z. For instance, the effect of X on Y
depends on the level of Z, meaning that the X-Y odds ratio varies across levels of Z.
That logit model is also saturated.

Analogous correspondences hold for higher-way tables, as we observed in the
previous subsection. Logit model (6.5.4) for a four-way table contains main effect
terms for the explanatory variables, but no interaction terms. This model corresponds
to the loglinear model that contains the fullest interaction term among the explanatory
variables, and associations between each explanatory variable and the response /.
namely model (GLS, GLLL IS). '

6.5.4 Strategies in Model Selection

We end this chapter by describing some strategies for selecting a loglinear model.
In most applications, the potentially useful models are a small subset of all loglinear
models. For instance, most studies distinguish between explanatory and response
variables. The focus is then on modeling effects of y variables on response
variables and modeling associations among response variables, rather than modeling
relationships among explanatory variables. When there is a single response and it is

k- binary, relevant loglinear models correspond to logit models for that response. When

the response has more than two categories, relevant loglinear models correspond to
generalized logit models presented in Section 8.1. Of course, in such cases one can
fit logit models directly, rather than approach the problem with loglinear models.
Indeed, one can see by comparing equations (6.5.3) and'(6.5.4) how much simpler
the logit structure is.

An advantage of the loglinear approach is its generality. It applies when more than

; one response variable exists. The drug use example in Section 6.2.3, for instance,

Table 6.11 Equivalent Loglinear and Logit Models for
a Three-Way Table With Binary Response Variable Y

Loglinear Logit
¥, XZ) a

*XV,X2) at B
(YZ,XZ) a+pf
(XY.YZ,XZ) a+BF+BE

(XYZ) «+ X+ pl+ BY
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used loglinear models to study association patterns among three response variables. In
summary, loglinear models are most natural when at least two variables are response
variables. When only one variable is a response, it is more sensible to use logit models
directly.

For either model type, the selection process becomes more difficult as the number
of variables increases, because of the increase in possible associations and interac-
tions. Fitting all possible models is usually impractical, and one must balance two
competing goals: The model should be complex enough to provide a good fit, but it
should be simple to interpret, smoothing rather than overfitting the data. Often, the
main questions posed by a study help to guide the choice of potential terms for a
model and may suggest a restricted set of models. For instance, a study’s hypotheses
about associations might be tested by comparing fits of certain models.

For studies that are exploratory in nature, a search among potential models may
provide clues about important facets of the dependence structure. Exploratory anal- §
yses attempt to unravel the complexity of association linkages among the variables, }
One approach first fits the loglinear model having only single-factor terms, the model
having only two-factor and single-factor terms, the model having only three-factor
and lower terms, and so forth, as shown in Section 6.4.2. Fitting such models often
reveals a restricted range of good-fitting models. One can also use variable elimina-
tion procedures for this purpose, as shown in Section 5.5.5. Backward elimination
starts with a complex model (such as the saturated model) and drops terms one at a
time, according to what does the least damage to the working model fit. 4

Regardless of the strategy, when certain marginal totals are fixed by the sampling
design or by the response-explanatory distinction, the model should contain terms
that force those totals to be identical to the fitted totals. To illustrate, suppose one treats
the counts {ng4,+} in Table 6.8 as fixed at each combination of levels of G = gender
and L = location. It follows from a result presented in Section 7.5.1 that a loglinear
model should contain the G-L two-factor term, which ensures that {fge1s = ngriek
that is, the model should be at'least as complex as model (GL, S, 7). If 20,629 women
had accidents in urban locations, then the fitted counts have 20,629 women in urban
locations.

Related to this point, models should recognize distinctions between response and,
explanatory variables. The modeling process should concentrate on terms linking
responses and terms linking explanatory variables to responses. Allowing a general
interaction term among the explanatory variables has the effect of fixing totals
combinations of their levels. If G and L are both explanatory variables, models

ing conditi dependence between G and L are not of interest.

For Table 6.8, [ is a response variable, and § might be treated either as a respons¢;
or explanatory variable. If it is explanatory, we treat the {ng+s} totals as fixed any
consider logit models for the / response. If § is also a response, we consider
{ng+1+} totals as fixed and consider loglinear models at least as complex as (GL, S, 1)
Such models focus on the effects of G and L on S and 7 as well as the associatiod
between § and /.

nal i
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counts are likely. This can cause infinite parameter estimates and poor chi-squared
approximations for goodness-of-fit statistics. In addition, some variables are likely

to be ordinal, and the models should reflect this. The next chapter discusses these
issues.

PROBLEMS

6.1. Fit the independence model to Table 2.2, and check the goodness of fit. Report
(z\l’-’} (2) using a form of constraints for which a baseline estimate equals 0,
(b) using “sum to zero” constraints. Interpret Xf - X{ .

6.2. For the saturated model with Table 2.2, report {Xf?' } (a) using “sum to zero”
constraints, (b) using a form of constraints for which only Xf‘l" is nonzero.
Show how to interpret these estimates using an odds ratio.

6.3. Refer to Table 3.1. Let D = defendant’s race, V = victims’ race, and P =
death penalty verdict. Fit model (DV, DP, PV).

a. Using the fitted values, calculate the odds ratio between D and P at each
level of V. Note the “common odds ratio” property of this model, and
interpret the value,

. Calculate the marginal odds ratio between D and P, (i) using the fitted values,

(i) using the sample data. (For loglinear models, all margins corresponding

to terms in the model are identical for the observed and fitted data.) Contrast

the fitted odds ratio with that in (a), and remark on Simpson’s paradox.

Test the goodness of fit of this model. Interpret.

. Fit the simpler model (DV,PV). Interpret associations, test the fit, and

conduct a residual analysis.

. Test the D-P partial association by comparing the fits of mddels (DV, PV)

and (DV,DP, PV). Interpret.

6.4. In the 1988 General Social Survey respondents were asked “Do you support or
oppose the following measures to deal with AIDS? (1) Have the government
pay all of the health care costs of AIDS patients; (2) Develop a government
information program to promote safe sex practices, such as the use of con-
doms.” Table 6.12 shows responses on these two items, classified also by the

o

Information Health Opinion
Opinion Support Oppose
Support 76 160
Oppose 6 25
Support 114 181
Oppose 11 48
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6.5,

6.

o

Table 6.13
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respondent’s gender. Denote the variables by G for Gender, H for opinion on

Health care costs, and 7 for opinion on an Information program.

a. Fit the loglinear models (GH,Gl), (GH,HI), (GI,HI), and (GH, Gl HI.
Show that models that lack the H-I term fit poorly.

b. For model (GH,GI, HI ), show that 95% confidence intervals equal
(0.55,1.10) for the G-H conditional odds ratio and (0.99,2.55) for the
G-I conditional odds ratio. Interpret, explaining why gender may have
no effect on opinion for these issues. (Since the intervals contain values
rather far from 1.0, however, these odds ratios could also be moderate. It is
safest to describe these data using model (GH, GI, HI), even though simpler
models fit adequately.)

Refer to Table 3.3.

a. Fit the loglinear model of homogeneous association. Report the estimated
conditional odds ratio between smoking and lung cancer. Obtain a 99%
confidence interval for the true odds ratio. Interpret.

. Test goodness of fit of the model. Interpret.

- Consider the simpler model of conditional independence between smoking
and lung cancer, given city. Compare the fit to the homogeneous association
model, and interpret.

N &

d. Fitalogit model containing effects of smoking and city on lung cancer. Use
the smoking effect to estimate the conditional odds ratio between smoking
and lung cancer. How does this compare to the estimate for the loglinear
model?

Use (b) to test the hypothesis of a common odds ratio between smoking
and lung cancer for these eight studies. How does the result compare to the
Breslow-Day test in Section 3.2.47

1

Table 6.13 refers to applicants to graduate school at the University of California
at Berkeley for the fall 1973 session. Admissions decisions are presented by
gender of applicant, for the six largest graduate departments. Denote the three
variables by A = whether admitted, G = gender, and D = department.

Department Yes No Yes No

Whether admitted, male Whether admitted, female

[- KV N SR

512 313 89 19
353 207 17 8
120 205 202 391
138 279 131 244
53 138 94 29
22 351 24 317

Source:

P. Bickel et al,, Science, 187 398403 (1975).
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a. Fitloglinear models (AD, DG) and (AD, AG, DG). Report G2 and df values,
and comment on the quality of fit.

b. Conduct a residual analysis for (AD, DG). Describe the lack of fit.

¢. Deleting the data for Department 1, fit model (AD, DG). Interpret.

d. Conduct equivalent analyses using logit models with A as the response.
6.7. Table 6.14 is from the 1991 General Social Survey. White subjects in the

sample were asked: (B) Do you favor busing of (Negro/Black) and white school

children from one school district to another?, (P) If your party nominated a

(Negro/Black) for President, would you vote for him if he were qualified for

the job?, (D) During the last few years, has anyone in your family brought a

friend who was a (Negro/Black) home for dinner? The response scale for each

item was (Yes, No, Don’t know). Fit model (BD,BP,DP).

i Source: 1991 General Social Survey, with categories 1 = yes, 2 = no, 3 = don’t know.

Table 6.14
Home
_—
President Busing 1 2 3
1 41 65 0
1 2 71 157 1
3 1 17 0
1 2 5 0
2 2 3 44 0
3 1 0 0
1 0 3 1
3 2 0 10 0
3 0 0 1

a. Using the “yes” and “no” categories of each response, estimate the condi-
tional odds ratios for each pair of variables. Interpret.
b. Analyze the mode! goodness of fit. Interpret.

¢. Test the significance of the B-P association. Interpret,
6.8. Refer to Problem 3.1.

a. Analyze these data using loglinear models. For the model you choose to
describe the data, interpret parameter estimates.

b. For the model in (a), fitthe corresponding logit model, treating death penalty
as the response. Show the correspondence between parameter estimates for
the two models.

_'.9. Table 6.15 is based on automobile accident records in 1988, supplied by the

state of Florida Department of Highway Safety and Motor Vehicles. Subjects

were classified by whether they were wearing a seat belt, whether ejected, and
whether killed.
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Table 6.15
. Killed

Safety Equipment Whether

In Use Ejected No Yes

Seat belt Yes 1105 14
No 411,111 483

None Yes 4624 497
No 157,342 1008 1

Source: Florida Deparument of Highway Safety and Motor Vehicles, Tallahassee, FL.

. Find aloglinear model that describes the data well. Interpret the associations,
. Treating whether killed as the response variable, fit an equivalent logit
model. Interpret the effects on the response.
. Since the sample size is large, goodness-of-fit statistics are large unless the
model fits very well. Calculate the dissimilarity index, and interpret.
6.10. Refer to the loglinear models for Table 6.8.
a. Explain why the fitted odds ratios in Table 6.10 for model (G, GL, GS, IL,
IS, LS) suggest that the most likely case for injury is accidents for females
not wearing seat belts in rural locations.

6.13.
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Conservative); Methods of birth control should be available to teenagers be-

tween the ages of 14 and 16 (B = Agree, Disagree); Opinion about 2 man and

woman having sex relations before marriage (§ =
not wrong at all, Always or almost always wrong).

a. Find a loglinear model that fits these data well.

b. Interpret this model by estimating conditional odds ratios for each pair of

variables. Construct and interpret a 90% confidence interval for the true
odds ratio relating B and S, controlling for P and R.

. Consider the logit model predicting (S) using the other variables as main-
effect predictors, without any interaction. Fit the corresponding loglinear
model. Does it fit adequately? Interpret the effects of the predictors on the
response, and compare to results from (b).

Table 6.17 is taken from the 1989 General Social Survey. Subjects were asked

their opinions regarding government spending on the environment (E), health

(H), assistance to big cities (C), and law enforcement (L). The common re-

sponse scale was (too little, about right, too much). (Note that, despite the

common public complaint about taxes, the highest counts occur in cells corre-
sponding to preferring increased spending on most items!)

Wrong only sometimes or

o

N Table 6.17
b. Fit model (GLS, G/, IL,IS). Show, using model parameter estimates, tha(» ~—
the fitted /-§ conditional odds ratio equals 0.44. Show that, for each injury; Cities 1 2 3
level, the estimated conditional L-§ odds ratio is 1.17 for (G = female) and} Law Enforcement 1 2 3 1 2 3 1 2 3
1.03 for (G = male). How can you get these using the model p ¥ Envil Health
N 9 (Hing- S
esf.lmalcs. (Hint: 'Calculale the log odds ratio using the model formula.? 1 1 62 17 s % P 3 7 3 0
6.11. Consider the following two-stage model for Table 6.8. The first stage is a 2 1 7 0 2 18 1 19 14 3
logit model with S as the response, for the three-way G-L-S table. The second 3 2 3 1 2 0 1 1 3 1
stage is a logit model with these three variables as predictors for / in the four- 2 1 11 3 0 21 13 2 20 3 3
way table. Explain why this composite model is sensible, fit the models, 2 2 Q1 4 0 6 9 0 6 5 2
interpret results. 3 1 0 1 2 1 1 4 3 1
6.12. Table 6.16, based on the 1991 General Social Survey, relates responses on fout 3 1 3 ) 0 2 1 0 9 2 1
variables: How often you attend religious services (R = At most a few i ¢ 2 1 0 0 2 1 0 4 2 0
a year, At least several times a year); Political views (P = Liberal, Modera 3 1 (VA ] 0 0 0 1 2 3
ource: 1989 General Social Survey.
Table 6.16 fote: 1 = 100 little, 2 = about right, 3 = too much.
Premarital Sex a. Fit the homogeneous association model. Test the fit, and interpret.
1 2 b. Show that the estimated conditional log odds ratio for the “too much” and
Religious Atendance 1 2 1 “too little” categories of £ and H equals
Birth control 1 2 1 2 1 2 AR+ A - RE - A
Political ; 32 ;(5) 3 23 23 1‘; Table 6.18 reports {15} using constraints whereby parameters sum to zero
Views - st o si 3 6 12 Wwithin each row and within each column, and whereby parameters are zero

Source: 1991 General Social Survey.

in the first row and the first column. Calculate and interpret the odds ratio.
Show how to obtain the same result using the comer fitted values for a
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partial table relating £ and H at any combination of levels of the other two
variables. The ASE of the estimated E-H log odds ratio is 0.523. Show thata
95% confidence interval for the true odds ratio equals (3.1,24.4). Interpret.

Table 6.18
Sum to Zero Constraints Zero for First Level
H H
E 1 2 3 1 2 3
1 0.509 0.166 ~-0.676 0 0 0
2 —0.065 -0.099 0.163 0 0.309 1413
3 —0.445 —0.068 0513 0 0.720 2.142
C.

6.14.

6.15.

6.17.

6.18.

Refer to Table 6.3. The survey also classified respondents by gender (G) and
race (R). Table 7.1 shows the full data.

Refer to Problem 6.3. Using P as the response, fit logit models that give,
the same results as these two loglinear models. Show the relation between
parameter estimates for the loglinear and logit models.

. Refer to Problem 3.2. Analyze these data with loglinear models, using residuals;
to describe lack of fit. Show how logit models for the death penalty response]

provide the same results.

Refer to the logit model in Problem 5.23. Let A denote the response variable}

opinion on abortion.

a.

Verify that logit model (6.5.4) follows from loglinear model (GLS, G, LIk
Show that the conditional log odds ratio for the effect of S on I equals 5 — £3
in the logit model and AfS + A% — Al§ — A% in the loglinear model.

. Report the estimated conditional odds ratios using the “too much” and “too

. Analyze these data using logit models, treating marijuana use as the response;

. State the equivalent loglinear and logit models for which: (i) A is jointly

tittle” categories for each of the other pairs of variables. Summarize the
association structure for this table.

Analyze these data using loglinear models, distinguishing between resp
and explanatory variables. Summarize your main conclusions based on

studying the relevant estimated associations in the final model.

variable. Specify the loglinear model that is equivalent to your choice of
logit model.

Give the symbol for the loglinear model that is equivalent to this logit mod
‘Which logit model corresponds to loglinear model (AR, AP, GRP)?

independent of G, R, and P, (ii) There are main effects of R on 4, but Al
is conditionally independent of G and P, given R, (jii) There is interacti
between P and R in their effects on A, and G has main effects.
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6.19. Fclor alr_nultiway dcontingency table, when is a logit mode] more appropriate than
a loglinear model? When i i i i
Lo en is a loglinear model more appropriate than a logit

6.20. For four calejgon'cal variables W, X, Y, Z, explain why (WXZ, WYZ) is the most
general loglinear model for which X and ¥ are conditionally independent.
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7.1.1  Association Graphs

An association graph for a loglinear model has a set of vertices, each vertex rep-
CHAPTER 7 resenting a variable. There are as many vertices as dimensions of the contingengy
table. An edge connecting two vertices represents a partial association between the
corresponding two variables.

We illustrate for a four-way table with variables W, X , Y, Z. The loglinear model
(WX, WY, WZ,YZ) lacks X-Y and X-Z association terms. It assumes that X and Y
are independent and that X and Z are independent, conditional on the remaining
two variables, but permits association between W and X and between each pair of
variables in the set {W, ¥, Z}. The association graph

Building and Applying Logit
and Loglinear Models

Chapter 5 presented the logistic regression model, which uses the logit link for a
binomial resp Chapter 6 p d the loglinear model that uses the log link
for Poisson cell counts in a contingency table. Chapter 4 showed that they are both
generalized Jinear models (GLMs), and Section 6.5 discussed equivalences between
them. This chapter discusses further topics relating to building and applying these
two types of models.

Section 7.1 introduces graphical rep jons that portray a model’s association
and conditional independence patterns. They also provide simple ways of indicating
when conditional odds ratios are identical to marginal odds fatios. 3

The loglinear models of Chapter 6 treat all variables as nominal. Section 7.2!
presents a loglinear model of association between ordinal variables. Inferences uti-
lizing the ordering are more powerful than those that ignore it.

Section 7.3 presents tests of the hypothesis of conditional independence in three
way tables for nominal and ordinal variables. One approach compares the fits off
two loglinear or logit models. A related approach uses generalized versions of the}
Cochran—Mantel-Haenszel test for multicategory responses.

Most inferential analyses in this text use large-sample approximations. Section 7.4}
discusses the effects on model parameter estimates and goodness-of-fit statistics ol
small samples or zero cell counts, Finally, Section 7.5 summarizes theory underlying]
the fitting of logit and loglinear models and their use for large-sample inference.

;. portrays this model. The four variables form the vertices of the graph. The four
@ cdges, connecting W and X, W and Y, W and Z, and Y and Z, represent pairwise
partial associations. Edges do not connect X and ¥ or X and Z, since those pairs are
% conditionally independent, given the remaining variables.
B Two loglinear models that have the same pairwise associations have the same
-association graph. For instance, the association graph just portrayed for model
(WX, WY, WZ,YZ) is also the one for model (WX, WYZ) that also contains a three-
& factor WYZ interaction.
i A path in an association graph is a sequence of edges leading from one variable
flo ancther. Two variables X and Y are said to be separated by a subset of variables if
Bl paths connecting X and Y intersect that subset. For instance, in the above graph,
BV separates X and Y, since any path connecting X to ¥ goes through W. The subset
RWV.Z} also separates X and Y. A fundamental result states that two variables are
tonditionally independent given any subset of variables that separates them. Thus,
ot only are X and Y conditionally independent given W and Z, but also given W
llone. Similarly, X and Z are conditionally independent given W alone.

For another example, we consider loglinear model (WX, XY, YZ). Its association
Itaph is

7.1 ASSOCIATION GRAPHS AND COLLAPSIBILITY
; W——X—-VY—2

‘We begin by presenting a graphical representation for associations in loglinear mog

els. For a model with a particular set of variables, the graph indicates which pa§

of variables are independent and which pairs are associated, given the others. Tig

representation is helpful for revealing implications of models, such as determinitg

when marginal and conditional odds ratios are identical.

174

oce W and Z are separated by X, by ¥, and by X and ¥, this graph reveals that W
Z are independent given X alone or given Y alone or given both X and Y. Also,
and Y are independent, given X alone or given X and Z; X and Z are independent,
Y alone or given Y and W.
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7.1.2 Collapsibility in Three-Way Tables

Section 3.1.4 showed that associations in partial tables may differ from marginal
associations. For instance, if X and ¥ are conditionally independent, given Z, they
are not necessarily marginally independent. We next present conditions under which
a model’s odds ratios are identical in partial tables as in the marginal table. These
collapsibility conditions imply that the association is unchanged when we combine
the partial tables.

For three-way tables, X-¥ marginal and partial odds ratios are identical if either Z and X
are conditionally independent or if Z and ¥ are conditionally independent.

The conditions state that the variable treated as the control (Z) is conditionally
independent of X or Y, or both. These conditions correspond to loglinear models
(XY,YZ) and (XY, XZ). That is, the X-Y association is identical in the partial tables
and the marginal table for models with association graphs

X—Y—Z add Y—X—72Z

or even simpler models, but not for the model with graph X —— Z ———¥ in whid 5

an edge connects Z to both X and Y.
We illustrate for the drug use data (Table 6.3) from Section 6.2.3, denoting A =!
alcohol use, C = cigarette use, and M = marijuana use. Consider (AM, CM), the,

model of conditional independence of A and C, given M, which has associatiod)

graph

A—M—C.
Consider the A-M association, controlling for C; that is, we identify C with Z in
collapsibility conditions. In this model, since C is conditionally independent of A, thg
A-M partial odds ratios are the same as the A-M marginal odds ratio collapsed o

C. In fact, Table 6.5 showed that both the fitted marginal and partial A-M odds raticl

however. The collapsibility conditions are not satisfied, because M is conditiona
dependent with both A and C in model (AM, CM). Thus, A and C may be margina
dependent, even though they are conditionally independent in this model. In fact, TR
ble 6.5 showed that the fitted A-C marginal odds ratio for this model equals2.7,not 13
The model (AC, AM, CM) of homogeneous association has association terms fg8
each pair of variables, so no pair is conditionally independent. No collapsibili
conditions are fulfilled. In fact, Table 6.5 showed that each pair of variables i§
quite different fitted marginal and partial associations for this model. When a mogd
contains all two-factor effects, collapsing over any variable may cause effects|
change.
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7.1.3  Collapsibility and Logit Models

The collapsibility conditions apply also to corresponding logit models. For instance,
suppose a clinical trial studies the association between a treatment variable X and
a binary response Y, using data from several centers regarded as levels of a control
variable Z. The logit model

logit(m) = a + X + B (7.1.1)

for the probability  that ¥ is a “success™ assumes that treatment effects are the same
for each center. Since this logit model corresponds to loglinear model (XY,XZ,YZ),
the estimated treatment effects may differ if we collapse the table over the center
factor. That is, the estimated X-Y odds ratio for this model, exp(B¥ — BY), differs
from the sample odds ratio in the marginal 2 X 2 table relating X and ¥ .

Next, consider the simpler model for this three-way table that lacks the center
effects,

logit(m) = a + BX.

For each treatment, this model states that the success probability = is identical for

 each center. The partial and marginal treatment effects are identical for this model.

It satisfies a collapsibility condition, because the model states that Z is conditionally

lmdepf’,nfiem of Y. This logit model is equivalent to loglinear model (XY,XZ) with

Z, for which the X-Y association is collapsible. In

Rk: practice, this suggests that when center effects seem negligible and the simpler model

does not fit poorly compared to the full model (i-e., when center does not seem to
bea “confounding” variable), one can collapse the table and estimate the treatment

S effect using the marginal odds ratio.

» .
1.4 Collapsibility and Association Graphs for Multiway Tables

CThe next resuit provides collapsibility conditions for models for multiway tables.

Suppose that variables in a model for a multiway table partition into three mutually exclusive
s{ubsets, A,B,C,suchthat B separates A and C; thus, the model does not contain parameters

k hn{(ing variables from A with variables from C. When one collapses the table over the

B variables in C, model parameters relating variables in A and model parameters relating
variables in A with variables in B are unchanged.

In other words, suppose that every path between a variable in A and a variable in
volves at least one variable in B. That is, the subsets of variables have the form

A—B——°C(.

ong collapses over the variables in C , the same parameter values relate the
flables in A, and the same parameter values relate variables in A to variables in B.
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It follows that the correspondin,
ratios based on those parameters.
We illustrate using mode] (WX, WY ,WZ,YZ

association graph

LetA = {X},B = {W},and C = {¥.Z}. Since the X-
do not appear in this model, all parameters linking s
separates A and C. If we collapse over ¥ and Z, the
Next, identify A = {¥,Z}, B = {w}c
Y, and Z remain the same when the tabl
When the set B contains more than one variable,
require a slight qualifier. Though the true parameter
one collapses over set C, the ML estimates of those pi
(The estimates are also identical if the model contains

BUILDING AND APPLYING LOGIT AND LOGLINEAR MODELS

variables in B to each other.)

7.15  Model Building for the Dayton Drug-Use Example

Sections 6.2 and 6.3 analyzed data on usage of alcohol (A), cigarettes (C), and
marijuana (M) by a sample of high school seniors. When the students are also
classified by the demographic factors gender (G) and race (R), the five.

g associations are unchanged, as described by odds

) for a four-way table, which has

Y and X-Z association parameters
et A with set C equal zero, and B
W-X association is unchanged,
= {X}. Then, partial associations among W,
e is collapsed over X, 3
the collapsibility conditions
values are unchanged when
arameters may differ slightly,
the highest-order term relating

contingency table shown in Table 7.1 restilts. In selecting a model

we treat A, C, and M as response variables and G and R as expl

Table 7.1  Alcohol, Cigarette,

and Race
Race
Gender Female
Alcohol Cigarette
Use Use Yes No
Yes Yes 405 268
No 13 218
No Yes 1 17
No 1 17

Source: Prof. Harry Khamis, Wright State University.

and Marijuana Use for High School Seniors by Gender

~dimensional,
for these da
anatory variables

ASSOCIATION GRAPHS AND COLLAPSIBILITY 179

Table 7.2 Goodness-of-Fit Tests for Loglinear Models Relating Alcohol (4),
Cigarette (C), and Marijuana (M) Use, by Gender (G) and Race (R)

Model G? df
1. Mutual Independence + GR 1325.1 25

2. Homogeneous Association 5.3 16
3. All Three-Factor Terms 53 6
4a. (2) — AC 2012 17
4b. (2) - AM 107.0 17
4. (2)-CM 5135 17
4d4.(2) - AG 18.7 17
4e.(2) — AR 203 17
4. (2) - CG 16.3 17
4g.(2) — CR 158 17
4h.(2) ~ GM 25.2 17
4i. (2) - MR 18.9 17
5. (AC, AM,CM,AG,AR,GM,GR,MR) 16.7 18
6.(AC,AM,CM, AG, AR, GM, GR) 19.9 19

7.(AC, AM,CM, AG, AR, GR) 288 20

Since G and R are explanatory, it does not make sense to estimate association or
assume conditional independence for that pair. It follows from remarks near the end
of Section 6.5.4 that a model should contain the G-R term, Including this term forces

Table 7.2 displays results of goodness-of-fit tests for several loglinear models.
Because many cell counts are small, the chi-squared approximation for G2 may be
g: Poor. It is best not to take the G2 values too seriously for a particular model, but this |,
Bindex is useful forcomparing models, The first model listed in Table 7.2 contains only

e G-R association and assumes conditional independence for the other nine pairs
3 of associations. It fits horribly, which is no surprise. The homogeneous association
nodel, on the other hand, seems 1o fit well. The only large adjusted residual results
rom a fitted value of 3.1 in the cell having a count of 8.

V' The model containing all the three-factor interaction terms also fits well, but
he improvement in fit is not great (difference in G2 of 15.3 — 5.3 = 10.0 based
16 — 6 = 10). Thus, we consider models without three-factor terms.

Male Female mogeneous association model as the baseline, we eliminate
Marijuana Use that do not make significant contributions. We use a backward
Yes No Yes No Yes
453 228 23 23 30
28 201 2 19 1
| 17 0 1 1 » Shown in models numbered (4a)—(4i) in the table. The
1 133 0 12 0

» compared to mode] (2), occurs in removing the C-R term.
15.3 = 0.5, based on df =17 - 16 = 1, so this elimination

t
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Table 7.3  Fit of Independence Model and Adjusted Residuals for Opinion about

seems reasonable. After removing the C-R term (model 4g), the smallest additional 9 -
Premarital Sex and Availability of Teenage Birth Control

increase results from removing the C-G term (model 3), resulting in G? = 16.7 with %
df = 18, and a change in G2 of 0.9 based on df = 1. Removing next the M-Rterm 3
(model 6) yields G2 = 19.9 with df = 19, achange in G? of 3.2 based ondf = 1.

Teenage Birth Control

) " : . 3 Strongly
At this stage, the only large adjusted residual refers to a fitted value of 2.9 in the § arital Sex " X Strongly
cell having a count of 8. Additional removals have a more severe effect. For i ' Premanta Disagree Disagree Agree Agree
removing next the A-G term increases G2 by 5.3, based on df = 1, for a P-value Always wrong 81 68 60 18
of .02. One cannot take such P-values too literally, since these tests are suggested (42.4) (51.2) (86.4) ©61.0)
by the data, but it seems safest not to drop additional terms. Model (6), denoted by Almost always wrony 76 3.1 —41 —48
(AC, AM,CM, AG, AR, GM, GR), has association graph ¥ & 24 26 29 14
(lg'o) (19.3) (32.5) (25.2)
3 1.8 -0.8 -
M G Wrong only sometimes 18 41 74 4;.8
(30.1) (36.3) 61.2) “1.4)
=27 1.0 22 -1.0
Not wrong at all 36 57 161 157
(70.6) (85.2) (143.8) (111.4)
—6.1 ~4.6 24 6.8
Source: 1991 General Social Survey.
C —— A — R

Consider the sets {C}, {A, M}, and {G, R}. For this model, every path between C 2
{G, R} involves a variable in {A, M}. Given the outcome on alcohol use and mari
use, the model states that cigarette use is independent of both gender and race;
Collapsing over the explanatory variables race and gender, the partial associationg
between C and A and between C and M are the same as with the model (AC, AM, Ci
fitted in Section 6.2.3.

Suppose we remove the G-M term from this model, yielding (AC, AM,CM, AGY
AR, GR), model (7) in Table 7.2. Its association graph reveals that {G, R} are separated]
from {C, M} by A. It follows that alt pairwise partial associations among 4, C, and M}
in model (7) are identical to those in model (AC, AM, CM), collapsing over G and R
In fact, model (7) does not fit all that poorly (G? = 28.8 withdf = 20, and only ong
adjusted residual exceeds 3), especially considering the large sample size. Its sampid
dissimilarity index equals D = .036. For practical purposes, one may be able 13
collapse over gender and race in studying associations among the drug-use variableg
An advantage of the full five-variable model portrayed by the above graph is thi
one can also study the effects of gender and race on these responses, in particular tig
effects of race and gender on alcohol use and the effect of gender on marijuana usg

Table 7.3, taken from the 1991 General Social Survey, illustrates the inadequacy
of ordinary loglinear models for analyzing ordinal data. Subjects were asked their
¥ opinion about a man and woman having sex relations before marriage, with possible
f responses “always wrong,” “almost always wrong,” “wrong only sometimes,” and
" “not wrong at all.” They were also asked if they “strongly disagree,” “disagree,”
“agree,” or “strongly agree” that methods of birth control should be made available to
teenagers between the ages of 14 and 16. Both classifications have ordered categories.

For these data, the loglinear model of independence (i.c., model (6.1.1)), whick

we denote by /, has goodness-of-fit statistics G2(/) = 127.6 and X?(/) = 128.7,
Pased on df = 9. These tests of fit are simply the tests of independence presented
in S.ecuon 2.4. The model fits poorly, providing strong evidence of dependence. Yet,
jad "lg the ordinary association term makes the model saturated (model (6.1.2)) and
of little use.
] Table 7.3 also contains fitted values and adjusted residuals (Section 2.4.5) for
e independence model. The residuals in the comers of the table are very large.
O rved counts are much larger than the independence model predicts in the comners
Where both responses are the most negative possible (“always wrong” with “strongly
s agree”) or the most positive possible (“not wrong at all” with “strongly agree”).
vy contrast, observed counts are much smaller than fitted counts in the other two
: ners, wh‘ere one response is the most positive and the other is the most negative.
Foss-classifications of ordinal variables often exhibit their greatest deviations from
dependence in the comer cells. This pattern for Table 7.3 indicates lack of fit in the
D - of a positive trend. Subjects who feel more favorable to making birth control
eilable to teenagers also tend to feel more tolerant about premarital sex.

7.2 MODELING ORDINAL ASSOCIATIONS

The loglinear models presented so far have a serious limitation: they treat all clasg
fications as nominal. If we change the order of a variable’s categories in any Wa}\ g
get the same fit. For ordinal data, these models ignore important information.
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The independence model is too simple to fit most data well. Models for ordinal
variables use association terms that permit negative or positive association trends.

The models are more complex than the independence model yet simpler than the
saturated model.

721 Linear-by-Linear Association

This section presents an ordinal loglinear model for two-way tables. It requires
assigning scores {&;} to the / rows and {u;} to the J columns. To reflect category
orderings, uy Su; =+~ <y andyy < vy < - < vy. The model is

logpij = A+ AX + Af + Bujv;. (721) |

The independence model is the special case 8 = 0.
Model (7.2.1) has form

log u;; = independence + Bujv;.

The final term represents the deviation of log g; ;; from independence. The deviation
is linear in the ¥ scores at a fixed level of X and linear in the X scores at a fixed level
of Y. In column j, for instance, the deviation is a linear function of X, , having form
(slope) X (score for X), with slope Bu;. Because of this property, (7.2.1) is called!
the linear-by-linear association model (abbreviated, L X L). This linear-by-li
deviation implies that the model has its greatest departures from independence in th
comers of the table.

The parameter B in model (7.2.1) refers to the direction and strength of associ-
ation. When 8 > 0, there is a tendency for ¥ to increase as X increases. Expected
frequencies are larger than expected (under independence) in cells of the table whes
X andY are both high or both low. When 8 < 0, thefe is a tendency for Y to decrease]
as X increases, and for expected frequencies to be relatively larger in cells where X if]
high and Y is low or where X is low and Y is high. When the data display a positive;
or negative trend, this model usvally fits much better than the independence model
We describe associations for this model using odds ratios for pairings of categories}
For the 2 X 2 table using the cells intersecting rows a and ¢ with columns b and d3
the model has odds ratio equal to

#"%‘: = explBluc — ug)vg — wy)]. 023

The association is stronger as || increases, For given f3, pairs of categories that af§
farther apart have greater differences between their scores and odds ratios f2
from 1.

In practice, the most common choice of scores is {i; = i}and {v; = j}, simply 3
row and column numbers. These scores have equal spacings of 1 between each pij
of adjacent row or column scores. The odds ratios formed using adjacent rows &8

" Table7.4reportsfitted values for the linear-by-
i to the opinions about premarital sex and availabil
scores {1,2,3, 4} and column scores {1, 2, 3,
g uniform association version of the model are G2(L X L) = 1.5 and XULXL) = 115,
withdf = 8. Compared to the independence model, for which Gl = 127.6 with
df =9, the L X L model provides a dramatic impi
noticeable in the corners of the table.
f- The ML estimate of the association parameter is 8 = 0.286, with ASE = 0.028.
B The positive estimate suggests that subjects having more favorable attitudes about
availability of teen birth control also tend to have more tolerant attitudes about
g premarital sex. The estimated local odds ratio is exp(B) = exp(0.286) = 1.33. The
".. ngth of association seems weak. From (7.2.2), however, nonlocal odds ratios are
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adjacent columns are called local odds ratios. For these unit-spaced scores, (7.2.2)
simplifies 5o that f is the common value of all the local odds ratios. Any set of

equally-spaced row and column scores has the property of uniform local odds ratios.
‘This special case of the model is called uniform association. Figure 7.1 portrays some
of the local odds ratios that take uniform value in this model.

Fitting the linear-by-linear association model requires iterative methods. The
model’s fitted values, like those for the independence’ model, have the same row
and column totals as the observed data. In addition, the correlation between the row
scores for X and the column scores for ¥ is the same for the observed counts as it is
for the joi'n‘t distribution given by the fitted counts. Thus, the fitted counts display the
same positive or negative trend as the observed data. Unlike the observed data, the
fitted counts exactly satisfy the odds ratio pattern (7.2.2) implied by the model. Since
the model has one more parameter () than the independence model, its residual
df =1J —1 — J are | less; it is unsaturated whenever/ > 2orJ > 2.

7.22 Sex Opinions Example
-linear (L X L) association model applied

ity of teen birth control, using row
4}. The goodness-of-fit statistics for this

rovement in fit. This is especially

N

%

plied by uniform association model. {Note: 8 = the constant log
columns.)

'{.l Constant local odds ratio imy
B fatio for adjacent rows and adjacent
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Table 7.4 Fit of Linear-by-Linear Association Model for Table 7.3
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Teenage Birth Control

statistics between the independence (/) and L X [, models,

GMILXL) =G~ GML x L), (7.2.3)
Strongly Strongly

Premarital Sex Disagree Disagree Agree Agree This statistic refers to a single parameter (8), and is based on df = 1. For Table
Always wrong 81 68 60 38 7.3, the reduction is 127.6 — 11.5 = 116.1. This has P < 0001, extremely strong

(80.9) (67.6) (69.4) 29.1) evidence of an association.
Almost always wrong 2 26 29 14 The Wald statistic 22 = (B/ASE)? provides an alternative test for this hypothesis.
(20.8) 3. (31.5) (17.6) Itis also a chi-squared statistic with df = 1. For these data, 22 = (0.286,/0.0282)% =
Wrong only sometimes 18 41 74 42 102.4, also showing strong evidence of a positive trend. The correlation statistic
(24.4) (36.1) (65.7) (48.8) (2.5.1) presented in Section 2.5.1 for testing independence with ordinal datais usually
Not wrong at all (22.0) (g;l) (}2,4) (::;5) similar to the likelihood-ratio and Wald statistics for testing 8 = 0 in this model. (In

stronger. For instance, the estimated odds ratio for the four comer cells equals
explBlus — uy)(vs — v)] = exp[0.286(4 — 1)(4 — 1)] = exp(2.57) = 13.1.

One can also obtain this value directly using the fitted values for the corner cells in'
Table 7.4; that is, (80.9)(155.5)/(29.1)(33.0) = 13.1. For those who “strongly agree™
with availability of teen birth control, the odds of response “not wrong at all” instead
of “always wrong” on premarital sex are estimated to be 13.1 times the odds for those}

who “strongly disagree” with availability of teen birth control.

Two sets of scores having the same spacings yield the same estimate of 8 and th
same fit. For instance, {u; = 1,u; = 2,43 = 3,uy = 4} yields the same results ag
{uy = =15, = =0.5,u3 = 0.5,us = 1.5}. Any other sets of equally spaced scored}
yield the same fit but an appropriately rescaled estimate of 8, so that the fitted odds
ratios (7.2.2) do not change. For instance, the row scores {2, 4, 6,8} with {v =N
also yield G* = 11.5, but have B = 0.143 with standard error 0.014 (both half +§

large).

It is not necessary to use equally-spaced scores in the L X L model. For thi)
classifications in Table 7.3, one might regard categories 2 and 3 as farther apart
categories 1 and 2 or categories 3 and 4. To recognize this, one could assign scorg
such as {1,2,4,5} to the row and column categories. The L X L model then 2
G* = 8.8. One need not, however, regard the model scores as approximations f
distances between categories. They simply imply a certain pattern for the relat

not discussed here, treat the row and/or column scores as parameters estimated

the data.

7.2.3 Ordinal Tests of Independence

For the linear-by-linear association model, the hypothesis of independence is g
B = 0. The likelihood-ratio test statistic equals the reduction in G? goodness-off

fact, it is the efficient score statistic.) For Table 7.3, it equals 112.6, also based on
df = 1.

Generalizations of the linear-by-linear association model exist for multi-way
tables. We discuss one of these in the following section. Sections 8.2 and 8.3 present
other ways of using ordinality, based on models that create logits for an ordinal
response variable.

& 73 TESTS OF CONDITIONAL INDEPENDENCE

i This section discusses ways of testing the hypothesis of conditional independence
in three-way tables. Likelihood-ratio tests compare the fit of two loglinear or logit

- models. Alternatively, one can use generalizations of the Cochran-Mantel-Haenszel
statistic.

73.1 Using Models to Test Conditional Independence

Section 6.3.4 showed how to test a partial association by comparing two loglinear
models that contain or omit that association. The likelihood-ratio test compares the
models by the difference of the G? goodness-of-fit statistics, which is identical to the
fdifference of deviances (Section 4.5.3).
Animportant application of this test refers to the null hypothesis of X-Y conditional
dependence. One compares the model (XZ,YZ) of X-Y conditional independence
0 the more complex model (XY, XZ, YZ) that contains the X-¥ association. The test
Patistic is G2[(XZ,YZ) | (XY,XZ,YZ)} = GHXZ,YZ) — GX(XY,XZ,YZ). This test
umes that the homogeneous association model (XY, XZ, YZ ) holds. It is a test of
o : all AXY = 0 for this model.
- When Y is binary, this test relates to logit models. The model for the logit of the
probability 7 that Y = |

logit(m) = a + BY + BZ,

grresponds to loglinear model (XY, XZ, YZ). The null hypothesis of X-Y conditional
RFependence is Hy : all BX = 0 for this model. The likelihood-ratio test statistic is
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the difference between G? statistics for the reduced model logit() = o + BZ and
the full modet for the three-way table.

For 2X2 X K tables, the test of conditional independence comparing two loglinear
or logit models has the Same purpose as the Cochran-Mantel-Haenszel (CMH) test ‘
(Section 3.2). The CMH test works well when the X-Y odds ratio is similar in each :
partial table. In this sense, it is also naturally directed toward the alternative of
homogeneous association. For large samples, the model-based likelihood-ratio test

A statistic of form G¥(XZ, YZ)does not require an ption about h
association. Since it is identical to G*(xz, YZ)| (xyz)) = GX Xz, YZ) - G;(XYZ),
the null hypothesis for this test is Hy :all A;‘;Y = 0 and all AXZ = 0 in the saturated
loglinear model. The statistic could be large if there js three{factor interaction, or if
there is no three-factor interaction but conditional dependence.,

three-factor interaction, the CMH test and the likelihood-ratio comparison statistic
GA(XZ,YZ) | (xY, XZ,YZ)] are more likely to yield small P-valyes. In testing that the
X-Y association parameters alone are zero, those chi-squared tests focus the analysis

7.32  Job Satisfaction and Income Example

Table 7.5, from the 199] General Social Survey, refers to the relationship between job
satisfaction (S) and income (1), stratified by gender (G). The test of the hypothesis of
{-§ conditional independence compares the conditional independence model (GI,Gs)
to model (IS, G/, GS). This analysis checks whether one can eliminate the /-S associ-
ation term from model (I8, GI, GS), assuming that that model holds. The fit statistics
are GXGI,GS) = 19.4, with df = 18, and GX(IS,GI,GS) = 1.1, with df =9,
Comparing the models, GY(GI,GS) | US,GL,GS)] = 194~17.1 = 12.3, based
ondf = 18 ~ 9 = 9, This gives P = .20 and does not provide evidence of an
association. 3

The baseline models in this test and the test using GZ[(GI, GS) | s, G, GS)] treat
income and job satisfaction as nominal, but they are ordinal, More powerful tests
of conditional independence exploit the ordinality. We next construct a test using an
ordinal loglinear modet.

. 734 Detecting Ordinal Conditional Association

i Generalizations of the linear-by-linear association model (7.2.1) apply to modeling
association between ordinal variables X and Y while controlling for a third variable

7.33 Direct Goodness-of-Fit Test that may be nominal or ordinal, A useful model,

Another way to test the hypothesis of /-S conditional independence compares the-
model (GI, GS) directly to the saturated model. That is, one tests the hypothesis by 1
performing a goodness-of-fit test of the model. For Table 7.5, GHGI,GS) = 194
with df = 18. This test of conditional independence has P-value of .37. Again, I-§
conditional independence is plausible.

log pyjp = A +A¥ + A o+aZ+ Buiv; + A% + ME, (7.3.1)

Table 7.5 Job Satisfaction and Income, Controlling for Gender ~~
Job Satisfaction

Very A Little Moderately k .The conditional independence model (XZ,YZ) is the special case of this model

Gender Income Dissatisfied Satisfied Satisfied = 0.One canuse the ordinality of X and ¥ in testing conditional independence

Fomale < 5000 1 3 T ) comparing G2 for model (7.3.1) to G2 for model (XZ, YZ), or by forming the Wald
5000-15,000 5 3 17 3 pltistic 72 = (B/ASEY2. These statistics concentrate evidence about the association
15,000-25,000 0 1 8 5 0N 2 single degree of freedom. Unless model (7.3.1) fits very poorly, these tests are
> 25,000 0 2 4 2 H0re powerful than tests that ignore the ordering.

Male < 5000 1 1 2 1 For Table 7.5 with scores {1,2,3,4} for income and job satisfaction, the ho-
5000-15,000 0 3 5 1 flogeneous L X L model (7.3.1) has G? = 12.3, with df = 17; by comparison,
15,000-25,000 0 0 7 3 2 = 19.4 with df = 18, The difference equals 7.1, with df = 1, and
> 25,000 0 1 9 6

128 P = 01 for testing conditional independence. This contrasts with the lack of

Source: 1991 General Social Survey, ¥ idence Provided by models that ignore the ordinality.
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The positive ML estimate 8 = 0.388, based on ASE = 0.155, reveals a tendency
for job satisfaction to be greater at higher levels of income. The estimated local odds
ratio for each gender is exp(0.388) = 1.47. The Wald statistic 22 = (0.388/0.155)2 =
6.3, with df = 1, also provides strong evidence of an association (P = .01).

7.3.5 Generalized Cochran-Mantel-Haenszel Tests

Alterative tests of conditional independence generalize the Cochran-Mantel- |

Haenszel (CMH) statistic (3.2.1) to / X J X K tables. Like the CMH statistic and
the model-based statistic G2[(XZ, YZ) | (XY, XZ, YZ)], these statistics perform well
when the X-Y association is similar at each level of Z. There are three versions,
according to whether both, one, or neither of X and Y are treated as ordinal.

When X and Y are ordinal, the test statistic generalizes the correlation statistic
(2.5.1) for two-way tables. It is designed to detect a linear trend in the X-Y association
that has the same direction in each partial table. The statistic takes larger value as the
correlation increases in magnitude and as the sample size grows in each table.

The generalized correlation statistic has approximately a chi-squared distribution
with df = 1. Its formula is complex (Agresti (1990), p. 284), and we omit computa-
tional details since it is available in standard software. In fact, it is the efficient score
statistic for testing that 8 = 0 in model (7.3.1). For large samples, it usvally gives
similar resutlts as the likelihood-ratio ic or the Wald ic for that hypothesi

For Table 7.5 with the row and column numbers as the scores, the sample correla-
tion between income and job satisfaction equals .171 for females and .381 for males.
The generalized correlation statistic equals 6.6 with df = 1 (P = .01), giving the
same conclusion as the likelihood-ratio and Wald tests of the previous subsection.

Often scores other than the row and column numbers are more sensible. For
instance, with grouped continuous variables, one might use scores that are midpoints
of the class intervals. For Table 7.5, the row scores (3, 10, 20, 35) use midpoints of
the middle two categories, in thousands of dollars. Alternatively,;midrank scores are
based on the relative numbers of observations in the various response categories.
When in doubt about scoring, perform a sensitivity analysis by using a few different
choices that seem sensible. Unless the categories exhibit severe imbalance in their]
totals, the choice of scores usually has little impact on the conclusion. Different,
choices yield similar results for Table 7.5. For the scores (3, 10,20, 35) for income]
and (1, 3, 4, 5) for satisfaction, for instance, the generalized correlation statistic equals;
6.2 withdf = 1 (P = .01).

1-Ordinal Conditional Associati

7.3.6 Detecting N

When X is nominal and Y is ordinal, scores are relevant only for levels of Y. wg
summarize the responses of subjects within a given row by the mean of their s
on the ordinal variable and then average this row-wise mean information across the A
strata. The test of conditional independence compares the / rows using a statistic bas
on the variation in those / averaged row mean responses that is designed to detog
differences among their true values. It has a large-sample chi-squared distributiod

bis similar for each gender, roughly i
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with df = (I — 1). The power is strong when the differences among the row means
are similar in each partial table.

The formula for the test statistic is complex (Agresti (1990), pp. 286-287). We
present it only for the special case of a two-way table (i.e., K = 1), to illustrate the
basic idea. For column scores {v;}, let 3; = 3~ ; Uinij/ni+. The numerator sums the
scores on Y for all subjects in row i, and the denominator is the sample size for that
row. The measure J; is the sample mean response on the ordinal variable ¥ in row i,
for the chosen scores. Let y = 3~ ; Ui+ j/n denote the mean response on Y for the
overall sample, using the column totals. The test statistic equals

>inis(3i = P

F——
Ej”,-"ﬂ ny

(n—1 (7.3.2)

If Y were normally distributed, a one-way ANOVA would compare means of ¥
for / levels of a nominal variable X. Thus, statistic (7.3.2)isan analog of a one-way
ANOVA statistic when Y is ordinal categorical rather than continuous. In fact, with
midrank scores for {v}}, it is the Kruskal-Wallis statistic for comparing mean ranks
for { groups. When ! = 2, it is identical to the correlation statistic (2.5.1), which then

- compares two row means. For K partial tables, the formula for the test of whether the

row mean scores differ is complex, but it is available in standard software. It is the

b- efficient score test for a generalization of model (7.3.1) in which the row scores are

parameters.

For Table 7.5, this test treats job satisfaction as ordinal and income (the row
variable) as nominal. The test searches for differences among the four income
levels in their mean job satisfaction. Using scores {1,2,3,4}, the mean job satis-

I faction at the four levels of income equal (2.82,2.84,3.29,3.00) for females and

(2.60,2.78,3.30,3.31) for males. For instance, the mean for the 17 females with in-
come < 5000 equals [1(1) + 2(3) + 3(11) + 4(2))/17 = 2.82. The pattemn of means
ing as income i . The generalized
CMH statistic for testing whether the true row mean scores differ equals 9.2 with
df =3(P = .03).

$ Unlike this statistic, the correlation statistic of the previous subsection also treats
rows as ordinal. It detects a linear trend across rows in the row mean scores, and
it utilizes the approximate increase in mean satisfaction as income increases. One
£an use the nominal-ordinal statistic based on variability in row means when X and
{“are ordinal, but such a linear trend may not occur. For instance, one might expect
ponses on ¥ to tend to be higher in some rows than in others, without the mean of
creasing consistently or decreasing consistently as the level of X increases. An
rdlogous test treats X as ordinal and ¥ as nominal and compares J mean scores on
dcomputed within columns. It has df =J - 1.

8.7 Detecting Nominal-Nominal Conditional Association

A t!_le( CMH-type statistic, based on df = (I — 1)(J — 1), provides a “general
pociation” test. It is designed to detect any type of association that is similar in
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Table 7.6 Summary of Generalized Cochran-Mantel-Haenszel Tests of Conditional

In most cases, even though a cell is empty, ity " :
Independence for Table 7.5 & PLY, its true probability is positive. That is,

itis theoretically possible to have observations in the cell, and a positive count would

Altemnative Hypothesis Statistic df P-value occur if the sample size were sufficiently large. This type of empty cell is called
= ipling zero. The empty cells in Table 7.1 on dru ust i : 2
General association 10.2 9 34 . : . g use and in Table 7.5 on job
] satisfaction are sampling zeroes. J
Row mean scores differ 92 3 03 An empty cell i i i
Nonzero correlation 66 \ o1 pty cell in which observations are theoretically impossible is called a

structural zero. Such cells have true probabilities equal to i
zero regardless of the sample size. To illustrate, su:qpose th:f;‘o?::s:: :::1" ]com:(lil o
a given department at the University of Rochester for at least five years wfrez .
classified on their current rank (assistant professor, associate professor, profess ;055‘;
their rank five years ago. Professors cannot be demoted in rank, so Ll;me of t}:’; nzfn
cells in the table contain structural zeroes. One of these is the cell correspondin, ut\e
the rank f’f professor five years ago and assistant professor now; it cannot conmingano
obbslgrvauons. Contingency tables containing structural zeroes are called incompleti
tables.

s?mplmg zeroes are part of the observed data set. For instance, a count of 0 is a
possible outcome for a Poisson variate. It contributes to the likelihood function and
4 the model-fitting process. A structural zero, on the other hand, is not an observation

and is not part of the data. Sampling zeroes are much more common than structurat
' zeroes, and the remaining discussion refers to them.
‘ Sampling zeroes can affect the existence of ML estimates of loglinear and logit
model parameters. When all cell counts are positive, parameter estimates are nec-
essarily finite. When any marginal counts corresponding to qualitative terms in a
; mode} equal zero, infinite estimates occur for that term. For instance, when any X-Y
margmal totals equal zero, infinite estimates occur among {AX"'} for loglinear models
such as (XY, XZ, YZ) and (XY, XZ), and infinite esti BX
effect of X on Y in logit models. ) 1o csmates coone moog {5} for the
A w{alue of @ (or —o) for a parameter estimate means that the likelihood function

keeps increasing as the parameter moves toward o (—). Such results imply that ML

 fitted values equal 0 in some cells, and some odds ratio estimates have values of o
for 0. Most software cannot distinguish and does not indicate when infinite estimates
foccur. One po'temial sign is when the iterative process for fitting the model does not
Fconverge, typlcal.ly b'ecausc a parameter estimate keeps getting larger from cycle to
.clc‘ Another sign is when the software reports large estimates, in relative terms,

ith i i i
This section discusses the effects of small cell counts on the fitting of loglinear modelg tn very large estimated standard errors. Slight changes in the data then often cause
atic changes in the estimates and their standard errors. A danger with sparse

and logit models to contingency tables. Tables having many cells with small counts arg ais that one might not realize th : fosng s
said to be sparse. Spalse tables occur when the sample size is small. ’I‘h-ey also quence repor? cslimat:d le.zl:ielctin ;gu . ef“’"?ﬂd ":ff‘."“ i foremeos et
when the sample size is large but so is the number of cells. Sparseness is common } d alid and h1 hl tabl results of statisical inferences that are
tables with many variables or with classifications having several categories. A'Empty cellgs ai;: ::Jarsee}ables can cause severe bias in estimators of odds
‘ ! bles c e bias in estimators of ratios
o poor ch}-sc!uared approximations for goodness-of-fit statistics. One remedy to
: ation bias istoadd a s‘mall constant to cell counts before conducting an analysis.
;.‘ tlu'atcd mf)dcls, adding % to each cell reduces the bias in sample odds ratio
.v." to.rs (Sectl.on 2.3.3). For instance, this shrinks infinite (or zero) estimates of
;s ratios to finite values corresponding to positive probabilities in all the cells. For

each partial table. It treats both X and Y as nominal, so does not require category
scores. Because of its complexity (Agresti (1990), pp. 234-235), we do not present ts
formula, but it is available in software. It is an efficient score test of X-Y conditional
independence for loglinear model (XY,XZ,YZ). For a single table (K = 1), the §
general association statistic is similar to the Pearson chi-squared statistic, equaling 3
[n/(n — DIX% !

For Table 7.5, the general association statistic equals 10.2, withdf = 9(P = .34). i
We pay a price for ignoring the ordinality of job satisfaction and income. For ordinal
variables, the general association test is usually not as powerful as narrower tests with
smaller df values that use the ordinality.

Table 7.6 summarizes results of the three generalized CMH tests for I X J XX
tables applied to Table 7.5. (The format is similar to that used by SAS with the CMH
option in PROC FREQ.) The general association alternative treats both X and Y as.
nominal, and has df = (I — 1)(J — 1) = 9. It is sensitive to any departure that is
similar in each level of Z. The row mean scores differ altemative treats the rows of X;
as nominal and the columns of Y as ordinal and has df = / — 1 = 3. It is sensitivet
to variation among the / mean scores on ¥ computed within levels of X, when the}
nature of that variation is similar in each level of Z. Finally, the nonzero correlation}
alternative treats both X and Y as ordinal and has df = 1. Its test statistic is sensitive)
to a linear trend between X and Y that is similar in each level of Z. When/ = J =12,
all three test statistics have df = 1 and simplify to the CMH statistic (3.2.1).

i i

7.4 EFFECTS OF SPARSE DATA

7.4.1 Empty Cells

Sparse tables usually contain cells with zero counts. Such cells are called empty c48
and are of two types: sampling zeroes and structural zeroes.
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unsaturated models, though, adding 4 to each cell before fitting the model smooths Table 7.7 Clinical Trial Relating Treatment (T) to Response (R) for Six Centers (C),
the data too much, causing havoc with sampling distributions. This operation has too with 7-R and C-R Marginal Tables
conservative an influence on fitted odds ratios and test statistics. Response -
po C-R Marginal

Many ML analyses for unsaturated models are unharmed by empty cells. For Center Treatment s - _—
instance, when a single cell is empty, finite estimates exist for all parameters in uccess atlure Success Failure
unsaturated models presented so far. In fact, they usually exist when all the margina 1 Active Drug 0 S
totals corresponding to terms in the model are positive. Even when a parameter Placebo 0 9 0 14
estimate is infinite, this is not fatal to data analysis. Though an infinite estimate for 2 Active Drug I 12
an odds ratio is rather unsatisfactory, one can construct a confidence interval for the Placebo 0 10 1 2
true odds ratio for which one bound is finite (Section 5.7.3). : 3 Active Drug 0 7

When iterative fitting processes fail to converge because of infinite estimates, Placebo 0 5 0 12
adding a very small constant (such as 107%) is adequate for emudng convergence, 4 Active Drug 6 3
One can then estimate parameters for which the true estimates are finite and are not Placebo 2 6 8 9
affected by the empty cells, as the example in the foliowing subsectio'n_sl'mwsA When 5 Active Drug 5 9
in doubt about the effect of empty cells, one should perform a sensitivity analysis, 7 21

N . ) . Placebo 2 12

Repeat the analysis by adding constants of various sizes, (say .00000001, .0001, 01, .
-1) in order to gauge their effect on parameter estimates and goodness-of-fit statistics, TR a Qlcm’;ob"“g 12 36
The total count added should be only a tiny percentage of the total sample size. Margin ace! 4 42

Also, for each possibly influential observation, delete it or move it to another cell
to see how much the results vary with small perturbations to the data. Often, some
associations are not affected by the empty cells and give stable results for the various
analyses, whereas others that are affected are highly unstable. Use caution in making
conclusions about an association if small changes in the data are highly infiuential. In
some cases, it makes sense to fit the model by excluding part of the data containing
empty cells or by combining that part with other parts of the data.

An alternative to ML estimation, using Bayesian methods, provides a way o
smoothing data in a less ad hoc manner than adding arbitrary constants to cel
Bayesian methods are beyond the scope of this text, but Bishop et al. ((1975), Ch
12) and Agresti ((1990), Sec. 13.4) describe their use for dealing with sparse data.

~ Source: Diane Connell, Sandoz Pharmaceuticals Corp.

5, are truly infinite as large numbers with large standard errors. For instance, when SAS
B (GENMOD) fits the logit model (setting the center estimate to be 0 for Center 5),
, the reported center estimates for Centers 1 and 3 are both about —26 with standard
errors of about 200,000.

. The counts in the 2 X 2 marginal table relating treatment to response, shown in
the bottom panel of Table 7.7, are all positive. The empty cells in Table 7.7 affect the
center estimates, but not the treatment estimates, for this logit model. For instance,
if we add any positive constant to each cell, the fitting process converges, all center
jparameter estimates being finite; moreover, the treatment effects and goodness of fit
t as the addition of any such constant less than 0.001 yields an estimated log
0dds ratio equal to 1.55 for the treatment effect (ASE = 0.70) and a G? goodness-of-fit
fatistic equal to 0.50.

This treatment estimate also results from deleting Centers 1 and 3 from the analysis.
Jhen a center contains responses of only one type, it provides no information about
association between treatment and response. In fact, such tables also make no

ibution to the Cochran-Mantel-Haenszel test (Section 3.2.1) or to the exact test
conditional independence between treatment and response (Section 3.3.1).
 An alternative strategy in multi-center analyses combines centers of a similar type.
, if each resulting partial table has responses with both outcomes, the inferences
all data. This, however, affects somewhat the interpretations and conclusions
from those inferences. For Table 7.7, perhaps Centers 1 and 3 are similar to
T 2, since the success rate is very low for that center. Combining these three
™s and re-fitting the model to this table and the tables for the other two centers
15 an estimated treatment effect of 1.56 (ASE = 0.70), with G* = 0.56.

742 Clinical Trials Example

Table 7.7 shows results of a clinical trial conducted at five centers. The purpose
to compare an active drug to placebo in terms of a binary (success, failure) respons
for treating fungal infections. For these data, let C = Center, T = Treatment (Activg]
drug or Placebo), and R = Response.

Centers 1 and 3 had no successes. Thus, the 6 X 2 marginal table relating centej
to response, collapsed over treatment, contains zero counts. This marginal tabls
is shown in the last two columns of Table 7.7. Infinite ML estimates occur fo
terms in loglinear or logit models containing the C-R association. An example J
the logit model containing main effects for C and T in their effects on R. TH
likelihood function continually increases as the parameters for Centers 1 and;
decrease toward —eo; that is, as the logit decreases toward —, so the fitted probabilig
of success decreases toward 0 for those centers. Most software reports estimates (4
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7.4.3 Effect of Small Samples on X? and G?

The true sampling distributions of goodness-of-fit statistics converge to chi-squared
as the sample size n — oo, for a fixed number of cells N. The adequacy of the chi-
squared approximation depends both on » and N. It tends to improve as n/N, the
average number of observations per cell, increases.

The quality of the approximation has been studied carefully for the Pearson X test
of independence for two-way tables. Most guidelines refer to the fitted values. When
df > 1, a minimum fitted value of about 1 is permissible as long as no more than
about 20% of the cells have fitted values below 5. The size of permissible fitted values
decreases as N increases. However, the chi-squared approximation can be poor for
sparse tables containing both very small and very large fitted values. Unfortunately,
a single rule cannot cover all cases.

The X? statistic tends to be valid with smaller samples and sparser tables than
G2. The distribution of G is usually poorly approximated by chi-squared when n/N 7
is less than 5. Depending on the sparseness, P-values based on referring G*oa £
chi-squared distribution can be too large or too small. When most fitted values are ¥
smaller than 0.5, treating G* as chi-squared gives a highly conservative test; that
is, when Hy is true, reported P-values tend to be much larger than true ones. When
most fitted values are between about .5 and 5, G2 tends to be too liberal; the reported
P-value tends to be too small.

For fixed values of n and N, the chi-squared approximation is better for tests with
smaller values of df. For instance, consider tests of conditional independence in
I X J X K tables. The statistic G*((XZ, YZ) | (XY,XZ,YZ)}, which has df = (I -
1)(J = 1), is closer to chi-squared than GX(XZ, YZ), whichhas df = K(I — I}XJ - 1).
The ordinal test based on the homogeneous L X L association model (7.3.1) has
df = 1, and behaves even better. It is difficult to provide general guidelines about
how large n must be. The adequacy of model-comparison tests depends more on the
two-way marginal totals than on cell counts. Cell counts can be small (which often
happens when X is large) as long as most totals in the two-way marginal tables exceed
about 5.

When cell counts are so sfnal that chi-squared approximations may be inadequate,
one could combine categories of variables to obtain larger counts. This is usuaily not
advisable unless there is a natural way to combine them and little information loss,
in defining the variable more crudely. In any case, poor sparse-data performance of
chi-squared tests is becoming less problematic because of the development of exacy
small-sample methods. This text has presented several exact tests, such as Fisher's]
exact test for 2 X 2 tables and analogous exact tests for / X J tables (Section 2.6

tests for logistic regression (Section 5.7).

Exact analyses are now feasible due to recent impro incomp
sophistication of algorithms. For instance, the StatXact software conducts many ¢
inferences for two-way and three-way tables and LogXact handles exact inference i3
logistic regression. In principle, exact inferences about parameters or about goodneg
of fit exist for any loglinear or logit model, and software should soon enable us §
conduct exact analyses for general situations.
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7.5 SOME MODEL-FITTING DETAILS*

Mosl nonstatisticians will not have the interest or the prerequisite theoretical back-
ground to understand all the technical details underlying loglinear and logit model-
fitting and inference. This is not a handicap for applying the methods -n:,g this text
has omitted theoretical derivations in favor of emphasizing applicati(;n ;"ntc re-
tation of models. With available software, one can fit models and analan ;af;gﬂs
without understanding how one maximizes likelihood functions, de 'zu tandard
error formulas, proves large-sample chi-squared distributions for ;( 2 a?ldeé; and so
forth. This section provides a brief introduction to these to b

i i : ics by givi isti
discussion of some loglinear and logit model-fitting delai]sp Y giving a heuristic

7.5.1 Sufficient Statistics and Likelihood Equations

Loglinear and logit models have fitted values and ML of model par

that depend on the data only through certain sufficient statistics. One can I;e lace the
da‘: liy these summary statistics without losing any information needed :’o fit the
model.

For models with qualitative factors, the sufficient summaries of the data are
marginal counts for terms in the model. For loglinear model (XZ,Y2Z), for instance.
the sufficient statistics are the X-Z and Y-Z two-way marginal tables {n,-,,',} and {n, j },
Every three-way table having the same entries in these two marginal tables ha;lt.:)e

- same fit.

T‘he.ML parameter estimates provide fitted values that satisfy the model and
maximize the likelihood function. The estimates are solutions to a set of likelihood

equations, which equate the fitted values to the sufficient statistics. For i
3 tan
model (XZ, YZ) has likelihood equations " intanee,

fivk = Rigg, foj = N i

g The’ fitted values satisfy the model but have the same X-Z and ¥-Z marginal totals
as the observed data. The formula for the fitted values for model Xz, YtZ) is fiip =

Rk jx /4 k. One can verify from this formula that the likelihood equations hold;

that is, the X-Z and Y-Z marginals of {{1;;} equal the corresponding observed totals.

Fitted values for loglinear models have similarities to the sample data, since certain

‘marginal totals are the same for each. The fitted values are smoothed versions of the
‘ﬂmple counts that match them in those margins, but which have associations and

actions satisfying the model. For instance, though the fitted values for model

PXZ, YZ) match the data in the X-Z and Y-Z margins, they have X-Y conditional odds

s equal to 1.0 at each level of Z. Analogous results apply to logistic regression

tod !s. For either model type, a parameter estimate is infinite when its sufficient

atistic takes its maximum or minimum possible value. This happens, for instance,

Mhen a sufficient marginal total for a loglinear model equals zero.

Many loglinear a'nd .logit .models do not have direct ML estimates. Unlike model
.YZ), they require iterative algorithms for solving likelihood equations to pro-

- fitted values and parameter estimates. The most popular iterative procedure is
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the Newton-Raphson method. This method, described in Section 4.5.1, maximizes
successive parabolic approximations for the log likelihood function. Calculations for
doing this involve solving a system of linear equations at each step. The parameter
values that maximize the parabolic functions serve as successive approximations for
the ML estimates.

7.5.2  Asymptotic Chi-Squared Distributions

We next sketch the reason that X? and G? statistics for testing model fit have large-
sample chi-squared distributions. Consider the sampling scheme by which N cell
counts {n;} are Poisson variates with means {u;}. For simplicity, we use a single
subscript, though the table may have any dimension.

The X? statistic has form X2 = 3" e?, where ¢; = (n; — )/ /i is the Pearson
residual for cell i. This residual estimates (n; — p)/ \/_-, which has a large-sample
standard normal distribution, since the Poisson distribution is approximately normal 3
when its mean, which is also its variance, is large. Squaring standard normal variates
produces chi-squared variates with df = 1. Adding N independent chi-squared
variates withdf = 1yields a chi-squared variate withdf = N.Thus, 3 (n; — u;)?/, ™
has an approximate chi-squared distribution with df equal to the number of cells, N.

The df for X2 do not equal N, however, because substituting {f;} for {s;} in the
Pearson residuals {e;} reduces their variance and yields correlated values. The d. 'f equal
the rank of the covariance matrix of these residuals. This depends on the compl y
of the model, equaling the number of cells minus the number of nonredundant model
parameters.

Expanding G? in a Taylor series approximation, one obtains X2 from the first two
terms. Under the null hypothesis that the model holds, the higher-order terms in the
expansion are negligible as the sample size increases. In other words, X? is then s
quadratic approximation for G. The two statistics have the same large-sample chi-
squared distribution as the sample size n increases. When the null hypothesis is fal
X2 and G? tend to increase as n increases, but their limiting noncentral chi-squa ed

distributions can be quite different.

7.5.3 Comparing Nested Models

Many model-building procedures involve comparing the fits of two models,
one is a special case of the other. Our discussion here pertains to a GLM of any typ
for categorical data. For an arbitrary model, denoted by M, let GI(M) denote the
value of G2 for testing the fit of the model. In GLM terminology, this is the model}
deviance (Section 4.5.3). 1

Consider two models, My and M}, such that My is simpler than M. For insta
M, could be loglinear model (XY, XZ, YZ), and M, could be model (XZ,YZ). Mo
My is nested within M, being a special case in which certain parameters equal 23
Since M, is more complex than My, it has a larger set of parameter values to seang
over in maximizing the likelihood function. Thus, the fit of M, is better, in the sccl
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that necessarily

GX(My) = G¥(My).

A test comparing the models checks whether the more
a better fit than the simpler model My. The test of (Hy :
holds) analyzes whether the extra terms in M,
that model M holds, the likelihood.
statistic

complex model M, gives
M, holds) against (H, : M,
: that are not in My equal zero. Assuming
-ratio approach for testing that M, holds uses test

GA(Mo | My) = GA(Mo) - GA(My),

We used statistics of form G*(Mg | M,) for loglinear models in Sections 6.3.4,7.1.5,
7.2.3, and 7.3.1 {0 test whether a model term equals zero. The simpler model M,
omits the term, and the more complex model M, contains it. We also used this test in
Sections 5.3.2 and 5.5.2 to compare nested logistic regression models.

Theory states that GX(M | M) is a large-sample chi-squared statistic when the
parameter spaces are fixed for My and M, as n increases. The df value measures the
difference between the number of parameters for the two models. This large-sample
theory is not always appropriate in practice. An example is when M, is a logistic
regression model with continuous predictors and M, 1 is the saturated model, so the
test refers to the goodness of fit of M,. In that case, one usually observes data at
additional levels of the predictors as the sample size increases. The saturated model
has a separate parameter at each combination of predictor levels, so its number of

; parameters increases with the sample size. Thus, the parameter space is not fixed for

My, and the df value comparing its size to the number of parameters for the simpler
model is not fixed, invalidating the chi-squared theory. One can, however, compare

* the fits of two unsaturated logistic regression models. Their numbers of parameters

and the difference df between them stays fixed as # increases. For a given sample

. size, the chi-squared approximation tends to be better for smaller values of df, such

25 when the two models differ by just one term. !

/

Let {fi;} and {{1,;} denote fitted values for models Mo and M, . One can show that

=¥ the likelihood-ratio statistic for comparing the models also equals

G*(Mo | M) =23 iy log (%) (7.5.1)
is statistic has the form of the usual G2 statistic, but with {f,;} in place of the
served cell counts. In fact, G(Mo) is the special case of G¥ My | M,) with M,
peing the saturated model, in which case the fitted values {i;} for M, are simply
¢ cell counts {n;}. For the Pearson statistic X, the difference X 2(Mo) — X¥(M,) for

pested models is not necessarily nonnegative. A more appropriate Pearson statistic
[Pr comparing nested models is

o
Xty | My = 3 P~ e (152)
Hoi
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The Pearson X? for testing the fit of a model has this form with M. 1 as the saturated
model.

These remarks relate to the results in Section 2.4.6 on the partitioning of chi-
squared. The likelihood-ratio statistic for the simpler model partitions into

G*(Mo) = G*(M,) + [G*(Mq) ~ GHM,)] = G2(My) + GHMy | M),

a statistic for testing M| and a statistic for testing My given that M, holds. By contrast,
X2(My) does not partition exactly into X*(M,) + X*(Mo | M,).

754 Distribution of Parameter Estimators

Finally, we discuss standard errors for ML estimates of Poisson loglinear mode] 3
parameters and binomial logit parameters. The standard errors are square roots of
variances, which are the diagonal elements of the covariance matrix of the parameter
estimators. The estimated covariance matrix is the inverse of a matrix called the
information matrix, which is a by-product of the Newton-Raphson fitting procedure,
The information matrix measures the curvature of the log likelihood function at the §
ML estimates. More highly curved log likelihood functions yield greater inf ‘
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where the diagonal matrix has the fitted values on the main diagonal. The elements
on the main diagonal of the covariance matrix are the large-.
their square roots are the standard errors. As the fitted values
errors decrease.

Logistic regression models have a similar formula. Let 7 denote the vector of

“success” probabilities at the various settings of the explanatory variables. The model
has form

sample variances, and
increase, the standard

logit(w) = XB.

Let 4r denote the estimated probabilities for the model fit, with value #; for the n;
observations at the ith setting of explangtory variables. The large-sample estimated
covariance matrix of the ML estimator f3 equals

Cov(B) = [X'DiagX]~", (1.5.5)

where Diag denotes a diagonal matrix having elements n;#,(1 ~ #;) on the main
diagonal. The standard errors decrease as the sample size increases. This can happen
by {n;} increasing or by more observations occurring at additional settings of the
expl y variables.

about the parameter values; this results in smaller elements of the inverse of the
information matrix and smaller standard errors.
We first illustrate this for loglinear models for Poisson counts, Let p denote a

column vector of expected frequencies. Loglinear models for Poisson cell means
have form

log n = XB. (753)

The matrix X, called a mode! matrix or design matrix, contains known constants.
The column vector 8 contains the parameters. The log means are linearly related to
the parameters, so the model is “loglinear.” To illustrate, consider the independence
model, log pi; = A + A + A}', fora2 X 2 table. The model has three nonredundant
parameters. For the constraints Af =A; =0,theseare § = (A, /\f , /\1' ). Expression
(7.5.3) is then

log 111 A
logua | _ {1 1 0 X
log uz, 101 )‘ly
log pn; 1 00 !

For instance, log jui = A + A¥ + AY = A + A{, so the second row of X is (1, 1,0

The model matrix X occurs in the expression for the covariance matrix of parametet
estimators. As the sample size n increases, the ML estimator B has distributiod]
approaching the normal. The estimated covariance matrix of Bis

Cov(B) = (X'Diag(p)X]™",
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7.1. Draw the association graph for loglinear model (WXZ, WYZ ). Which, if any,
variables are conditionally independent in this model?

7.2. For a four-way table, are X and ¥ independent, given Z alone, for model
D) (WX, XZ,YZ,WZ), (i) (WX, XZ,YZ, WY ?

7.3. Refer to Problem 6.3 with Table 3.1. Show the association graph for model
(DV, PV), and fit the model. Using the fitted values, compute the estimated P-V
odds ratios at the two levels of D, and compute the marginal P-V odds ratio.
Compare the valties. Are the collapsibility conditions satisfied?

74. Refer to the clinical trial in Problem 3.10 with Table 3.6.

a. Fitlogit model (7.1.1). Using the fitted values, compute the estimated odds
ratio between group and response (i) for each center, (i) for the marginal
table. Why do they differ?

- Fit the simpler logit model deleting the center effects to this 2 X 2 X 3 table.
Using the fitted values, compute the estimated odds ratio between group
and response (i) for each center, (i) for the marginal table. When this model
fits well, can we collapse over centers? Compare the fit to the model in (a).
Is the simpler model adequate?

=2

E 7.5. Refer to Problem 6.13 with Table 6.17.

a. Show that model (CE,CH,CL,EH, EL,HL) fits well. Show that model
(CEH,CEL,CHL, EHL) also fits well but does not provide a significant
improvement. Beginning with (CE, CH, CL, EH, EL, HL), show that back-
ward elimination yields (CE, CL, EH, HL). Interpret its fit.
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7.6.

11.

718.

19.

711,

712,

7.13.

. Consider loglinear model (WX, WY, WZ,XZ,YZ). Though X and Y are condi:
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b. Based on the association graph for (CE,CL, EH,HL), (i) show that every - ]

path between C and H involves a variable in {E,L}; (ii) explain why, col-
lapsing over H, one obtains the same associations between C and E and
between C and L, and collapsing over C, one obtains the same associations
between H and E and between H and L; (iii) explain why the conditiona}
independence patterns between C and H and between E and L are not
collapsible.
Refer to Problem 6.12 with Table 6.16 and the loglinear model you selected for
those data. Draw the association graph for the model. Remark on conditional
independence patterns. For each pair of variables, indicate whether the fitted
marginal and partial associations are identical.
Fit the model to Table 7.1 having association graph portrayed in Section 7.1.5,
a. Explain why the A-M conditional odds ratio is unchanged by collapsing
over race, but it is not unchanged by collapsing over gender.
b. Examine and interpret the associations among the drug-use variables and
the effects of gender and race on those responses.
Consider model (WX, YZ). Applying the collapsibility conditions in Section
7.1.4 with sets A = {W,X}, C = {¥,Z}, and with B empty, explain why the
W-X partial association is the same as the W-X marginal association, collapsed
overY and Z.
Show that model (WX, WY, WZ,XY,XZ, YZ) or any more complex model for;
four variables has the same association graph. Explain why each pair of vari-
ables may have differing partial and marginal associations.

tionally independent; explain why they may be marginally dependent, colla
ing over W and Z. Explain why the W-X and X-Z associations are unch:
when one collapses over Y, and the W-Y and Y-Z associations are unch:
when one collapses over X.

(W,XY,XZ,YZ), showing that associations among X, Y, and Z are the same a§
in model (XY,XZ,YZ).

of Y. When the table is collapsed over Xj, indicate whether the associatiod
between X; and Y remains unchanged, for the model (i) that has main effe
of all predictors, (ii) that has main effects of X; and X but assumes no effe]
for X3.
Table 7.8 is taken from the 1991 General Social Survey. Subjects were askej
whether methods of birth control should be available to teenagers between (g
ages of 14 and 16, and how often they attend religious services.
a. Fit the independence model, and use residuals to describe lack of fit.
b. Using equally spaced scores, fit the linear-by-linear association modsg
Describe the association. Test goodness of fit, test independence in 2 ¥
that uses the ordinality, and interpret.
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¢. Repeat (b) using row and column scores that refiect your perceived distances
between categories. Are the results substantively any different?

Table 7.8
Teenage Birth Control
Religious Strongly Strongly
- Attendance Disagree Disagree Agree Agree

Never 49 49 19 9
Less than once a year 31 27 11 il
Once or twice a year 46 55 25 8
Several times a year 34 37 19 7
About once a month 21 22 14 16
2-3 times a month 26 36 16 16
Nearly every week 8 16 15 11
Every week 32 65 57 61
Several times a week 4 17 16 20

E Source: 1991 General Social Survey.

7.14. Refer to Table 2.5. Treat party identification as ordinal by fitting the linear-by-

linear association model. Conduct a likelihood-ratio test of independence for
that model. Interpret, and compare results to the ordinary likelihood-ratio test
of independence.

Refer to Problem 2.21 with Table 2.15. Test the hypothesis of independence
by testing the fit of the independence model. Using an ordinal model, describe
the association and conduct an alternative test that may be more powerful.
Interpret.

. For Table 7.3, fit the linear-by-linear association model using scores {1, 2, 4, 5}.
Explain why the fitted local lpg odds ratio using levels 2 and 3 of each classi-
fication equals four times the fitted local log odds ratio using levels 1 and 2 of
each or 3 and 4 of each. What is the relation between the odds ratios?

. Political ideology is often measured using the categories (Liberal, Mod-
erate, Conservative). For the 1991 General Social Survey, Democrats had
counts (161,171,96) in these categories, whereas Republicans had counts
(76, 148, 183). Analyze these data.

- Refer to Problem 3.10 with Table 3.6. Test conditional independence of group
and response, given center, by comparing two logit or loglinear models. Using a
relevant model, estimate the conditional odds ratio between group and response,
given center. Interpret.

Refer to Table 3.3 in Section 3.2. Using a model-based procedure, test con-
ditional independence and estimate the strength of conditional association

between smoking and lung cancer. Compare results with the CMH approach
to testing and estimation.
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7.20. Refer to Problem 6.6 with Table 6.13. Table 7.9
a. Fit model (AD, AG, DG). Using the fitted values, estimate the A-G condi- Political Ideology
tional odds ratio and the A-G marginal odds ratio. Explain why they give Political Ve Slightl
different indications of the A-G association. cony - Shenty Stightly Very
Gender Party Liberal  Liberal Moderate  Conservative  Conservative
b. Is it proper to use G2{(AD, DG) | (AD, AG,DG)] to test conditional inde- Female  Democratic a4 a7 8 =
pendence of A and G? Explain. Republican 18 28 86 » i;
¢. From Problem 6.6, the adjusted residuals for model (AD, DG) suggest that Male  Democratic 36 34 53 18 23
Department 1 differs from the others. Using only Departments 2 through 6, Republican 12 18 62 45 5

fit models (AD, DG) and (AD, AG, DG) and test A-G conditional indepen-
dence. Interpret.

d. Explain how results in (a)(c) apply to corresponding logit models, with 4
as the response. .

7.21. Refer to Table 7.5. Perform a sensitivity analysis to check the dependence of
the analyses in Section 7.3 on the choice of scores.

7.22. The sample in Table 7.5 consists of 104 black Americans. A similar table
relating income and job satisf: for white subjects in the 1991 General So-
cial Survey had counts (by row) of (3, 10,30, 27/7.8,45,39/8,7,46,51/4,2,
28,47) for females and (1,4,9,9/1,2,37,29/0,10,35, 39/7,14,69, 109) for
males. Analyze these data.

7.23. Refer to the data in the previous problem. Test the hypoth is of conditio
independence, (a) using ordinary loglinear models, (b) using the category
orderings. Interpret, and compare results.

7.24. Refer to the data in Problem 7.22.

a. Test conditional independence against the alternative that the mean job

satisfaction varies by level of income, controlling for gender. Report ad
interpret a relevant test statistic. i 3

b. Conduct the test and interpret results for the alternative that mean income
varies by level of job satisfaction, controlling for gender.

¢ Conduct the test using a general association statistic not designed to detecl
any particular pattern of association. Interpret, and indicate the extent
which your conclusions suffer from not using the ordinality. ]

7.25. For K = 1, the generalized CMH correlation statistic equals (2.5.1).
there truly is a trend, Section 2.5.3 noted that this test is more powerful thal§
the X? and G? tests of Scction 2.4. To illustrate, for Table 7.5, construct
marginal 4 X 4 table relating job satisfaction and income. Show that the Pea
test (2.4.3) has X2 = 115 withdf =9 (P = 24). Show that the correlatiod
statistic with equally-spaced scores equals 7.6 based ondf = 1 (P = 006)

7.26. Table 7.9, taken from the 1991 General Social Survey, shows the rel aticl

between political party affiliation and political ideology, stratified by geno
Analyze these data.

727

Source: 1991 General Social Survey.

Refer to the fit of the homogeneous L X L model in Section 7.3.4. Describe
the conditional association using the fitted odds ratio for the corner cells at the
extreme categories of income and job satisfaction. Interpret, and compare to
the local odds ratios. Show that the estimated odds ratio for the comer cells
using the fitted values for model (GI, GS, IS) equals . (For each gender the
fitted vatue for the cell at the highest income and lowest satisfaction is zero).
For each gender, the sample value is also . Thus, an advantage of using the
simple L X L mode] is that the model estimate shrinks sample estimates of
for odds ratios to more realistic values.

. Explain why replacing B in model (7.3.1) by B; gives a heterogeneous L X L

model. The fit is equivalent to fitting the L X L association model for two-way
tables separately for each gender. Fit the heterogeneous model to Tabie 7.5,
and test whether it fits significantly better than the homogeneous model (7.3.1).

Provide an example of contingency tables in which certain cells contain
(a) structural zeroes, (b) sampling zeroes.

. Show that a single cell containing any positive count makes a large contribution

to X2 if the fitted value is close to 0. To illustrate, calculate the contribution of
(a) a count of 1 in a cell having a fitted value of .01, (b) the count of 2 in the
cell having a fitted value of 0.24 for model (AM, CM) fitted to Table 6.3.

. Suppose that all row and column marginal totals of a two-way table are positive,

but some cells are empty. Show that all fitted values for the loglinear model of
independence (6.1.1) are positive.

. Consider Table 7.10, from a study of nonmetastatic osteosarcoma described

in A. M. Goorin, J. Clinical Oncology, 5: 1178-1184 (1987) and the LogXact

Tur{w User Manual (1993, p. 5-22). The response is whether the subject

achieved a three-year disease-free interval.

2. Show that each predictor has a significant effect when it is used individually
without the other predictors.

b. Try to fit a main-effects logistic regression model containing all three predic-
tors. Explain why the ML estimate for the effect of lymphocytic infiltration
is infinite.
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¢. Using conditional logistic regression, (i) conduct an exact test of the hy.
pothesis of no effect of lymphocytic infiltration, controlling for the other }
variables; (ii) compute a 95% confidence interval for the effect. Interpret

CHAPTER 38

results.
Table 7.10
. Disease-Free - 1
Lymphocytic Osteob Multicategory Logit M
Infiltration Sex Pathology Yes No g1y & odels
High Female No 3 0 3
Yes 2 0
v Male No 4 0
2 Yes t 0
' Low Female No 5 0
Yes 3 2 This chapter presents generalizations of logistic regression models that handle mul-
Male {:Io 2 4 _ticategory responses. Section 8.1 presents models for nominal response variables,
es u i

. and Sections 8.2 and 8.3 present models for ordinal response variables. As in or-
b dinary I.Ziistic regression modeling, explanatory variables can be continuous and/or

gorical.
At each combination of levels of the explanatory variables, the models assume
at the response counts for the categories of Y have a multinomial distribution.
is generalization of the binomial applies when the number of resporise categories
ds two. Logistic regression models are a special case of these models for binary

Source: LogXact-Turbo User Manual, Cambridge, MA: Cytel Software (1993), p. 5-23.

7.33. For the model logit(7) = a + Bx, let (x;, y;} denote the x and y values fo
subject i, i = 1,...,N. Suppose y; = O for all x below some point and y; =
for all x above that point. Explain intuitively why B = . (Note: In techni
terms, the sufficient statistics are ) y; for a and )" x;y; for B. For a gi
3" ¥i» 3 xiy; takes its maximum possible value for this assignment of {y;} 1
fixed {x;}.)

7.34. Refer to {flix = Misxns ji/ne+i} for model (XZ, YZ). Show that these fitted]
values have the same X-Z and Y-Z marginal totals as the observed data. Fod}
2 X 2 X K tables, show that éxy(k) = 1. Illustrate these results for the fit of]
model (AM, CM) to Table 6.3. 5

7.35. Refer to formula (7.5.3) applied to the independence model for a 2 X 2 table]
Show that for the constraints AY = AY = 0, for which B = (A, A,A}), X ha
rows (1,0,0), (1,0,1),(1,1,0),(1,1,1). ;

7.36. For Table 6.3, show the matrix representation of loglinear mode]
(AC, AM,CM). Specify the parameter constraints used in your model
trix. Show the matrix representation of the corresponding logit model,
M is a response.

7.37. A GLM has form g(p) = X, for a monotone function g. Explain what eag
symbol in this formula represents for fitting the ordinary linear regression mod
to n observations on a normally distributed response and a single predictor. §

onses.
Like logistic regression models and unlike loglinear models, multicategory logit
models treat one classification as a response and the other variables as explanatory.
Nevertheless, when explanatory variables are categorical, some of these models are
fequivalent to loglinear models for contingency tables.

0se Y is a nominal variable with J categories. The order of listing the cat-
es is irrelevant. Let {m,...,m} denote the response probabilities, satisfying
;= 1. When one takes n independent observations based on these probabil-
the probability distribution for the number of outcomes that occur of each of
-/ types is the multinomial. It specifies the probability for each possible way of
ting the n observations to the J categories. Here, we simply mention this as a
) pling model for the counts, and we will not need to calculate such probabilities.
fthe Case J = 2, this is the binomial distribution (1.2.2).
Pulticategory (also called polychotomous) logit models simultaneously refer to
s of categories, and describe the odds of response in one category instead of

gaer. Once the model specifies logits for a certain (J ~ 1) pairs of categories, the
Rare redundant,

205
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8.1.1 Baseline-Category Logits Table 8.1  Alligator Size (Meters) and Primary Food Choice,* for 59 Flori da Alligators
Logit models for nominal responses pair each response category with a baseline % 1241 1301 1.301 L32F L32F  140F 1421 142 F
category, the choice of which is arbitrary. When the last category (J) is the baseline, lgg ; :g g :2; : :2; E :2(5) :: :ggl 1.551 1601
R . K B - - R 68 F 1.701 1.730
the baseline-category logits are 1781 1781 1780 1801 L80F L8S F 881 Loa1
1981 2.03F 203F 216 F 2.26F 231F 231F 236F
og{ ™Y, j=t...d-1L 236F  239F  24IF  244F  246F 2560  267F 2731
7 2MF  284F 3250 3280 333F  356F  358F  366F

3680 371F  389F

Given that the response falls in category j or category J, this is the log odds that 2
the response is j. For J = 3, for instance, the logit model uses log(m /7m3) and §
log(m/m3). . ny )

The logit model using the baseline-category logits with a predictor x has form

ef = Fish,/ = Inventebrates, O = Other.
Sowrre: Thanks to M. F. Delany and Clint T. Moore for providing these data.

- 8.1.2 Alligator Food Choice Example
log (wf) o+ Bx,  j=l.d-L @11
I Table 8.1 is taken from a study by the Florida Game and Fresh Water Fish Commission

of factors influencing the primary food choice of alligators. For 59 alligators sampled
. in Lake George, Florida, Table 8.1 shows the alligator length (in meters) and the

b primary food type, in volume, found in the alligator’s stomach. Primary food type
F: has three categories: Fish, Invertebrate, and Other. The invertebrates were primarily
B apple snails, aquatic insects, and crayfish. The “other” category includes reptiles
B (primarily turtles, though one stomach contained tags of 23 baby alligators that had
been released in the lake during the previous year!), amphibean, mamma, plant
rial, and stones or other debris.
We apply logit model (8.1.1) with J = 3 to these data, using ¥ = “primary food
fchoice” as the response and X = “length of alligator” as predictor. Table 8.2 shows
L parameter estimates and standard errors for the two logits using “other” as the
aseline category. From Table 8.2, log(#, /#;) = 1.490 —0.070x, and log(7ry/#r3) =
$5.716 — 2.473x. By (8.1.2), the estimated log odds that the response is “fish” rather
B “invertebrate” equals log(4r, /) = (1.490— 5.716)+[—0.070—(—2.473)]x =
227 + 2.403x. i
For each logit, one interprets the estimates just as in ordinary binary logistic
sion models, conditional on the event that the response outcome was one
gl those two categorics. For instance, given that the primary food type is fish or
brate, the estimated probability that it is fish increases in length x according
0 an S-shaped curve. For alligators of length x + 1 meters, the estimated odds that

The model consists of J — 1 logit equations, with separate parameters for each,
That is, the effects vary according to the response category paired with the bafelim,
When J = 2, this model simplifies to a single equation for log(m, /) = logit(m
resulting in the ordinary logistic regression model for binary responses. )

Parameters in the J — 1 equations (8.1.1) determine parameters for logits using
all other pairs of response categories. For instance, for an arbitrary pair of catego

aand b,
o\ _ 1og (LT 2 1og (T2 -1 (Z’ﬁ)
log(ﬂ_b) log(_n_b/m) log(m) og p
= (g + Bax) — (ap + Box)
= (0 = ap) + (B, = By)x.

Thus, the logit equatioln for categories a and b has intercept parameter (a; — o) ang
slope parameter (8, — B). ] )

For optimal efficiency, one should use software that fits the / — 1 logit equationS
(8.1.1) simultaneously. Estimates of the model parameters then have smaller staf] arg
errors than when binary logistic regression software fits each component equation
(8.1.1) separately. For simultaneous fitting, the same parameter estimates occur forgl
pair of categories no matter which category is the baseline. :

This logit model is an important tool in marketing research for modeling how su3
jects choose one of a discrete set of options. A generalization of model (8.1.1)‘a11 i
the explanatory variables to take different values for different response categories. 1§

Table 8.2 Parameter Estimates and Standard Errors (in parentheses) for
Generalized Logit Model Fitted to Table 8.1

instance, the choice of a brand of car would likely depend on price, which w01.11d Food Choice Categories for Logit

among the brand options. This generalized model, often called a mudtinomial '. £ Parameter (FisOthen) (nvertebrate/Other)
model, is beyond the scope of this text (see Agresti (1990), Sec. 9.2). The foll_ wig P— e P
cx:}xlmplme dclt:.lllsm V::::l discrete choice in a somewhat different context: for alligati L Leogtn _0‘07-0 s21) _2-47-3 (%01)
rather than .
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primary food type is “fish” rather than “invertebrate” equal exp(2.403) = 11.1 times
the estimated odds for alligators of length x meters.

To test the hypothesis that primary food choice is independent of alligator length, Predicted
wetestHo : B; = Ofor j = 1,2 inmode! (8.1.1). The likelihood-ratio test takes twice probability
the difference in maximized log likelihoods between this model and the simpler one 08
having response independent of length. The test statistic equals 9.2, with df =
giving a P-value of .01 and strong evidence of a length effect.

1.0 1

8.1.3 Estimating Response Probabilities 06 1

Fish

nve/rtebrates

One can alternatively express the multicategory logit model directly in terms of the
response probabilities, as ,:1

0.4 -

R N .13

Sopexplay + Bix) :
The denominator is the same for each probability, and the numerators for various
j sum to the denominator, so Z = 1. The parameters equal zero in (8.1.3) for
whichever category is the basclme in the logit expressions. For instance, the model
that defines parameters with category J as the baseline for the denominator of each
logit (as in (8.1.1)) has &y = B; = 0. For category j, (a;, B;) then refers to the logit

0.0

T T

equation for log[m;/m]. 1 2 3 4
The estimates in Table 8.2 contrast “fish” and “invertebrate” to “other” as the base-
line category. The estimated probabilities (8.1.3) of the outcomes (Fish, Invertebrate, Length of Alligator

Other) equal Figure 8.1  Predicted probabilities for primary food choice.

exp(1.49 — 0.07x)

mMETF exp(1.49 — 0.07x) -+ exp(5.72 — 2.47x) 814 Beliefin Afterli

» exp5.72 — 247%) . .. elief in Afterlife Example

NI exp(149 — 0.07x) + exp(5.72 — 247%) [.oglf models fof nominal responses also apply when explanatory variables are cat-
! . egorical, or a mixture of categorical and continuous. When predictors are entirely

. categorical, one can display the data as a contis table. e

s T BT P P CR Py T p! ngency e. If the data are not sparse,

. one can test model goodness of fit using X? or G? statistics. In addition, the models

. then have equivalent loglinear models.

To illustrate, Table 8.3, taken from the 1991 General Social Survey, has response
variable ¥ = belief in life after death, with categories (Yes, Undecided, No), and
exple.matory variables X; = gender and X, = race. We use dummy variables for the
Predictors, with x; = 1 for females and 0 for males, and x, = 1 for whites and 0 for
black& Using “no” as the baseline category for belief in life after death, we form the

The 1 term in each denominator and in the numerator of 4 represents exp(é&s + Bs%),
using & = B3 = 0. The three probabilities sum to 1, since the numerators sum to
the common denominator. The logs of the ratios of [4/4r;] and [4r,/4r3] produce]
the results in Table 8.2.

For an alligator of length x = 3.9 meters, for instance, the estimated probabili
that primary food choice is “other” equals

L 1 -
3= T+ expl1.49 — 0.07(3.9)] + exp[5.72 ~ 247(3.9)] 023.

-
log (;;) =aj+Bix + B, j=12 (8.1.4)

¢re G and R superscripts identify the gender and race parameters. The model

Figure 8.1 displays the three response probabilities as a function of length. umes a lack of interaction between gender and race in their effects on belief in
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Table 8.3 Belief in Afterlife, by Race and Gender, with Fitted Values for Generalized Table 8.5 Predicted Probabilities for Belief in Afterlife
Logit Model
Belief i i
Belief in Afterlife Gend 3 elief in Afterlife
ce ender es 1
Race Gender Yes Undecided No Ra — Undecided No
White male 0.76 .
White Female 3N 49 74 Male 0.68 g :g g.;(s)
(372.8) 49.2) 72,1 Black Female 071 o 020
Male 250 45 7 Male 062 o o
(248.2) (44.8) (129 -
Black Female 64 9 15
62.2) (8.8) (16.9) Table 8.5 displays predicted probabilities for the three response categories. To
Male 25 5 13 . : - = : i -
illustrate, for white females (x; = x; = 1), the estimated robability of
(268 52 aLy P ty of response 1

(“yes”) equals

Source: 1991 General Social Survey. exp[0.883 + 0.419(1) + 0.342(1)]

1+ exp[0:883 + 0419(1) + 0.342(1)] + exp[—0.758 + 0.105(1) + 0.271(Dy] ~

This also follows directly from the fitted values, as 372.8/(372.8 + 72.1 + 49.2) =

life after death. The effect parameters represent log odds ratios with the baseline ] 76

category. For instance, Bf is the conditional log odds ratio between gender and
response categories 1 and 3 (yes and no), given race; BZG is the conditional log odds
ratio between gender and response categories 2 and 3 (undecided and no).

Table 8.3 also shows ML fitted values for this model. The goodness-of-fit statistics
are G* = 0.9 and X? = 0.9. The sample has two non-redundant logits at each of four
gender—race combinations, for a total of eight logits. Model (8.1.4), considered for
J = 1and 2, contains six parameters. Thus, the model has residual df =8 — 6 = 2.}
The model fits well. Table 8.4 shows the parameter estimates and their standard]
errors. The estimated odds of a “yes” rather than a “no” response for females are
exp(0.419) = L5 times those for males, controlling for race; for whites, they are
exp(0.342) = 1.4 times those for blacks, controlling for gender.

To test the effect of gender, we test Hy : ﬁf = O for j = 1, 2. The likelihood-ratio
test compares G? = 0.8 (df = 2)t0 G* = 8.0(df = 4) obtained by dropping gender
from the model. The difference of 7.2, based on df = 2, has a P-value of .03 and}
shows evidence of a gender effect. By contrast, the effect of race is not significant
the model deleting race having G> = 2.8 (df = 4). This partly reflects the larges
standard errors that the effects of race have, due to a much greater imbalance between
sample sizes in the two race categories than occurs with gender.

.1.5 Connection with Loglinear Models

- When all explanatory variables are categorical, logit models have corresponding
loglinear models. The loglinear model has the most general interaction among the
... explanatory variables from the logit model. It has the same association and interaction
kgl structure relating the explanatory variables to the response.
To illustrate, the model fitted to Table 8.3 assumes main effects of gender (G) and
Tace (R) on belief (B) in afterlife, with no interaction. It corresponds to the loglinear
& model (GR, BG, BR) of homogeneous association. The same estimated effect of G on
B results from logit or loglinear parameters. For instance, model (GR, BG, BR) has
. estimated conditional odds ratio relating B categories 1 = “yes” and 3 = “no” to G
equal to exp(AfC + AZP — ABG ~ R8%) = 1.5, as obtained above for the logit model.
. The simpler logit model that deletes the race effect on belief corresponds to,
Hoglinear model (GR, BG). For this fogit model and for the one having both G an
IR as predictors of belief, the corresponding loglinear model contains the G-R term.
Elhis term represents the interaction among variables that are explanatory in the logit

Table 8.4 Parameter Estimates and Standard Errors (in parentheses) for CUMULATIVE LOGIT MODELS FOR ORDINAL PONSES.

Generalized Logit Model Fitted to Table 8.3

b Nen response categories are ordered, logits can directly incorporate the ordering.

Belief Categories for Logit bis results in models having simpler interpretations and potentially greater power
Parameter (Yes/No) (Undecided/No) T:rdina:y multicategory logit models.
e cumulative probabilities are the probabilities that the response Y falls in
Intercept 0.883 (.243) —0.758 (.361) . . N . s . v
Gender (F = 1) 0419 (171) 0.105 (246) gory j or below, for each possible j. The jth cumulative probability is
Race (W = 1) 0.342(.237) 0.271 (354)

PY=p=m+ - +m j=1...J
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The cumulative probabilities reflect the ordering, with P(Y = 1) = P(Y < 2) <
© = P(Y = J) = 1. Models for cumulative probabilities do not use the final one, §

P(Y = J), since it necessarily equals 1. The logits of the first / — 1 cumulative §
probabilities are

logit[P(Y =< j)] = log (ﬁ%}%)

mt - tw; .
= 1}, =1,..
IOg(ﬂ'ju +.__+m> J

S L
These are called cumulative logits.

Each cumulative logit uses all J response categories. A model for the jth cumula.
tive logit looks like an ordinary logit model for a binary response in which categories
1 to j combine to form a single category, and categories j + 1 to J form a second
category. In other words, the response collapses into two categories. Ordinal models
simultaneously provide a structure for all J — 1 cumulative logits. For J = 3, for]
instance, models refer both to log{r, /(m, + )] and log{(m; + m,)/ms].

8.2.1 Proportional Odds Model
For a predictor X, the model

logitlP(Y < )] =a;+Bx, j=1,..,J-1,
has parameter 8 describing the effect of X on the log odds of response in catega
Jj or below. In this formula, 8 does not have a J subscript, so the model assumes
identical effect of X for all J — 1 collapsings of the response into binary outcomes
When this model fits well, it requires a single parameter rather than J — 1 para ]
1o describe the effect of X.

Interpretations for this mode] refer to odds ratios for the collapsed response scalg
for any fixed j. For two values x; and x; of X, the odds ratio utilizes cumulatiy
probabilities and their complements,

PY < jlX=x)/PY¥ >jlX =x)
PY =jIX=x)/PX¥ >jIX=x)

The log of this odds ratio is the difference between the cumulative logits at thas
two values of x. This equals B(x; ~ x;), proportional to the distance between thej
values. The same proportionality constant (B) applies for each possible point j§
the collapsing. Because of this property, model (8.2.1) is called a proportional o
model. In particular, for x, — x; = 1, the odds of response below any given categ®
multiply by e? for each unit increase in X. When the model holds with B=0X8
Y are statistically independent.

Explanatory variables in cumulative logit models can be continuous, categorkg
or of both types. The ML fitting process uses an iterative algorithm simultaneodiy

55 shape. Any one curve is identical to any of the others simpl
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P(y<1)
P(Y<2)

Figure 8.2 Depiction of ive probabiliti

in proportional odds model.

for all j. When the categories are reversed in order, one
of B reverses.

Figure 8.2 depicts the proportional odds model for a four category response and a
single continuous x predictor. A separate curve applies to each cumulative probability,
describing its change as a function of x. The curve for P(Y = j)looks like a logistic
regression curve for a binary response with pair of outcomes ¥ < pand (¥ > A

The common effect B for each j implies that the three response curves have the same

i ly shifted to the right or
shifted to the left. As in logistic regression, the size of 18| determines how quickly

the curves climb or drop. At any fixed x value, the curves have the same ordering as
the cumulative probabilities, the one for P(Y < 1) being lowest.

Figure 8.2 has B > 0. Figure 8.3 shows corresponding curves for the category
probabilities, P(Y = ) = P(Y < ) ~P(¥Y < J — 1). As x increases, the Tesponse

gets the same fit, but the sign

on Y is more likely to fall at the low end of the ordinal scale. When B <0, the

1.0
P(Y=j)
0.8
0.6

04

0.2

0.0

X
Figure 83  Depiction of category probabilities in proportional odds model.



214 MULTICATEGORY LOGIT MODELS CUMULATIVE LOGIT MODELS FOR ORDINAL RESPONSES

215
curves in Figure 8.2 descend rather than ascend, and the labels in Figure 8.3 reverse
order. Then, as x increases, Y is more likely to fall at the high end of the scale. (The
model is sometimes written instead as logit[P(Y < j)] = a; — Bx,sothat 8 > ¢
corresponds to Y being more likely to fall at the high end of the scale as x increases.)

The model fits Table 8.6 well, with G? = 3.7 and X2 = 3.7 p,
! - 4 . = 3.7,basedondf = 3,
model with 8 = 0 specifies independence between o e

N deology and party affiliati
and is equxva‘lent to the loglinear model of independence, 'lghe G? gst Zf fit :; tl(::;
special case is simply the G? test of independence (2.4.3) for two-way contingency

tables, which equals G2 = 62.3 based on df = 4. itti
fits considerably better than the independenc{a model‘.[he model permiting an effec
The likelihood-ratio statistic for an ordinal test of

difference between G? values for the independence model i

model. The difference in G values of 62.3 — 3.7 = 58.6, b:ns:du;l:}’p:?oﬁl (;ddls

gives extremely strong evidence of an association (P < .0001). Like the test for thc,

ordinal loglinear model presented in Section 7.2.3, this test uses the ordering of the

response categories. When the model fits well, it is more powerful than the tests of

f Section 2.4 based ondf = (I — 1)(J — 1), since it focuses on a restricted alternative
and has only a single Qegree of freedom. Similar strong evidence results from the
Wald test, using 2% = (B/ASEY = (0.975/0.1202 = §7.1.

8.2.2 Political Ideology Example

Table 8.6, from the 1991 General Social Survey, relates political ideology to political independence (H, : B = 0)isthe
party affiliation. Political ideology uses a five-point ordinal scale, ranging from very
liberal to very conservative. Let x be a dummy variable for political party, with x = |
for Democrats and x = 0 for Republicans. The ML fit of the proportional odds
model (8.2.1) has estimated effect 8 = 0.975 (ASE = 0.129). For any fixed j, the
estimated odds that a Democrat’s response is in the liberal direction rather than the §
conservative direction (i.e., Y < jratherthan¥ > j) equal exp(0.975) = 2.65 times
the estimated odds for Republicans. A 95% confidence interval for this odds ratio;
equals exp(0.975 £ 1.96 X 0.129), or (2.1, 3.4). A fairly substantial association exists;
Democrats tending to be more liberal than Republicans.

Table 8.6 also displays the fitted values for the model. These have an odds ratig
of exp(B) = 2.65 for each of the four collapsings of the data to a 2 X 2 table.
instance, for the estimated odds of a very liberal response,

(T84)(44.0 + 1517 + 755 + 104.0) 265 p / en the proportional odds mode! holds for a given response scale, it also holds
(832 + 1682 +49.1 + 9.1)(31.8)

One can use the fitted values or parameter estimates to calculate estimated probabil]
ities. The cumulative probabilities equal

823 Invariance to Choice of Response Categories

m odel for categories (Very liberal, Slightly liberal, Moderate, Slightly conservative,
ety conservative) fits well, approximately the same estimated effects result from
Bollapsing the response scale to (Liberal, Moderate, Conservative). This invariance

exp(a; + Bx) o the cho.ice of response categories is a nice feature of the model, Two researchers
P¥ =)= m_ :,‘, ;:,s:; ;fcrem Tesponse categories in studying an association should reach similar
For instance, & = —2.469, so the first estimated cumulative probability fol B To illustrate, we collapse Table 8.6 to a three-category response, combining the

Democrats (x = 1) equals wo liberal categories and combining the two conservative categories. Then, the
ML estimated effect of party affiliation changes only from 0.975 (ASE = .129) to
:006 (ASE = 0.132). Interpretations are unchanged. Some loss of efficiency occurs
i collapsing ordinal scales, resulting in larger standard errors. In practice, when
s rvations are spread fairly evenly among the categories, the efficiency loss is
" nor unless one collapses to a binary response. It is usually inadvisable to collapse
grdinal data to binary.

;The proportional odds model implies trends upward or downward among distribu-
Qons of Y at different values of explanatory variables. When X refers to two groups,

expl=2469 + 975(1) .’
I +exp[—2.469 + 975(1)]

From the fitted values for the 428 Democrats, this also equals 78.4/428.

Table 8.6 Political Ideology by Party Affiliation, with Fitted Values for Cumulative
Logit Model

Political Ideology Table 8.6, the model fits well when subjects in one group tend to make higher

Party Very Slightly Slightly Very . es on the ordinal scale than subjects in the other group. The model does not
Affiliation ~ Liberal  Liberal Moderate  Conservative  Conservative ell when the response distributions differ in their dispersion rather than their av-
Democratic 80 81 171 a1 55 If Democrats tended to be primarily moderate in ideology, while Republicans
. (784)  (832) (168.2) 49.1) “9.1) to be both very conservative and very liberal, then the Republicans’ responses
Republican (331(.)8) } 41?0) (115457) (72;“‘5) (1320) d show greater dispersion than the Democrats’. The two ideology distributions

Qd be quite different, but the proportional odds model would not detect this if the
g 28¢ responses were similar.

Source: 1991 General Social Survey.
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The cumulative probabilities reflect the ordering, with P(Y < 1) = P(Y =2) < }
: = P(Y = J) = 1. Models for cumulative probabilities do not use the final one,

P(Y = J), since it necessarily equals 1. The logits of the first / — 1 cumulative 3
probabilities are

) P(Y =
1ogitlP(Y = /)] = log (%)

nioen)
=1 R =1,...,

These are called cumulative logits.

Each cumulative logit uses all J response categories. A model for the jth cumula.
tive logit looks like an ordinary logit model for a binary response in which categories
1 to j combine to form a single category, and categories j + I to J form a second
category. In other words, the response collapses into two categories. Ordinal models
simultaneously provide a structure for all J — | cumulative logits. For J = 3, for!
instance, models refer both to loglm /(7 + m3)] and log[(m + m)/m).

J-L

8.2.1 Proportional Odds Model
For a predictor X, the model

logitfP(Y =< )] = a; + Bx, j=1...,7J-1,
has parameter 8 describing the effect of X on the log odds of response in catega
Jj or below. In this formula, 8 does not have a Jj subscript, so the model assumes
identical effect of X for all J ~ 1 collapsings of the response into binary outcomes
When this model fits well, it requires a single parameter rather than J ~ 1 parameterf
to describe the effect of X. ‘
Interpretations for this model refer to odds ratios for the collapsed response scald
for any fixed j. For two values x; and x, of X, the odds ratio utilizes cumulatigh
probabilities and their complements,

PY < jlX=x)/PY¥ >jlX =x)
PY =jIX=x)/PX¥ >jIX=x)

The log of this odds ratio is the difference between the cumulative logits at thol
two values of x. This equals B(x, — x;), proportional to the distance between the]
values. The same proportionality constant (8) applies for each possible point
the collapsing, Because of this property, model (8.2.1) is called a proportional ogg
model. In particular, for x, — x1 = 1, the odds of response below any given categ®
multiply by e for each unit increase in X. When the model holds with B=0Xg
Y are statistically independent.

Expl y variables in lative logit models can be continuous, categorig
or of both types. The ML fitting process uses an iterative algorithm simultancoig
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P(Y<j)
|

0

Figure 8.2 Depiction of ¥ babilities in

odds model.
for 911 J. When the categories are reversed in order, one gets the same fit, but the
of B reverses.

Figure 8.2 depicts the proportional odds model for a four category response
single continuous x predictor. A separate curve applies to each cumulative probat
describing its change as a function of x. The curve forP(Y < ) looks like a log
regression curve for a binary response with pair of outcomes (¥ < Hand (Y :
The common effect B for each j implies that the three response curves have the

(¢ shape. Any one curve is identical to any of the others simply shifted to the rig

shifted to the left. As in logistic regression, the size of |8l determines how qui

the curves climb or drop. At any fixed x value, the curves have the same orderit
the cumulative probabilities, the one for PY =1) being lowest.

- Figure 8.2 has B > 0. Figure 8.3 shows corresponding curves for the cate

g probabilities, P(Y = ) = P(Y < j) - P(Y < J = 1). As x increases, the resp

on Y is more likely to fall at the low end of the ordinal scale. When B<0O

1.0 o
P(Y=j) j=4

08 1

j=1
j=3 j=2

0.4 +

0.2 +

0.0

X
Figure 8.3 Depiction of category probabilities in proportional odds model.
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curves in Figure 8.2 descend rather than ascend, and the labels in Figure 8.3 reverse
order. Then, as x increases, Y is more likely to fall at the high end of the scale. (The
model is sometimes written instead as logit{P(Y =< j)] = a; — Bx, so that 8 > @
corresponds to ¥ being more likely to fall at the high end of the scale as x increases,)

The model fits Table 8.6 well, with G2 = 3.7 and X2 = 3 7
; s AL . = 3.7, basedondf = 3.
model with 8 = 0 specifies independence between i e e

¢ . S deology and party affiliati
and is equnvz.llen_l to the loglinear mode! of independence, 'lg‘iz,e G? t‘:ast zf fit ;ti]‘:::'
special case is simply the G? test of independence (2.4.3) for two-way contingency

tables, which equals G* = 62.3 based on df = 4. s
fits considerably better than the independencj; model-.rhe model permitting an effec
The likelihood-ratio statistic for an ordinal test of independence (Ho : B = 0)isthe
difference between G? values for the independence mode! and the pr(:). rtional odds
model. The difference in G? values of 62.3 — 3.7 = 58.6, based on dfp: 4-3=1
gives extremely strong evidence of an association (P < 0001). Like the test for thc,
ordinal loglinear model presented in Section 7.2.3, this test uses the ordering of the
response categories. When the model fits well, it is more powerful than the tests of
Section 2.4 based on df = (I — 1)(J — 1), since it focuses on a restricted alternative
g% and has only a single degree of freedom. Similar strong evidence results from the
g Wald test, using 2% = (B/ASE)? = (0.975/0.129)2 = §7.1.

8.2.2 Political Ideology Example

Table 8.6, from the 1991 General Social Survey, relates political ideology to political
party affiliation. Political ideology uses a five-point ordinal scale, ranging from very
liberal to very conservative. Let x be a dummy variable for political party, with x = |
for Democrats and x = 0 for Republicans. The ML fit of the proportional odds
model (8.2.1) has estimated effect B = 0.975 (ASE = 0.129). For any fixed j, the
estimated odds that a Democrat’s response is in the liberal direction rather than the
conservative direction (i.e., ¥ < jratherthanY > j) equal exp(0.975) = 2.65 times
the estimated odds for Republicans. A 95% confidence interval for this odds Tatio;
equals exp(0.975 + 1.96 X 0.129), or (2.1, 3.4). A fairly substantial association exists,
Democrats tending to be more liberal than Republicans.

Table 8.6 also displays the fitted values for the model. These have an odds ratig
of exp(B) = 2.65 for each of the four collapsings of the data to a 2 X 2 table.
instance, for the estimated odds of a very liberal response,

(18.4Y440 + 1517 + 755 + 104.0) _ 265 EWhen the proportional odds model holds for a given response scale, it also holds
(83.2 +168.2 + 49.1 + 49.1)(31.8) o

One can use the fitted values or parameter estimates to calculate estimated probab
ities. The cumulative probabilities equal

823 Invariance to Choice of Response Categories

model for categories (Very liberal, Slightly liberal, Moderate, Slightly conservative,
conservative) fits well, approximately the same estimated effects result from
lapsing the response scale to (Liberal, Moderate, Conservative). This invariance

exp(a; + fx) o the choice of response categories is a nice feature of the model. Two researchers

PY =< j)= ﬁm' :., lx:lssel ;iltsferem response categories in studying an association should reach similar
For instance, & = ~2469, so the first estimated cumulative probability fol g To illustrate, we collapse Table 8.6 to a three-category response, combining the

wo liberal categories and combining the two conservative categories. Then, the
ML estimated effect of party affiliation changes only from 0.975 (ASE = .129) to
006 (ASE = 0.132). Interpretations are unchanged. Some loss of efficiency occurs
I collapsing ordinal scales, resulting in larger standard errors. In practice, when
Servations are spread fairly evenly among the categories, the efficiency loss is
or unless one collapses to a binary response. It is usually inadvisable to collapse
rdinal data to binary.

) The proportional odds model implies trends upward or downward among distribu-
¥ of Y at different values of explanatory variables. When X refers to two groups,
Table 8.6, the model fits well when subjects in one group tend to make higher
Party Very Slightly Stightly Very s on the ordinal scale than subjects in the other group. The model does not
Affiliation ~ Liberal  Liberal Moderate  Conservative  Conservative . fell when the response distributions differ in their dispersion rather than their av-
Democratic 80 81 171 41 55 gec. If Democrats tended to be primarily moderate in ideology, while Republicans

Democrats (x = 1) equals
!

exp[—2.469 + .975(1)] - 18
1 +exp[—2469 + 975(1)]

From the fitted values for the 428 Democrats, this also equals 78.4/428.

Table 8.6 Political Ideology by Party Affiliation, with Fitted Values for Cumulative !
Logit Model

Political Ideology

) (78.4) 83.2) (168.2) 49.1) @.1 d to be both very conservative and very liberal, then the Republicans’ responses
Republican 3308 4160 148 84 . 330) d show greater dispersion than the Democrats’. The two ideology distributions
(31.8) (44.0) (151.7) (75.5) (104. RUd be quite different, but the proportional odds model would not detect this if the

Source: 1991 General Social Survey. ’ jF2ee responses were similar,
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When a proportional odds model does not fit well, an improved fit may result from
a more complex model having quadratic or interaction terms, or from a different
link that allows P(Y = j)to approach I ata different rate than it approaches 0 and
permits a nonsymimetric appearance for the category probability curves of Figure 83
(Agresti (1990), Section 9.5). When simplified ordinal models do not fit well, one
can fit ordinary multicategory logit modeis of form (8.1.1) and use the ordinality in
an informal way in interpreting the associations.

8.3.2 Political Ideology Example Revisited

To illustrate the adjacent-categories logit model, we return to Table 8.6 and model
pqlitical ideology using the simple model (8.3.2) having a common effect for each
Jogit. Let x = 0 for Democrats and x = 1 for Republicans.

The ML estimate of the party affiliation effect is B = 0.435. The estimated odds
that & Republican’s ideology classification is in category J + 1 instead of j are
exp(B) = 1.54 times the estimated odds for Democrats. This is the estimated odds
ratio for each of the four 2 X 2 tables consisting of a pair of adjacent columns of Table
_8.6. For instance, the estimated odds of “slightly conservative” instead of “moderate”
B¢ ideology are 54% higher for Republicans than for Democrats. The estimated odds
b ratio for an arbitrary pair of columns a > b equals exp[f?(a — b)]. The estimated
E odds that a Republican’s ideology is “very conservative” (category 5) instead of
“very liberal” (category 1) are exp[0.435(5 — 1)] = (1.54)* = 5.7 times those for
k Democrats. Republicans tend to be much more conservative than Democrats.

§:  The model fit has G2 = 5.5 with df = 3,2 reasonably good fit. The special case
of the model with B = 0 specifies independence of ideology and party affiliation
Band is equivalent to the loglinear model of independence. The G? fit of that model
simply the G? statistic (2.4.3) for testing independence, which equals G2 = 62.3
vith df = 4. The model permitting a party affiliation effect fits much better than the
Independence model.
f The likelihood-ratio test statistic for the hypothesis that party affiliation has no
fect on ideology (H; : B = 0) is based on the difference between the G2 values for
two models. It equals 62.3 — 5.5 = 56.8 with df = 4 — 3 = 1. There is very

g evidence of an association (P < .0001). Results are similar to those for the
ulative-logit analysis in Section 8.2.2.

For two-way contingency tables, the more general model (8.3.1) and the equivalent
K it model (8.1.1) are saturated. An advantage of using the single effect parameter
These logits, like the baseline-category logits, determine logits for all pairs of responsg fhat the simpler model s unsaturated.

PO

8.3 PAIRED-CATEGORY LOGITS FOR ORDINAL RESPONSES*

Cumulative logit models for ordinal responses use the entire response scale in forming
each logit. This section presents alternative logits for ordered categories that, like
baseline-category logits for nominal responses, use pairs of categories.

83.1 Adjacent-Categories Logits

One alternative forms J — 1 logits using all pairs of adjacent categories. The adjacent.
categories logits are

log("%), j=t..0 -1

i

For J = 3, for instance, the logits are log(,/m) and log(rs /). A model using
these logits with a predictor x has form

Tje

L) =a; + Bjx, j=1,....J - L
log(ﬂ_l) a; + Bjx J

Connection with Logli Models
equivalent to B4 — B;in (8.1.1). grinear Wode® .

A simpler version of model (8.3.1),

log(wj+)=a,-+[3x, j=1..J-1

j

Rlany loglinear models for ordinal variables have simple representations as adjacent-

gory logit models. For instance, Section 7.2.1 introduced the linear-by-linear
iation model,

logpi; = A + )\,X + )\/}-' + Bu;vj, (8.3.3)
has identical effects {8; = B} for each pair of adjacent categories. For this modg
the effect of X on the odds of making the higher instead of the lower response 15U
same for ail pairs of adjacent categories. This model and proportional odds mo o
(8.2.1) use a single parameter, rather than J — 1 parameters, for the effect of X. ¥
the model holds, independence is equivalent to 8 = 0.

The simpler adjacent-categories logit model (8.3.2) implies that the coeffi
of x for the logit based on arbitrary response categories a and b equals B(@
The effect depends on the distance between categories, so this model recognizesyl
ordering of the response scale. One can check whether this simplification is justif
by comparing the model fit to that of (8.3.1), or equivalently to logit model LAk

hich the association term uses monotone scores for the rows and columns. For
B mode! with column scores {v; = j}, the adjacent-category logits within row i are

- log (L) = log (u)
T Hij

= log(; j+1) — log(p;)
= A+ AT+ AN+ i) — A+ AR+ A + Buo))

=y - A + Bus.
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‘This has form (8.3.2), identifying a; with (A}, — Af) and the row scores {u;} with 3 Table 8.7 Outcomes for Pregnant Mice in Developmental Toxicity Study
the levels of x. In fact, the two models are equivalent. The logit representation (8.3.2) ) Response
provides an interpretion for model (8.3.3). The conclusions presented above for fitting | Concentration :
logit model (8.3.2) to Table 8.6 also result from fitting the loglinear model (8.3.3) “ (mgfkg per day) Dead Malformation Normat
with equally-spaced column scores. ! 0 (controls) 15 1 281

Analogous remarks apply to multi-way tables. For instance, consider Table 7.5 § 62.5 17 0 225
on job satisfaction (S), income (/), and gender (G), analyzed in Section 7.3. Unlike 125 22 7 283
the loglinear models described there, logit models treat job satisfaction as a response 250 38 59 202
variable and income and gender as explanatory variables. Let g denote a dummy § 500 144 132 9

variable for gender, and let {x;} denote scores assigned to the levels of income.

Source: Based on results in C. J. Price ct al., Fund. Appl. Toxicol., & 115-126 (1987).
Consider the model for job satisfaction response probabilities,

[ thank Dr. Louise Ryan for showing me these data.

log ( ,+|) = o+ B + Bz j=123 (8.34) We illustrakt continuation-ratio logils using Table 8.7, which refers to a devel-

w; opmental toxicity study. Rodent studies are commonly used to test and regulate
, substances posing potential danger to developing fetuses. This study administered
diethylene glycol dimethyl ether, an industrial solvent used in the manufacture of
.+, protective coatings, to pregnant mice. Each mouse was exposed to one of five con-
centration levels for ten days early in the pregnancy. Two days later, the uterine
contents of the pregnant mice were examined for defects. Each fetus had the three
possible outcomes (Dead, Malformation, Normal). The outcomes are ordered, normal
being the most desirable result.

We use continuation-ratio logits to model the probability of a dead fetus, using
 log[m, /(m, + m3)}, and the conditional probability of a malformed fetus, given that
fetus was live, using log(m, /). We used scores {0,62.5, 125,250, 500} for
E concentration level. The two models are ordinary logistic regression models in which
the responses are column 1 and columns 2-3 combined for one fit and column 2
and column 3 for the second fit. The estimated effect of concentration level is 0.0064
JASE = 0.0004) for the first logit, and 0.0174 (ASE = 0.0012) for the second logit. In
ach case, the less desirable outcome is more likely as concentration level increases.

For instance, given that a fetus was live, the estimated odd$ that it was malformed
; than normal changes by a multiplicative factor of exp(100 X 0.0174) = 5.7
for every 100-unit increase in concentration level.

When models for different continuation-ratio logits have separate parameters,

fin this example, separate fitting of models for different logits gives the same results
las simuitancous fitting. The sum of the separate G? statistics is an overall goodness-
Pf-fit statistic pertaining to the simultaneous fitting of the models. For Table 8.7, the
G values are 5.8 for the first logit and 6.1 for the second, each based on df = 3. We
fimmarize the fit by their sum, G* = 11.8, based on df = 6.

; Thls amlyms treats pregnancy outcomes for different fetuses as mdependcm obser-

The model assumes identical effects of explanatory variables for each adjacent pair
of response categories.

This model is equivalent to a special case of loglinear model (GI, GS, IS) in which
the G- and /-§ associations each have linear-by-linear (L X L) form, with equally-
spaced scores for S and the scores {x;} for / and g for G. That special case is also
a special case of the homogeneous L X L model (7.3.1) (which assumed L X L
structure for the I-S association) that also provides linear-by-linear structure for the
G-S association. Using income categories {1, 2, 3, 4} as scores, model (8.3.4) fits wel
with G* = 12.6 having df = 19. It provides estimates B; = 0.389 (ASE = 0.15 )
and B, = 0.045 (ASE = 0.314). Satisfaction is positively associated with incom
given gender, but shows no evidence of association with gender, given income.

8.3.4 Continuation-Ratio Logits

/ - . . P .
Another approach forms logits for ordered response categories in a sequential mannecy
One constructs models simultaneously for

+ ey
g () tog (T . og (TEETEL).
3 J

These are called continuation-ratio logits. They refer to a binary response that cond
trasts each category with a grouping of categories from lower levels of the responsg
scale. A second type of continuation-ratio logit contrasts each category with a groupg
ing of categories from higher levels of the response scale; that is,

m m oy jiay exist among different fetuses in the same litter. The model also treats different
log (m T y m) og (11' T ; m) » 108 o) ata given.ooncemmtion level as having the same response pr_obabiliucs. I-.let-
gozeneity of various types among the litters (for instance, due to different physical
Raditions of different pregnant mice) would usually cause these probabilities to vary
hat among litters. Either statistical dependence or heterogeneous probabilities

Models using these logits have different parameter estimates and goodness«of i
statistics than models using the other continuation-ratio logits.
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violates the binomial assumption and typically causes overdispersion—greater vari. '
ation than the binomial model predicts. For example, at a fixed concentration leve],

the number of mice that die in a litter may vary among pregnant mice (0 a greater

degree than if the counts were independent and identical binomial variates.

The total G? for testing the continuation-ratio model shows evidence of lack of
fit. The structural form chosen for the model may be incorrect. The lack of fit may
partly or entirely, however, refiect overdispersion caused by dependence within litters
or heterogeneity among litters. Both factors are common in developmental toxicity
studies. See Collett ((1992), Ch. 6) and Morgan ((1992), Ch. 6) for ways of handling
overdispersion. 3

PROBLEMS

8.1. Refer to the example in Section 8.1.2.
a. Using the model fit, calculate an odds ratio that describes the estimated effect
of length on primary food choice being either “invertebrate™ or “other”
b. Estimate the probability that food choice is “invertebrate,” for an alligato
of length 3.9 meters.
¢. Find the length at which the outcomes “invertebrate™ ant
likely.
8.2. Table 8.8 displays primary food choice for a sample of alligators, classified b
length (= 2.3 meters, > 2.3 meters) and by the lake in Florida in which they

d “other” are equally-

were caught.
Table 8.8
Primary Food Choice
Lake Size Fish Invertebrate Reptile Bird
Hancock =23 23 4 2’ 2
>23 7 0 1 3
Oklawaha =23 5 11 1 0
>23 13 8 6 1
Trafford =23 5 11 2 1
>23 8 7 6 3
George =23 16 19 1 2
>23 17 1 0 1

Source: Wildlife Research Laboratory, Florida Game and Fresh Water Fish Commission.

a. Use a logit model to describe effects of length and lake on primary fod
choice.

b. Using your model, estimate the probability that the primary food choicg
“fish,” for the various length and lake combinations. Interpret.

¢. Which loglinear model is equivalent to this logit model?
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8.3. Refer to the example in Section 8.1 4.
a. Using the fitted model, estimate the
females, (i) using parameter estimat
b. Fit the logit model for which race ha
trolling for gender. Test the goodne

model is equivalent to this model?

. Describe the gender effect for i i

0dds ratio for each pair of resp‘:rfs:l zglzlg::ﬁ(e? E’I:Pro?mg o es"ima[ed
these relate to the marginal gender—belief odds ratiozp . and explain how
. poes the model in (b) imply that race and belief inan a}t li
independent, collapsing over gender? (Hint: Consider srl;

corresponding loglinear model.) °
8.4. Refer to Problem 6.7. Treatin,

prot‘Jlexhil{ly of response “no” for black
es, (ii) using fitted valyes.

s no effect on belief in an afterlife, con-
ss of fit, and interpret. Which loglinear

I

a

fe are marginally
apsibility for the

association, and interpret.
8.5. Refer to Problem 2.21 with Table 2.15.
make inferences about the effect of
attitudes.
8.6. Table 8.9 shows results of a surve

Using modeling methods, describe and
mammography experience on women's

sho y of women, relating fi u
;elf—exammanon and age. Fit a proportional odds model.g.f‘\nn:clly:;1 (;)(,x:n:;:as;
, and conduct descriptive and inferential analyses about the association. °

ble 8.9

Frequency of Breast Self-Examination

Age Monthly Occasionally Never
< 45 91 ) 90 51
:(5)‘(3) 200 155
198 172

R T Senie e.l al. Am.J. Public Health, 71 - 583-5%0 (1981).
ted with permission of the American Public Health Association.

i 7. Zor—a rZample of 40 §ubjects, Table 8.10 relates ¥ = mental impairment
st (S(lxznse:,ll ;i P;]/hlSdES?; _= Moderate, 4'= Impaired) to socioeconomic
posite s ,f bi 5 =0, low) and a life events index, which is a com-
o 9 th the mlxmber and severity of important life events (such

ss of job, divorce, death in family) that the subject experienced withi
Past three years. . i he

;. Fita proportional odds model, and interpret effects.

g (/;;iinagl interaction term b.etween the predictors. Interpret this model by
e Ing the impact of life events on mental impairment separately at

ch level of SES. Check whether this model provides an improved fit.
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Table 8.10 Responses on (Mental impairment, SES, Lile events)

MULTICATEGORY LOGIT MODELS

Subject R Subject p Subject Responses Subject Responses
L1l 1 (1,0,1) 21 .19 31 (3.0,3)
; El,l.‘); 12 (1,0,2) 22 (2,0,3) 32 (4,1,8)
3 (1.1,4) 13 (2,1,5) 23 2,1,3) 33 4,1,2)
4 (1.1,3) 14 (2.0,6) 24 @Lun 34 4,17
5 (1,0.2) 15 2,1,3) 25 (3.0,0) 35 4,0,5)
6 (1,1,0) 16 2.0,1) 26 3.1.4) 36 (4,0,4)
7 (L0} 17 2,18 27 (3.0.3) 37 (4,0,4)
8 (1.1,3) 18 2,12 28 (3.0.9) 38 4, 1.8
9 (1,1,3) 19 2,0,5) 29 (3.1,6) 39 (4,0,8)
10 (LL7) 20 (2.1,5) 30 (3.0.4) 40 4.0,9)

8.8. The Human Suffering Index was created by the Population Crisis Committee

(Washington, D.C.) to compare living conditions among countries: Table_ 8.11
shows results of this index in 1987 for countries classified by their cqnunan
Though inference is not relevant here, one could use a fnodel to fiescnbe how
suffering varies by region. Treating region as a nofmnal predictor, anenrlpg
to fit a proportional odds model, using North Amenca (NA)A as t'he baseline
category for the dummy variables. The region estimates are infinite, bccaug
all observations for NA fall in an extreme category of the response. To obtain §
finite estimates, add (a) .001, (b) .01, (c) .1, to the moderate category ff)r NA. §
Note that the estimates for odds ratio comparisons of other reg_ions with NA
depend strongly on the choice of added constant, but th'e comparisons for o‘ther
pairs of regions are similar for each such choice and similar to thqse obtained
by fitting the model to all but the NA data. Use thg parameter estimates fn?m
(a) to rank the regions on degree of human suffering and to compare Africa
and Asia on this index.

Table 8.11° :
Human Suffering Index
Region Minimal Moderate High Extreme
Africa 0 1 16 2‘(’;
Asia 2 10 16 .
Europe 20 7 1(2) o
Latin America 1 10 . 0
North America 2 0

Source: H. F. Spirer and L. Spirer, Data Analysis for Momlorir{g _Human Rights. © 1993, Amenm

A

for the A

of Science. Reprinted with

lung cancer. Patients were randomly assigned to two treatment grouzs-
the sequential therapy, the same combination of chemotherapeutic agen
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administered in each treatment cycle; in the alternating therapy, three different
combinations were given, alternating from cycle to cycle.

Table 8.12
Response to Chemotherapy
Progressive No Partial Complete

Therapy Gender Disease Change Remissi Remissi
Sequential Male 28 45 29 26

Female 4 12 5 2
Altemating Male 41 44 20 20

Female 12 7 3 1

Source: W. Holtbrugge and M. Schumacher, Appl. Statist.. 40: 249-259 (1991).

a. Fit a proportional odds model with main effects for treatment and gender.
Interpret estimated effects.

b. Fit the model that also contains an interaction term between treatment and
gender. Interpret. Does this model give a better fit? Show that this model is
equivalent to using the four gender—treatment combinations as levels of a
single explanatory factor.

8.10. Show that the generalization of model (8.2.1) that has a separate slope B;
for each cumulative logit has a structural problem, cumulative probabilities

possibly being misordered for some values of x.

Refer to Problem 7.26 with Table 7.9.

a. Analyze these data using a proportional odds model.

b. Analyze the data using adjacent-category logits.

c. Specify the loglinear mode! that corresponds to the model in ().

Refer to Table 7.5. Treating job satisfaction as the response, analyze the data

using a model with cumulative logits.

a. Test the fit, and describe the effect of income.

b. Conduct a likelihood-ratio test for the effect of income, controlling for
gender, and interpret. Compare results to those for the test about this effect

in Sections 7.3.4 and 7.3.5. Does it help to utilize the ordinality of income
and satisfaction?

8.11.

8.1

~

)

. Compare the estimated effect of income to the estimate obtained by com-
bining categories “Very dissatisfied” and “A little satisfied.” What property
of the proportional odds model does this reflect?

. Can gender be dropped from the model? Interpret the effect of income on
satisfaction for this simpler model.

- Fit the adjacent-categories logit model (8.3.4) to Table 7.5, using scores
{1,2,3,4} for income.

a. Test goodness of fit, and interpret the estimated effects of income and
gender.
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b. Perform a likelihood-ratio test of no income effect, controlling for gender,
and interpret.

c. Fit the multicategory logit model that corresponds to loglinear mode|
(G1.GS.1S). Does this model give a significantly better fit? Test the income.
satisfaction association in this model, and compare results to (b).

d. Show that the logit model corresponding to loglinear model (§./G), by
which satisfaction is jointly independent of income and gender, seems to
fit well. Argue that this is misleading because of sparseness and because it
ignores ordering information. Show that an analysis that utilizes ordinality
for the /-S association provides different conclusions.

®

in thousands of dollars. Compare results.
8.14. Show that the homogeneous L X L model (7.3.1) with equally spaced scoreg
for response Y corresponds to an adjacent categories logit model with a linear
trend effect for X and a factor effect for Z. Illustrate for Table 7.5.
8.15. Analyze Table 7.5 using continuation-ratio logits. Interpret.
8.16. Refer to Table 8.3. Treating belicf in an afterlife as ordinal, fit 2 model using
adjacent-category logits to these data. Test the goodness of fit, and interpret the

estimated effects of gender and race. Test whether this model gives a poorer fit]

than the baseline-category logit model.
8.17. Refer to the previous problem. Analyze the data using an alternative ordin
model. Interpret results.
8.18. Table 8.13 refers to a study in which subjects were randomly assigned to
control group or a treatment group. Daily during the study, treatment subjecq
ate cereal containing psyllium. The purpose of the study was to analyze whetheg
this had a desirable effect in lowering LDL cholesterol.

Table 8.13

Ending LDL Cholesterol Level

Control Treatment

Beginning <34 3441 41-49 >49 =34 3441 4149

=34 18 8 0 0 21 4
3441 16 30 13 2 17 25
4.149 0 14 28 7 1 35
>49 0 2 15 22 1 5

Source: Dr. Sallee Anderson, Kellogg Co.

a. Model the ending cholesterol level as a function of treatment, using {3
beginning level as a covariate. Analyze the treatment effect, and interprS
b. Repeat the analysis in (a), treating the beginning level as aqualitative co
variable. Compare results.
¢. An altemative approach to (b) uses a generalized Cochran-Maniy
Haenszel test (Section 7.3.5) with 2 X 4 tables relating treatmeny

Redo (2)—(d) using scores {4, 10, 20, 30} that represent approximate income §

PROBLEMS
225

the ending response for four partial tables base
level. Apply such a test, taki

s » taking into account the orderj
to compare the treatments. Interpret, and compare resulrsgt: f(Il)i)Ie fosponse

8.19. Refer to Table 7.8. Treating opinion on bi
amalye hove do pi irth control as the response variable,

d on beginning cholesterol

8.20. Table 8.14 is an expanded version of the d i
! ata set discussed i i
The response caleggnes are (1} not injured, (2) injured tsnen :‘!S:;Cllon o
by emergency medical services, (3) injured and transported :y e;n:g;:zd
Y

medical services but not hospitalized, (4) inj
1 e N injured and itali i
die, (5) injured and died. Analyze these data-.| 0t hospitalized but did not

Table 8.14
-
. Response
Gender Location Seat-Belt 1 2 3 4
5
" Female Urban No 7287 175 720 91 i0
Yes 11,587 126 5
. 77
Rural No 3246 73 710 l;g 3?
" Yes 6134 94 564 82 17
e Urban No 10,381 136 566 96 14
. Yes 10,969 83 259 37 1
ural No 6123 141 710 188 45
Yes 6693 74 353 74 12

_Sowre: Dr. Cristanna Cook, Medical Care Development, Augusta, Maine.

1. S\fppose_ that a response scale has the categories (strongly agree, mildI:
mildly disagree, strongly disagree, don’t know). How might one,modelyt:'gm'
§ponse? (Hint: One approach uses two models, handling the ordered cate orics
in one model, and combining them and modeling the * e

in the other.) “don’t know™ response
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Table 9.1 Rating of Performance of Prime Minister
_— T =
First - Second Survey
7
CHAPTER 9 Survey Approve Disapprove Total
Approve 794 150
Disapprove 86 570 222

Total 880 720 1600

9.1 COMPARING DEPENDENT PROPORTIONS

Models for Matched Pairs

We first discuss methods of comparing dependent Proportions for binary response
variables. For Table 9.1, we compare the probabilities of approval for the prime
minister’s performance at the times of the two surveys,
Let n;; denote the number of subjects making response { at the firsg survey and
response j at the second. In Table 9.1, M+ =y +onpy =944 g the number of
the two samples are then statistically dependent, Methods that treat the two sets of il "3PProve” responses at the first survey, and 1= Myt myy = 880 is the number
observations as independent samples are inappropriate.
Table 9.1 illustrates dependent-samples data. For a poll of a random sample of]
1600 voting-age Canadian citizens, 944 indicated approval of the Prime Minister's
performance in office. Six months later, of these same 1600 people, 880 indicat i that
approval. The rows of Table 9.1 are the Tesponse categories for the first survey, fesponse / at survey 2. The probabilities of approval at the two surveys are w4 and
columns are the same categories for the second survey. The two ceils for which i 71 the first row and first column totals, When these are identical, the probabilities
Tow response is the same as the column response form the “main diagonal” L of disapproval are also identical, and there is marginal homogeneity. Since
table. The 794 + 570 subjects in these cells had the same opinion at both surve;
They compose most of the sample, since relatively few people changed their opiniog
A strong association exists between opinions six months apart, the sample odds ratiq
being (794 X 570)/(150 X 86) = 35.1.
For two dependent samples, each observation in one sample pairs with an obses
vation in the other sample. The pairs of observations are called matched pairs. 8
two-way table having the same categories for both classifications summarizes suc
data. The table is square, having the same number of rows and columns. The margi
counts display the frequencies for the response outcomes for the two samples. In TS
ble 9.1, the row marginal counts (944,656) are the (approve, disapprove) totals fg
the first survey, and the column marginal counts (880, 720) summarize results for
second survey.
This chapter presents analyses of square contingency tables with matched-pa
data. Section 9.1 presents ways of comparing proportions from dependent samplg
Section 9.2 discusses logistic regression analyses of matched-pairs data for bing - S
responses. For matched-pairs data on multicategory responses, Section 9.3 introdu pstribution having n* trials and success probability 1.
loglinear models and Section 9.4 uses them for comparisons of marginal distributid y 'I'!n P-value for the test is 2 binomial tail probability. For instance, for Table 9.1,
of square tables. The final two sections discuss two applications that yield matchg isider the alternative hypothesis that the probability of approval was greater at the
A Survey; that is, H, : T+ > Wy, or equivalently H, : 7, > my. In Table
, M = 150, ny; = 86, and n* = 150 + 86 = 236. The reference distribution is
P binomial with 236 trials and success probability % The P-value for the one-sided

This chapter introduces methods for comparing categorical responses for two samples |
when each sample has the same subjects or when a natural pairing exists between

analyses must recognize this.
Let m; denote the probability that a subject makes response £ at survey 1 and

Tk T Ty = () + ) = (my + M) = Wy = my,

3 marginfil_ lilomogen.eity in2 X2 tables is equivalent to equality of “off—main-diagonal"
probabilities; that is, M2 = 7. The table then shows Symmetry across the main
diagonal, !

L1 McNemar Test

A test of marginal homogeneity for matched binary responses has null hypothesis
P00 Ty = 7y, or equivalently H,, : T2 = 3. When the null hypothesis is true,
fWe expect about the same frequency for the counts nyz and ny,. Let n* = ma + ny;
ote the total count in the two off-main-diagonal cells. Their allocation to those
_o cells are outcomes of a binomial variate with n* trials. Under Hy, each of these
B observations has a 1 chance of contributing to n;, and a % chance of contributing
0 "1 S0, 71, and ny; are numbers of “successes” and “failures” for a binomial

of subjects (Section 9.5), and evaluating preferences between pairs of treatme]
(Section 9.6).

226
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alternative is the binomial probability of at least 150 successes out of 236 trials, which
equals .00002. The P-value for the two-sided alternative H, : w4 # w4 doubles
this single-tail probability.

When n° > 10, the reference binomial distribution has similar shape as the
normal distribution with mean %n‘ and variance n'(%)(%). The standardized normal
test statistic equals

o=@’ M2 M
2T O ) ey

The square of this statistic has a chi-squared distribution with df = 1. This test for 3

a comparison of two dependent proportions is called McNemar's test.

One can apply the large-sample normal or chi-squared approximation to obtain the
P-value whenever n* is too large to use a binomial table. For Table 9.1, the normal test
statistic equals z = (150 — 86)/(150 + 86)!/2 = 4.2. There is very strong evidence
that the probability of approval was higher at the time of the first survey.

If the two surveys sampled separate random samples of subjects rather than the
same subjects for each survey, the samples would be independent rather than depen-
dent. One would enter the data in a different two-way table, the two rows representing
the two surveys and the two columns representing the (approve, disapprove) response
categories. One could use the methods of Chapter 2 to analyze the data, comparing
the rows of the table rather than the marginal distributions. For instance, one could
use the tests of independence from Section 2.4.3 to analyze whether the probability;
of approval was the same for each survey. Those chi-squared tests are not relevant
for dependent-samples data of form Table 9.1. We naturally expect an association be-
tween the row and column classifications, because of the matched-pairs connection.
The more relevant question concerns whether the marginal distributions differ.
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rather than independent samples is a smaller variance for the estimated difference in
proportions.

The square root of the estimated variance provides a standard error, used in
constructing a confidence interval for the true difference of proportions. To illustrate,
for Table 9.1, the difference of sample proportions equals .59 — 55 = .04. Its
estimated variance equals

(39)(41) + (55)(45) — 21(794/1600)(570/1600) ~ (150/1600)(86/1600)]
1600

=m=.000091,

and the standard error is (.000091)'/2 = .0095. A 95% confidence interval equals
04 * 1.96(.0095), or (.021,.059). The probability of approval was between about
102 and .06 higher at the first survey than the second survey. A decrease in popularity
occurred, though apparently a small one.

92 LOGISTIC REGRESSION FOR MATCHED PAIRS

- Logistic regression models for binary responses extend to handle binary matched-
pg: pairs data. This section shows a connection between a matched-pairs logit model
P: and McNemar’s test and discusses logit modeling for case-control studies. First,

R we present a three-way representation of matched-pairs data for which a test of
conditional independence is equivalent to McNemar’s test.

} 92.1 Connection between McNemar and Cochran-Mantel-Haenszel Tests

Table 9.1 cross-classified results of two surveys having the same 1600 subjects. An
:altcmalive representation of binary responses for n matched pairs presents the data
8s n separate 2 X 2 partial tables, one for each pair. The kth partial table shows the
tesponses for the kth matched pair. It has columns that are the two possible outcomes
¥ for each measurement; it contains the outcome of the first measurement in row 1 and

outcome of the second measurement in row 2. For instance, Table 9.2 shows a
J ial table for a subject classified as “approval” at both surveys. The full three-way
table corresponding to Table 9.1 has 1600 partial tables; 794 of them look like Table
9.2, 150 of them have first row (1, 0) and second row (0, 1), representing approval

9.1.2 Estimating Differences of Proportions

A confidence interval for the diﬂ'erer;ce of proportions is more informative than 4]
hypothesis test. Let {p;; = n;;/n} denote the sample cell proportions. The differencé
of sample marginal proportions pj+ — p+1 estimates the true difference m+ — m1:
The estimated variance of the sample difference equals

p1+(1 = pro) + pa(l = pr1) — 2pupn — prapau)
n

The first two terms in this expression provide the variance of a difference betweeg
uncorrelated proportions. The parenthetical part of the last term represents the effect oy
the dependence of the marginal proportions through their covariance. Matched-paif]

Table 9.2 Representation of Matched Pair
Contributing to Count n,, in Table 9.1

. Response
data usually exhibit a strong positive association, responses for most subjects b Surve " -
the same for the column and the row classification. A sample odds ratio excee Y pprove Disapprove
1.0 corresponds to py1p22 > p12p21 and hence a negative contribution from the thig First 1 0

term in this variance expression. Thus, an advantage of using dependent sampig Second 1 0
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at the first survey and disapproval at the second, 86 of them have first row 0, 1) ang
second row (1, 0), and 570 have (0, 1) in each row.

Each subject has a partial table, displaying the two matched responses. The 160
subjects provide 3200 observations in a 2 X 2 X 1600 contingency table. Collapsing
this table over the 1600 partial tables yields a 2 X 2 table with first row equa]
to (944, 656) and second row equal to (880,720). These are the total number of
“approve™ and “disapprove” responses for the two surveys and form the marging|
counts in Table 9.1.

Suppose that for each subject the probability of an “approve” response is identical
in each survey. Then conditional independence exists between the opinion responge
and the survey, controlling for subject. The probability of approval is also the same
for each survey in the marginal table collapsed over the subjects. But this implieg
that the true probabilities for Table 9.1 satisfy marginal homogeneity. Thus, a teg
of conditional independence in the 2 X 2 X 1600 table provides a test of margina]
homogeneity for Table 9.1. .

To test conditional independence in such a three-way table, one can use the 4
Cochran-Mantel-Haenszel (CMH) statistic (3.2.1). In fact, the result of that chj. §
squared statistic is algebraically identical to the chi-squared version of McNemar's
statistic, namely (n;; — n;)2/(ny + nyy) for tables of form 9.1. That is, McNemar's
test is a special case of the CMH test applied to the binary responses of n matched
pairs displayed in # partial tables. This connection is not helpful for computationa]
purposes, since McNemar’s statistic is so simple. But it does suggest ways of cop-]
structing statistics to handle more complex types of hed data, as di d at the
end of this section.

9.2.2 A Logit Model for Matched-Pairs Data

McNemar’s test and other analyses for maiched-pairs data also result from logistic
regression modeling. The model refers to the n partial tables of form Table 9.2
It differs from other models in this text by permitting subjects to have their own
probability distributions. Refer to outcome 1 as “success” and outcome 2 as “failure,§
and to the matched responses as 1 and ment 2. Let ¢; denotg]
the probability of a success for subject i's response. The model has form

logit(¢) = a; + Bx,

where x = 1 for measurement I and x = 0 for measurement 2.

The probability of success ¢; for subject i equals exp(a; + 8)/(1 + exp(a; + B
for measurement 1 and exp(a;)/[1 + exp(e)] for measurement 2. The {a;} param
permit the probabilities to vary among subjects. A subject with a large positive o; b
a high probability of success for each measurement and is likely to have a succe§
each time; a subject with a large negative a; has a low probability of success for
measurement and is likely to have a failure each time. The greater the variab
in these parameters, the greater the overall positive association between response
successes (failures) at time 1 tending to occur with successes (failures) at time 2.
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This mode! assumes that, for each subject, the odds of success for measurement
1 are exp(B) times the odds of success for measurement 2. Since each partial table
refers to a single subject, this conditional association is called a subject-specific effect.
The value 8 = 0 implies marginal homogeneity. In that case, for each subject, the
probability of success is the same for both measurements,

Inference for this model focuses on comparing the response distributions through
the parameter B. The large number of subject parameters {o} causes difficulties with
the fitting process and with the properties of ordinary ML estimators. One remedy,
conditional maximum likelihood, maximizes the likelihood function for a conditional
distribution that eliminates the subject parameters. In terms of tables of form Table
9.1, the conditional ML estimate of the odds ratio exp(8) for model (9.2.1) equals
nya/n. For Table 9.1, for instance, exp(B) = 150/86 = 174, Assuming the model
holds, a subject’s estimated odds of approval of the prime minister’s performance
were 74% higher for the first survey than the second survey.

An alternative remedy treats {e;} as random effects. With this approach, {a;} are
an unobserved sample from a particular form of probability distribution, usually the
normal distribution with unknown mean and standard deviation. Model (9.2.1) is then
an example of a mixed model, containing both random effects and the fixed effect
{B}. It is called the logistic-normal model. The analysis for this model eliminates
{a;} by averaging with Tespect to their distribution, yielding a marginal distribution.
The resulting marginal likelihood function, which depends on B as well as the mean
and standard deviation of the distribution for {e;}, has a much smaller number of
parameters and is more manageable. The estimate of B that results from maximizing

§: the marginal likelihood function is called the marginal ML estimate. For model

(9:2.1), in most cases this approach yields exactly the same estimate of exp(B) as the
conditional ML approach.

Model (9.2.1) implies that the true odds ratio for each of the » partial tables equals
exp(B). Section 3.2.3 presented the Mantel-Haenszel estimate of a common odds
ratio for several 2 X 2 tables. In fact, the Mantel-H: 1 esti for pairs
partial tables of form Table 9.2 is algebraically identical to n,,/ny, for tables of form

had

§ Teble 9.1.

In summary, the Mantel-Haenszel estimate, the conditional ML estimate, and
usually the marginal ML estimate for logit model (9.2.1) require only n; and ny,
in Table 9.1 to estimate B. This model provides justification for ignoring the main-
diagonal counts in testing H : B = 0. That is, this model suggests that McNemar’s

i test is adequate for comparing the marginal distributions of matched-pairs data. If the
gmodel seems plausible, then McNemar’s procedure is reasonable.

P23 Logistic Regression for Matched Case-Control Studies*

se-control studies that match a single control with each case are an important
pplication having matched-pairs data. For a binary response Y, each case (Y = 1)
matched with a control (Y = 0) according to certain criteria that could affect the
vSponse. Subjects in the matched pairs are measured on the predictor variable of
frierest, X, and the X-Y association is analyzed.
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Table 9.3 Previous Diagnoses of Diabetes for Myocardial Infarction (MI)
Case-Control Pairs

MiI Controls
MI Cases Diabetes No Diabetes Total
Diabetes 9 37 46
No Diabetes 16 82 98
Total 25 119 144

Source: J. L. Coulehan et al., Amer. J. Public Health, 76: 412-414 (1986). Reprinted with permission of
the American Public Health Association. See also M. Pagano and K. Gauvreau, Principles of Biostatistics "%
(Duxbury Press 1993, p. 319). 4

Table 9.3 illustrates results of a matched case-control study. A study of acute my-
ocardial infarction (MI) among Navajo Indians matched 144 victims of MI according 1
to age and gender with 144 individuals free of heart disease. Subjects were then asked
whether they had ever been diagnosed as having diabetes (x = 0, no; x = 1, yes). 1
Table 9.3 has the same form as Table 9.1, except that the levels of X rather than the &
levels of Y form the two rows and the two columns.

One can display the data for each matched case-control pair using a partial table
of form similar to Table 9.2, but reversing the roles of X and Y . Each matched pair
has one subject with ¥ = 1 (the case) and one subject with ¥ = 0 (the control).
There are four possible patterns of X values, shown in Table 9.4. There are 37 partial
tables of type 9.4a, since for 37 pairs the case had diabetes and the control did not,
16 partial tables of type 9.4b, 8 of type 9.4c, and 82 of type 9.4d.

Now, for matched pair #, consider the model for the probability ¢; that Y =
having form

logit(¢) = a; + Bx.

The odds that a subject with diabetes (x = 1)isa MI case equal exp(B) times th

odds that a subject without diabetes (x = 0) is a M case. The probabilities {;} refe
to the distribution of ¥ given X, but these retrospective data provide information only]
about the distribution of X given Y . One can estimate exp(8), however, since it refers
to the X-¥ odds ratio, which relates to both types of conditional distribution (Sectiog
2.3.4). Even though the roles of X and Y are reversed in terms of which is fixed o
which is random in the study, the conditional ML estimate of the odds ratio exp(8

for Table 9.3 is simply ny2/n = % =23.

Table 9.4 Possible Case-Control Pairs

a b c d

Diabetes Case Control Case Control Case Control — Case

Yes(x = 1) 1 0 0 1 1 1
No (x =0) 0 1 1 0 0 0
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When the binary case-control classification has k predictors, this model generalizes
10

logit(d) = a; + Bixi + Baxy + -+ + Byx,.

Typically, one x; is an explanatory variable of interest, such as diabetes status. The
others are covariates one would like to control, in addition to those already controlled
by virtue of using them to form the matched pairs. The standard approach uses
conditional ML to estimate {8,}.

Software exists for conditional ML estimation (e.g., LogXact). For modeling
matched case-control pairs, a simple way exists to obtain conditional ML estimates of
{B;} using software for ordinary ML logistic regression. One calculates the difference
petween the values for the case and the control on ¥ and on {xy,. .., x;}; one enters
those differences into the ordinary software and fits the model that forces the intercept
parameter & to equal zero.

We illustrate using Table 9.3. Denote the difference values by ¥* and x*. For
each pair, if we form the difference using the observation for the case minus the
observation for the control, then always ¥* = 1. Since x = 1 represents “yes” for
diabetes and x = O represents “no,” the differences equal (Y* = 1, x* = —1) for
16 observations, (Y* = 1, x* = 0) for 9 + 82 = 91 observations, and (Y* = 1,
x* = +1) for 37 observations. The logit model that forces & = 0 has B = 0.84. For

. this case of a single binary predictor, the estimate is identical to log(rn,/ny;).

9.2.4 Extensions to Multiple Measurements and Multiple Categories*

B The logit model (9.2.1) for matched pairs extends to a matched set of arbitrary size

T, such as responses on the same subjects at T times. Let B, denote a parameter for

F? measurement 7 in the matched set,t = 1,...,T. In the model

logit(¢) = o + By, 9.2.2)

‘the {B,} permit the probabilities to vary by measurement.

This model is often called the Rasch model, in honor of the Danish statistician who
studied and promoted it in the 1960s. The Rasch model has a substantial literature in

 psychometric journals. It is commonly used to describe performance of students on
g 2 battery of questions. Formula (9.2.2) describes the probability that student i with
ability o; correctly answers question ¢, which has “easiness™ parameter f3;. The data
fror each subject has the form of a generalization of Table 9.2 with T rows and two

golumns. In row ¢, entries (1,0) denote a correct response and (0, 1) an incorrect
Yesponse for question 7.

For T = 2, Section 9.2.1 noted that the CMH test applied to the 2 X 2 X n table
With strata of form Table 9.2 yields McNemar's test. For arbitrary T, a generalized

fCMH test of conditional independence (Sections 7.3.5-7.3.7) applied to the T X2 X n

able is a test of identical {B;} in model (9.2.2). The test statistic for that case is
ometimes called Cochran’s Q.
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The CMH representation also suggests ways o test marginal homogeneity for
larger tables having possibly several response categories as well as several measure.
ments. Consider a matched set of T measurements and a response scale having |
categories. One can display the dataina T X1 Xn table. A partial table displays the
T measurements for a given subject or matched set, one measurement in each row,
A generalized CMH test of conditional independence provides a test of homogeneity
of the T marginal distributions. When response categories are ordered, one can use
a version of that test having ordered scores for the columns (Section 7.3.6). This
builds power for detecting marginal differences in true mean responses for the T
measurements.

The CMH representation is also helpful for more complex forms of matched.
pairs data. For instance, suppose that a case-control study matches each case with
several controls. With # matched sets, one displays each matched set as a stratum of a
2 X 2 X ntable. Each stratum has one observation in column 1 (the case) and several
observations in column 2 (the controls). McNemar’s test no longer applies, but one
can use the ordinary CMH test to perform the analysis.

The next section presents models for matched-pairs data when the response scale
has more than two categories.

9.3 SYMMETRY AND QUASI-SYMMETRY MODELS
FOR SQUARE TABLES

The definition of marginal homogeneity for binary matched pairs extends directly to

matched pairs with multicategory responses. For an [-category response, an [ X[

table displays results. The cell probabilities {m;j} satisfy marginal homogeneity if

e = Wi, i=1,....1 93.1) %

that is, for each category, its probability for the row classification equals it§ probability
for the column classification.
The probabilities in the square table satisfy symmetry if

Tij = Tji
for all pairs of cells. Cell probabilities on one side of the main diagonal are
mirror image of those on the other side. When symmetry holds, necessarily margi

homogeneity also holds. When I > 2, though, marginal homogeneity can occug
without symmetry.

9.3.1 Symmetry as Logit and Loglinear Models

The symmetry condition has the simple logit form

log(mi;/mi) =0  foralliand j.
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For expected frequencies {u,;}, the symmetry model also has a loglinear model
representation,

Togpy = A + A+ A + Ay ©9:3.3)

where all A;; = A it This is the special case of the saturated loglinear model (6.1.2)
in w}'fich the assocnityxon terms are symmetric and the X and ¥ main-effect terms are
identical; that is, AX" = AXY and A¥ = AY. For (9.3.3), log su;; = log s, so that
Pij = K-

The ML fit of the symmetry model is

" nij+ nj
Haj = '12 =

The fit 'satisﬁes i : fji. It has fi; = ny, a perfect fit on the main diagonal.
The residual df for chi-squared goodness-of-fit tests equal /(/ — 1)/2. The adjusted
residuals equal

Only one residual for each pair of categories is nonredundant, since 7;; = —rj;. The
B' sum of squared adjusted residuals for the pairs of categories equals X2 for testing the

model fit.

93.2 Coffee Market Share Example

A survey recorded the brand choice for a sample of buyers of instant coffee. At a
later coffee purchase by these subjects, the brand choice was again recorded. Table
.5 shows results for five brands of decaffinated coffee. The cell counts on the main
‘ag.onal are relatively large, indicating that most buyers did not change their brand
0ice.

The symmetry model fitted to these data has G* = 22.5 and X* = 204, with
df = 10. The lack of fit results primarily from the discrepancy between n,3 and n3;.

B For that pair, the adjusted residual equals (44 — 17)/(44 + 17)‘/2 = 3.5, consumers

pf High Point changed to Sanka more often than the reverse. Otherwise, the symmetry

fmodel fits most of the table fairly well.

933  Quasi Symmetry

symmetry model is so simple that it rarely fits well. For instance, when the
ginal distributions differ substantially, the model fits poorly. For square tables
mached—paiB data, the questions of main interest usually refer to comparing
margmz.\I distributions rather than pairs of cells. One can accommodate marginal
lcrogeneity by permitting the loglinear main-effect terms in (9.3.3) to differ. The
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Table 9.5 Choice of Decaffinated Coffee at Two Purchase Dates, with Fit of

Quasi-Symmetry Model For Table 9.5 on coffee market share, the quasi-symmetry model has G? = 10,0

and X2 = 8.5, with df = 6. Table 9.5 exhibits the fit. P .

ermitting the marginal

First Second Purchase distributions to d_iffer yields a better fit than the symmetry model provides. It is
Purchase High Point Taster's Sanka Nescafe Brim Toal plaU§1ble that, af:l;uslmg. for market shares, b'rand switching has a symmetric pattern.
Section 9.4.1 utilizes this model to test marginal homogeneity. Section 9.5.1 presents

High Point 93 17 44 7 10 1 a simpler model. quasi independence, that fits these data well.

(93) (17.0) 410 (8.0) (12.0)
Taster's Choice 9 46 11 0 9 75 . .

9.0) (46) (11.0) (0.0) 9.0) 9.3.4 An Ordinal Quasn-Symmetry Model
Sanka (2:)70) (11110) (’122) (7?9) (1:)?1) o The symmetry and quasi-symmetry models treat the classifications as nominal. A
Nescafe 6 4 9 15 2 3 speilal 03;56. Of q(uasl ;ymmetry often is useful when the categories are ordinal, Let

5.0) “0) Q0.1 5 (1.9) u = uz*_l = i denote ordered scores for both the row and column categories.
Brim 10 4 12 2 27 S5 The ordinal quasi-symmetry model has form

(8.0) 4.0) (13.9) 2.1) @7n : At A+

0g ij = A + A; + Bu; + A;;

Total 135 82 231 33 60 541 & Fij it A By, 9.35)

Source: Based on data from R. Grover and V. Srinivasan, /. Marketing Research, 24: 139153 (1987). ’

where A;j = Aj for all i and j. It is the special case of the quasi-symmetry model
Reprinted with ission of the American N A

(9.3.4) in which

. Y _
resulting model, called the quasi-symmetry model, is A i~ )\f = Bu;.

log ;= A+ AX + A ’Y + A That is, the difference in main-effect terms has a linear trend across
categories. The symmetry model is the special case B=0.

For this model, the fitted marginal counts need not equal the observed marginal
| counts, but they do have the same means. For the chosen category scores {u;}, the
P sample mean for the row classification s 2_; uip;+. This equals the ow mean X iiia
g for the fitted values. A similar equality holds for the column means. When responses
" in one margin tend to be higher on the ordinal scale than those in the other margin,
£ the fit of model (9.3.5) exhibits this same ordering.

When B # 0, this model implies ordered margins, the cumulative proportions
E in one margin exceeding those in the other margin. When B > 0, then m, >
g T+1: T+ T W4 > 7y + 145, and so forth. That is, responses are more likely to be
=" atthe low end of the ordinal scale for the row variable than for the column variable. It
thcn follows that 5, u;m;, < >, w4 ;; the mean response is higher for the column
classiﬁcation. When 8 < 0, the mean response is higher for the row classification.
The ordinal quasi-symmetry model is equivalent to the model of logit form,

the response

where A;; = Aj; forall i and j.
This model is more complex than symmetry, because of its differing main-effect
terms. The fitted marginal totals equal the observed totals,

Qi+ =niy and  fiy; = ny, i=1,..., I

The symmetry model is the special case of (9.3.4) in which all AX = AY . The model
is also more complex than the independence model, since it has an association term}
The independence model is the special case in which all A; ; = 0. The quasi-syni
model is useful partly because it contains these two models as special cases.

Fitting the quasi-symmetry model requires iterative procedures for loglinear mod-
els. For the symmetry model, {;; is the average of n;; and nj;. For quasi symmetry}
the average of f;; and fij; equals the average of n;; and n jis thus,

By 4 o = g log(mj/ms) = Bl; — wy). 9.3.6)
Like the symmetry model, the quasi-symmetry model fits perfectly on the
diagonal. Its residual df equal (/ — 1}/ — 2)/2. When I > 2, it is unsatura
because it assumes a symmetric structure (A; j = Aji) for the association term.
association symmetry implies that odds ratios on one side of the main diagonal arg
identical to corresponding odds ratios on the other side. When 7 > 2, for instancey

is is the special case of the usual logit model, logit(m) = a + Bx, with a = 0,
$X = 4 ~ u; and 7 equal to the conditional probability for cell (i, /), given response
B cell (4, j) or (j,i). The greater the value of |81, the greater the difference between
% and 7;; and between the marginal distributions. The probability that the response
pn the column variable is x units higher than the response on the row variable equals
EXD(xB) times the probability that the response on the row variable is x units higher
an the response on the column variable.

Hifey _ p2iy
Bzt 3
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One can estimate B in the ordinal quasi-symmetry model by fitting model (9.3.6)
using logit model software. One identifies (nij, nj;) as binomial numbers of successes
and failures in n;; + nj; trials, and fits a logit model with no intercept and with value
of the predictor x equal to 4; — ;. One can also easily fit the ordinal or the ordinary

quasi-symmetry models with software for loglinear models. The Appendix shows
details.

9.3.5 Premarital and Extramarital Sex Example

Table 9.6 is taken from the 1989 General Social Survey. Subjects were asked their
opinion about a man and a woman having sex relations before marriage and a married
person having sexual relations with someone other than the marriage partner. The -
response categories are 1 = always wrong, 2 = almost always wrong, 3 = wrong 8
only sometimes, 4 = not wrong at all. :

A cursory glance at the data reveals that the symmetry model is doomed. Indeed, 3
G* = 4022 and X2 = 297.6 for testing its fit, with df = 6. By comparison, the
quasi-symmetry model fits well, having G> = 1.4 and X = 0.9, with df = 3,
The simpler ordinal quasi-symmetry model also fits well. For the scores {1,2, 3.4},
G? = 2.1 and X? = 2.1, with df = 5. Table 9.6 displays its fitted values. ]

The cumulative sample marginal proportions are py4 = 146/475 = 307, py, +]
P2+ = (146+39)/475 = 389, p1, +pyy +p3s = (146+39+105)/475 = 611fg
premarital sex, and p+ = 387/475 = 815, p, + p.; = (387 + 49)/475 = 918
P+1tpaatpey = (387+49+33)/475 = 987 for extramarital sex. (The cumulative
proportion necessarily equals 1.0 in the final category.) Each cumulative proportiod]
for extramarital sex is much larger than the corresponding one for premarital
suggesting that responses on extramarital sex tend to be lower on the ordinal
(i.¢., more negative) than those on premarital sex. The mean responses also show thi
ordering. The mean for extramarital sex is [387 + 2(49) + 3(33) + 4(6)] /475 = 1.28

Table 9.6 Opinions on Premarital Sex and Extramarital Sex, with Fit of Ordinal
Quasi-Symmetry Model

Extramarital Sex

Premarital
Sex 1 2 3 4
1 144 2 0 0
(144) 1.9) 0.3) (0.0)
2 33 4 2 0
@33.1 “) 09 ©.1)
3 84 14 6 1
(83.7) 15.1) [} (1.4)
4 126 29 25 5
(126.0) (28.9) (24.6) (5)
Total 387 49 33 6

Source: 1989 General Social Survey.
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close to the “always wrong” score, and the mean for premarital sex is [ 146 + 2(39) +
3(105) + 4(185)] /475 = 2.69, close to the “wrong only sometimes” score.

The ML estimate [3 = —2.86 for the ordinal quasi-symmetry model also shows
this tendency. From (9.3.6), the estimated probability that response on premarital
sex 1s x categories higher than the response on extramarital sex equals exp(2.86x)
times the reverse probability. For instance, the estimated probability that the response
on premarital sex is “almost always wrong™ and the response on extramarital sex is
“always wrong” equals exp(2.86) = 17.4 times the estimated probability that the
response on premarital sex is “always wrong” and the response on extramarital sex
is “almost always wrong.”

94 COMPARING MARGINAL DISTRIBUTIONS

Having introduced models for square contingency tables, we next study ways of using
them to compare marginal distributions. Quasi-symmetric models imply marginal
homogeneity when their parameters take certain values. Tests of the hypothesis of
marginal homogeneity compare the fit of the model to the fit of the special case
specifying marginal homogeneity.

94.1 Testing Marginal Homogeneity

2For quasi-symmetry model (9.3.4), marginal homogeneity is the special case in

gwhich the two sets of main-effect parameters are identical; that is, all A}‘ = Ai’ .
JBut this special case is simply the symmetry model. In other words, for the quasi-

f symmetry model, marginal homogeneity is equivalent to symmetry. A test of marginal

romogeneity tests the null hypothesis that the symmetry (S) model holds against the

altemative hypothesis of quasi symmetry (QS). The likelihood-ratio test compares
e G* goodness-of-fit statistics,

G*(S | 0S) = G*(S) - GX(0S). '

EFor/ X 1 tables, the testhas df =1 — 1.

g We illustrate using Table 9.5, the 5 X 5 table on choice of coffee brand at two
Purchases. For these data, G*(S) = 22.5 and G3(QS) = 10.0. The difference G2(S |
0S) = 12.5, based on df = 4, provides evidence of differing marginal distributions
.= 014).
The sample marginal proportions for brands (High Point, Taster’s Choice, Sanka,
afe, Brim) were (.316,.139, .377, 067, .102) originally and (.250,.152, 427,
1,.111) later. One can compare any matched (row, column) pair of these pro-
Portions by combining the other categories and using the methods of Section 9.1 for
< 2 tables. To illustrate, to compare the proportions selecting High Point at the two
fPes, we construct the table with row and column categories (High Point, Others).
table has counts, by row, of (93,78/42, 328). The McNemar z statistic (9.1.1)
Uals (78 - 42)/(78 + 42)!/2 = 3.3. There is strong evidence of a change in the
Prortion choosing this brand (P = .001).
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From formula (9.1.2), the standard error equals .020 for the difference 316 -
250 = 067 between the sample proportions choosing High Point at the two times,
A 95% confidence interval for the true decrease in proportions equals .067 = 039,
Further investigation reveals that the small P-value for testing marginal homogeneity
reflects this decrease in the proportion choosing High Point and an increase in the
proportion choosing Sanka, with no evidence of change for the other coffees.

When the quasi-symmetry model fits poorly, other tests of marginal homogene-

ity are available (Agresti (1990), pp. 359-360 and 499--500), including generalized 4

CMH procedures as discussed in Section 9.2.4. A simple test uses the differences ip
the / row and column marginal proportions, pi+ — p+i,i = 1,...,1. A statistic based
on these differences and their covariance matrix also has a large-sample chi-squared

distribution with df = I — 1. Larger differences in marginal proportions yield 2

larger statistic. Though complex computationally, this statistic is available in stan.
dard software (e.g., PROC CATMOD in SAS). In practice, for nominal classifications
the statistic G2(S | (S) usually captures most of the information about marginal het-
erogeneity even if the quasi-symmetry model shows lack of fit. In fact, the alternative
test based on pairwise differences of marginal proportions has a connection to that
model, being the model’s “efficient score™ statistic for testing marginal homogeneity.

9.4.2 Marginal Homogeneity and Ordered Categories

Tests of marginal homogeneity based on the quasi-symmetry model treat the classifi-
cations as nominal. When response categories are ordered, ordinal tests of marginal
homogeneity analyze whether responses tend to be higher on the ordinal scale in one’
margin than the other.
One can utilize the ordering by choosing as baseline model the ordinal quasi-
symmetry model (9.3.5). For that model, symmetry and thus marginal homogeneil
is the special case B = 0. A likelihood-ratio test. of marginal homogeneity uses
the difference between the G? values for the symmetry and ordinal quasi-symmetry
models, with df = 1. Or, a Wald statistic treats (E /ASEY? as chi-squared with!
df = L. . 3
A third option for an ordinal chi-squared test does not require fitting this model, buf
is related to it, being its “efficient score” test of marginal homogeneity. It compares
the sample means for the two margins, using the category scores {i;} in the mod
Denote the sample means for the rows (X) and columns (Y) by x = 3 uipi+ .
§ = 3" u;p+i. One forms a chi-squared test statistic with df = 1 by the ratio of thé}
square of (X — ¥) to its estimated variance, which equals

() s we - a- !
i

This test essentially analyzes paired difference scores for the n matched pairs. ll:,
good test for detecting differences between true marginal means, even if the ordid]
quasi-symmetry model exhibits lack of fit.
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For large samples, these ordinal likelihood-ratio, Wald, and efficient score tests
of marginal homogeneity usually have similar results. Unless the ordinal quasi-
symmetry model fits quite poorly, tests based on it are more powerful than tests
such as GX(S | QS). In utilizing the ordinality, the tests are directed toward narrower
alternatives and have df = 1.

We illustrate the ordinal tests of marginal homogeneity using Table 9.6 on opin-
jons about premarital and extramarital sex. The symmetry model has G2 = 402.2
(df = 6), and the ordinal quasi-symmetry model has G2 = 2| df = 95) Tﬁe
likelihood-ratio statistic for testing marginal homogeneity is 402.2 - 2.1 = 400 1
with df = 1, providing extremely strong evidence of heterogeneity (P < .0001). h

Strong evidence also results from the Wald test statistic (B/ASE)2 =
(-2857/0420) = 46.4 or the score statistic [(% ~ §)/ASEP = [(1.28 -
2.69)/0.0563]7 = 629.5. The estimate B = —2.857 or the difference in sam-
ple marginal means indicates that responses were considerably more conservative on
extramarital sex than premarital sex.

943 A Proportional Odds Comparison of Margins*

The marginal comparisons presented so far in this section utilize loglinear models.
The analyses also result from generalizations of the Rasch logit model (9.2.2). The
statistic G2(S | OS) based on the quasi-symmetry model relates to a baseline-category

" logitmodel having subject effects and margin effects. The statistic based on the ordinal

quasi-symmetry model relates to an adjacent-categories logit model having subject
effects and having margin effects that are the same for each pair of adjacent response

! categories. Alternatively, for ordinal responses, one can compare the margins with
g2 model using logits of cumulative probabilities. For instance, a proportional odds

generalization of the Rasch model expresses cumulative logits (Section 8.2.1) for

| each margin in terms of subject effects and margin effects that are the same for each
4 binary collapsing of the response.

Let B denote a parameter such that for each subject, the odds that the row response

; fa/lls in category j or below (instead of above category j) are exp(f) times the odds
g for the column response. An estimate of this parameter is '

A 2 Z,(,(j - i)”'l
B =t (Z o) ©4.n

 The numerator sum refers to cells above the main diagonal, weighted by their distance

= i) from that diagonal. The denominator sum refers to cells below the main

Ediagonal.

For Table 9.6, the numerator of (9.4.1) equals

12+2+ 1) +20+0)+3(0) = 5,

@nd the denominator equals

133 + 14 + 25) + 2(84 + 29) + 3(126) = 676.
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Thus, B = log(5/676) = ~4.91, and the estimated odds ratio is exp(B) = 5/676 =
0.0074. For instance, for each subject, the estimated odds of response “always wrong”
(instead of the other three categories) on premarital sex are .0074 times the estimateq
odds for extramarital sex. The estimate [3 = —4.91 falls far from 0 and indicates 3
substantial difference between the marginal distributions.

One can base an ordinal test of marginal homogeneity (8 = 0) on this margin
effect. Estimator (9.4.1) of B has estimated variance

2 Vi~ Py 33— )
[EXicU-dmg)’ [Tt~ ]

9.42)

The ratio B/ASE , where ASE is the square root of (9.4.2), is an approximate standard 4

normal test statistic, and its square is chi-squared with df = 1. For Table 9.6,
B = —4.91 has ASE = 0.45. The chi-squared statistic (—4.91/0.45)? = 118.2 also
provides strong evidence against the null hypothesis of marginal homogeneity.

The result of this ordinal test for a proportional odds model is usually similar to the 3

tests discussed in Section 9.4.2 of B = 0 in the ordinal quasi-symmetry model. The
two models have different forms and are not equivalent, their interpretations referring
to different types of odds ratios. Both are sensitive, though, to detecting marginal
differences for which responses tend to be higher in one margin than the other.

9.5 ANALYZING RATER AGREEMENT*

Table 9.7 shows ratings by two pathologists, labeled X and Y, who separately classi-

fied 118 slides regarding the presence and extent of carcinoma of the uterine Cervix
The rating scale has the ordered categories (1) negative, (2) atypical squamous hyper-.
plasia, (3) carcinoma in situ, (4) squamous or invasive carcinoma. This table illusuawl

Table 9.7 Diagnoses of Carcinoma, with Adjusted Residuals for Independence Model

Pathologist ¥

Pathologist X 1 2 3 4

1 22 2 2 0
(8.5) (-0.5) (-5.9) (—1.8)

2 5 7 14 0
(-0.5) 32) (—0.5) (—1.8)

3 0 2 36 0
(-4.1) (-1.2) (5.5) (-23)

4 0 1 17 10
(-33) (-13) 0.3) 5.9

Total 27 12 69 10

Source: N. S. Holmquist, C. A. McMahon, and O. D. Williams, Arch. Pathol., 84: 334-345 (19 4
Reprinted with permission of the American Medical A See also J. R. Landis and G. G. Kooy
Biometrics, 33: 363-374 (1977).
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another type of matched-pairs data, referring to se;
observers using the same categorical scale.

Letm; = P(X =i,Y = j)denote the probability that observer X classifies a slide
in category / and observer Y classifies it in category ;. Their ratings of a particular
subject agree if they classify the subject in the same category. In the square table, the
main diagonal {i = j} represents observer agreement. The term m;
that they both place a subject in category 7, and i
agreement. Perfect agreement occurs when Yimi=1.

Many categorical scales are quite subjective, and perfect agreement is rare. This
section presents ways of measuring strength of agreement and detect
disagreement. We distinguish between measuring agreement and m
" ation. Strong agreement requires strong association, but strong association can exist
without strong agreement. If observer X consistently rates subjects one level higher
than observer Y, the strength of agreement is poor even though the association is
strong.

parate ratings of a sample by two

is the probability
is the total probability of

ting pattems of
easuring associ-

9.5.1 Quasi Independence

" A common way of evaluating agreement compares the cell counts {n;;} to the values
' {ni+n+;/n} predicted by the loglinear model of independence (6.1.1) for the two-way
table. That model provides a baseline, showing the degree of agreement expected if
g no association existed between the ratings. One would normally expect it to fit poorly
if there is even mild agreement, but its cell adjusted residuals (Section 2.4.5) provide
k. information about patterns of agreement and disagreement.
f - Cells with positive adjusted residuals have frequencies that are higher than ex-
- pected under independence. Ideally, large positive adjusted residuals occur on the
pmain diagonal, and large negative adjusted residuals occur off that diagonal. The
 sizes are influenced, however, by the sample size n, larger values tending to occur as
¢ nincreases.
The independence model fits Table 9.7 poorly (G = 118.0, df =
Ewould expett. Table 9.7 reports the adjusted residuals in parentheses.
sitive adjusted residuals on the main diagonal indicate that agreement for each
g category is greater than expected by chance, especially for the first category. The
ﬁ'—main—diagonal residuals are primarily negative. Disagreements occurred less than
frapected under independence, though the evidence of this is weaker for categories
jeloser together. Inspection of cell counts reveals that the most common disagreements
efer to observer Y choosing category 3 and observer X instead choosing category 2

9), as, one

. More complex loglinear models add components that relate to agreement beyond
pa gxpecled under independence. One useful generalization of independence is the
Kuasi-independence model,

log s = A+ A +AY + 516 = j), 95.1)
€ lheinfiicatorl(i = Jequals 1 wheni = jand equals O wheni # j. This model
£3s (o the independence model a parameter 8; for the cell in row 1 and column 1,
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a parameter &, for the cell in row 2 and column 2, and so forth. When 8 > 0, more
agreements regarding outcome i occur than would be expected under independence,

Because of the addition of the {8} parameters when {i = j} the quasj.
independence model treats the main diagonal differently from the rest of the
table. The ML fit in those cells is perfect, with fi; = n;; for all i. For the remaining
cells, the independence model still applies. In other words, conditional on observer
disagreement, the rating by X is independent of the rating by Y. This model implies
that odds ratios equal 1.0 for ail rectangularly formed 2 X 2 tables in which al] cells
fall off the main diagonal. For 4 X 4 tables, for instance, the model implies that odds
ratios such as

Ri3fos M3t
Hi1ap23 Ha) 32

=10.

The independence model is the special case of quasi independence in which

8 =+ =8 = 0. The quasi-independence model has / more parameters, so itg
residual df = (1 ~ 1) - . Itisa special case of the quasi-symmetry model 934
in which A;; = 0 when i # j. The two models are equivalent when / = 3. One cap

fit it using iterative methods in loglinear model software.

For Table 9.7, the quasi-independence model has G* = 13.2 and X2 = 115,
with df = 5. It fits much better than the independence model, though some lack
of fit remains. Table 9.8 displays the fit. The fitted counts have the same main-
diagonal values and the same row and column totals as the observed data, but satisfy
independence for cells not on the main diagonal.

For Table 9.5 on choice of coffee brand at two oc P
model has G? = 13.8 with 4 f = 11. This is a dramatic improvement over indepen-
dence, which has G2 = 346.4 with df = 16. Given a change in brands, the new
choice of coffee brand is plausibly independent of the original choice. The quasi-
independence model does not give a significantly poorer fit than the quasi-symmetry
model, which has G? = 10.0 with df = 6, the change in G? of 3.8 being based on]
df =11-6=51Its interpretation is simpler.

, the quasi-ind d

9.5.2 Summarizing Agreement

For a pair of subjects, consider the event that each observer classifies one subject ig
category a and one subject in category b. The odds that the raters agree rather thaf]
disagree on which subject is in category a and which is in category b equal

_ TaaTo _ Paalisp
Tap = —— = ——
TabTha Hablpa

As 7y increases, the observers are more likely to agree on which subject received
each designation.

For the quasi-independence model, the odds {9.5.2) summarizing agreement fg
categories a and b equal

Tab = €xp(, + ).

k- Pathologist X
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These increase a-s the diagonal parameters increase, so larger {8} represent stronger
agreement. For instance, categories 2 and 3 in Table 9.7 have §, = 0.6 and & &
1.9. The estimated odds that ) :
exp(0.6 + 1.9) = 12.3 times as high when the other observer’
it is 3. The degree of agreement seems fairly strong,
pairs of categories.

s S rating is 2 than when
which also happens for the other

9.5.3 Quasi Symmetry and Agreement Modeling

For Table'9.7, the quasi-independence model shows some lack of fit. This mode! is
normally inadequate for ordinal scales, which almost alw. i

For rater agreemenl data, the quasi-symmetry model (9.3.4) often fits much better
than the quasi-independence model. For Table 9.7, it has G2 = 19 and X2 = 06
based on df = 2. Table 9.8 displays the fit. It is not unusual for observer agreemén;
tables to have many empty cells. When n, j + nji = 0 for any pair (such as categories
1 and 4 in Table 9.7), the ML fitted values in those cells must also be zero. One
shoulnli ideally eliminate those cells from the fitting process to get the proper reéidual
df value.

For the quasi-symmetry model, one can estimate the agreement odds (9.5.2) by

£ substituting the fitted values {ii} into (9.5.2), or equivalently using exp(Rag + Ay —

X,,,, - ):,?.,). For categor.ies 2and 3 of Table 9. , for instance, the estimate equals 10.7.
Loglinear models directly address the association component of agreement. The

, quasi-symmetry model also yields information about similarity of marginal distri-

P Tabic 9.8 F itted Values for Quasi-Independence and Quasi-Symmelry Models

Pathologist ¥
! 2

3 4
1 22 2 2 0
22y 0.7) 3.3 0.0
(22)% 24 (1.6) (0.0)
2 5 7 14 0
(24) @) (16.6) 0.0
R (4.6) @) (14.4) 0.0
0 2 36 0
©0.8) (12) (36) (0.0
0.4) (1.6) (36) 0.0)
0 1 17 10

(1.9) 3.0)

! .i-independence model,
Symmetry model,
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butions. The simpler symmetry model that forces the margins to be identical fits
Table 9.7 poorly, with G? = 39.2 and X2 30.3, based on df = 5. The statistic
GXS108)=392-10= 38.2, with df = 3, provides strong evidence of marginal
heterogeneity. The lack of perfect agreement reflects differences in marginal distri. 1
butions, which Table 9.7 reveals to be substantial in each category but the first.

The ordinal Quasi-symmetry model uses the category orderings. This model fits

Table 9.7 poorly, partly because ratings do not tend to be consistently higher by one
observer than the other. :

9.5.4 Kappa Measure of Agreement

An altemative approach describes strength of agreement using a single summary
index, rather than a model. For nominal scales, the most popular index is Cohen’s
kappa. It compares the agreement to that expected if the ratings were independent. The |
probability of agreement equals 3 mi. If the observers’ ratings were independent,
then 7; = ;4 7., and the probability of agreement equals 3", 7y 4. ;
Cohen’s kappa is defined by

_ Em,» - E"Tw'ﬂ'ﬂ
K==—_& 7 7
1= memy

The numerator compares the probability of agreement to that expected under in-
dependence. The denc replaces ) m; by its maximum possible value of 1,
corresponding to perfect agreement. Kappa equals 0 when the agreement merely
equals that expected under independence, and it equals 1.0 when perfect agrees
occurs. The stronger the agreement, for a given pair of marginal distributions,
higher the value of kappa. F

For Table 9.7, the sample estimate of Y- miequals (22+7+36+10)/118 = 636,
and the sample estimate of S maemy; equals [(26)(27) + (26)(12) + (38)(69) +;
(28)(10)]/(118)* = 281. The sample value of kappa equals (.636 — .281)/(1 ~
281) = .493. The difference between the observed agreement and that exp
under independence is about 50% of the maximum possible difference. :

Controversy surrounds the utility of kappa, primarily because its value depends!
strongly on the marginal distributions. The same diagnostic rating process can yield
quite different values of kappa, depending on the proportions of cases of the variou§
types. We prefer to construct models describing the structure of agreement
disagreement, rather than to depend solely on this summary index.

9.6 BRADLEY-TERRY MODEL FOR PAIRED PREFERENCES*
Table 9.9 summarizes results of matches among five women tennis players di :
the 19891990 season. For instance, Steffi Graf won 3 of the 5 matches that she ag
Monica Seles played. This section presents a model that applies to data of this
in which observations consist of pairwise comparisons that result in a preference

gives estimates of the probabilities of each re:

preference for one of them, Using results
K use the model to establish a ranking of the wines.

b The Bradley-Terry model is a lo,
" 9.
B probability that player ; wins is M =1~
g Seles (player 1) and Graf (player 2) play, IT,
E Iy = 1 — 11, is the probability that Graf wins.

The probability that player i wins equals

setting the last one equal to 0.

Jrodel has one parameter for
B° Table 9.9, one sets up five
poefficients of those parameter:
B¢ variable for playeriis 1, th
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Table 9.9 Results of 1989-1990 Tennis Matches for Women Players, with Fit of
Bradley-Terry model 3
- _—
o Loser
Winner Seles Gra Sabatini Navratilova Sanchez
Seles _ 2 1 3 ;
o (0.69) 3:66) (166
Graf 3 — 6 3 g
e ©92) @.10) 699
Sabatini 1] _ \ :
©0.31) (2.08) (120 .
Navratilova 3 0 2 - 3
(2.39) (0.90) (1.76) 299
Sanchez 0 1

2 1
(0.36) (r.ot) (1.62) (L01)
one category over another. The fitted mode! provides a ranking of the players, and
sult for matches between each pair,
The model is often applied in product comparisons. For instance, a wine-tasting
nes, raters taste each wine and indicate a
of several pairwise evaluations, one could

9.6.1 The Bradley-Terry Model

git model for paired preference data. For Table
that player i is the victor when { and J play. The
I1;; ties cannot occur. For instance, when
2 is the probability that Seles wins and

9, let I;; denote the probability

The Bradley-Terry model has player parameters {B;} such that

logit(IT;) = log(IL;;/11;) = B; — B;. 9.6.1)
3 when g = Bj and exceeds § when

i > Bj. One parameter is redundant, and software imposes a constraint such as

One can fit this logit model by treating each separate pair of cell counts (n;jomji)
i , from Seles’s perspective, the

each player and no intercept term. To fit the model
artificial explanatory variables, corresponding to the
s in the model. For the logit of I;; for a given match,
e variable for player j is — I, and the variables for the
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other players equal 0. (Table A.16 in the Append-ix illustrates this repres:pmion in
SAS code. One of the five explanatory variables is redundant, corresponding to the
redlur:‘:::sttip:grla:::rgl of logit model (9.6.1) to the square table of results is ;ldenfnca]
to the fit of the quasi-symmetry model (9.3.4). For that model.. log(u,l/p,,)! ZS' ot:n
B: — B, when one identifies §; with (A}‘ - )"Y ). One can esun@e pﬂa\'aine)I ir _“:i ¢ e
logit model by fitting the quasi-symmetry model and calculating {8; = A . {1‘[.}.
After fitting the logit model or the L}uasi:symmetry model, onne cin Aesl}mAa e+ L i}
using ;= exp(B; — B)/[1 + exp(B; — B,))- Or, one can use IL; = fi,; (i + iz) 4
from the fit of either model.

9.6.2 Ranking Women Tennis Players

For Table 9.9, the goodness-of-fit statistics for testing the ‘Bradley—Ten'y modeivm
G? = 46and X2 = 3.2, withdf = 6. The table also contains the fitted values. With
software that sets Bs = O (for Sanchez), the estimates of the oth_er pax?}mefters are
1.53 for Seles, 1.93 for Graf, 0.73 for Sabalilni, a.n? 1.09 for Navratilova. Graf ranked
i d Sanchez ranked lowest.

hlg:zsiv‘;‘l-lt::gzzie;;g player ranking, the model fit yields x?slimatses oi;hcl: pgr(;b:. |
bility of each outcome. To illustrate, .when Graf played Seles in 1993, model (9.6.1)
estimates the probability of a Graf win to be

exp(B, — B _ _exp(040) _ 60.
M = Trexp®s - By 1+ expl040)

Or, from the fitted values,

B _ 299 _

M = B+ iz 299 +201
For such small data sets, the model smooth?ng provifics estimates that axse
pleasing and realistic than the sample proportions. For instance, Seles b:a;;.l_anco "
in both their matches, but the Bradley-Terry model estimates the probability
i than 1.00. )

Sel%f) ‘g}f;zll;yvj(t]\:t;ehfir::?frerence between two players i_s “stalisticelly significant,
one can compare (B; — B ;) to its ASE. From the covariance matrix of pa
estimates, the ASE equals the square root of A[Var([.};) + Var(B;) - 2Cov£ .
For instance, for comparing Graf and Seles, 8, — !31 = 9.400 ha§ ASE l——dam
indicating an insignificant difference. Estimates are imprecise for Lh)§ fsfma.l e -" .
The only two comparisons showing fairly gooq evidence of a true differen .
ranking are those placing both Graf and Seles hlghcr than Sanchez.

A confidence interval for B; — B; translates directly to one for I1;;.
Seles, a95% confidence interval for B, — B is 0.400 1.96(9.669), or (
This ;rmslatcs 10 (.29, .85) for the probability [Ty, of a Graf win (e.g., exp!
exp(1.71)) = .85).

~0.91,1.73
(1.7D/[t

B 93,

94.
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The assumption of independent, identical trials that le;
tion and the usual fit of the logit model may be over}
For instance, the probability I1;, that / beats j may
court is clay, grass, or hard, and it may vary somewh,

ads to the binomial distribu-
y simplistic for this application.

vary according to whether the
at over time.

PROBLEMS

9.1. Apply McNemar’s test to Table 9.3. Interpret.

9.2. Table 9.10 refers to a sample of Jjuveniles convicted of a felony in Florida in
1987. Matched pairs were formed using criteria such as age and the number
of prior offenses. For each pair, one subject was handled in the juvenile court
and the other was transferred to the adult court. The response of interest was
whether the juvenile was rearrested by the end of 1988.

Table 9.10

Adult Juvenile Court

Court Rearrest No Rearrest
Rearrest 158 515
No Rearrest 290 1134

Source: Based on a study at the University of Florida by D. Bishop,
C. Frazier, L. Lanza-Kaduce, and L. Winner. Thanks to Dr., Larry
Winner for showing me these data.

a. Test the hypothesis that the true proportions rearrested were identical for
the adult and juvenile court assignments. Use a two-sided alternative.

b. Find a 90% confidence interval for the difference between the true propor-
tions of rearrest for the adult and juvenile court assignments. Interpret.

Refer to the previous problem. Specify a logit model for the probability of

rearrest, using court assignment as a predictor. Explain how to estimate and
interpret the effect of court assignment.

S

Explain the following analogy: McNemar's test is to binary data as the paired
difference ¢ test is to normally distributed data.

Refer to Table 6.12, and treat the data as matched pairs on opinion, stratified
by gender.

n

a. For each gender, test equality of the true proportions supporting government
action for the two items, and construct a 90% confidence interval for the
difference between the true proportions of support. Interpret.

- Construct 2 90% confidence interval for the difference between males and
females in their differences of proportions of support for each item. (Hin:
The gender samples are independent, so the variance of the difference is the
sum of the variances.)

- Estimate the odds ratio exp(8) for logit model (9.2.1) for each gender.
Interpret.

I
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9.6.

9.7.

i 938.

9.9.
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d. Explain why a test of independence for the 2 X 2 table using entries (6, 160)
from Table 6.12 in row 1 and entries (11, 181) in row 2 compares the odds
ratios in (c) for the genders.

Referto Table 9.1. Suppose sample proportions of approval of .59 and .55 were

based on independent samples of size 1600 each. Construct a 95% con_ﬁdencc

interval for the true difference of proportions. Compare to the resuh_ in Sec.
tion 9.1.2, and comment on how the use of dependent samples can improve
precision.

A crossover experiment with 100 subjects compares two dmgs used 10 treat j
migraine headaches. The response scale is success (+) or fa1ll¥rc (—). Half
the study subjects, randomly selected, used drug A the first time they get
a migraine headache and drug B the next time. For them, 6 had responses
(A+,B+), 25 had responses (A+,B-), 10 had responses (AvA,B+), and 9
had responses (A—, B—). The other 50 subjects took the drugs in the reverse »
order. For them, 10 were (A+,B+), 20 were (A+,B—), 12 were (A=,B+),
and 8 were (A—,B—).
a. Ignoring treatment order, compare the success probabilities for the two ]
treatments. Interpret. ;
b. McNemar's test uses only the pairs of responses that differ. For this study,
Table 9.11 shows such data from both treatment orders. Explain why a test}
of independence for this table tests the hypothesis that »success rates are;
identical for the two treatments. Analyze these data, and interpret.

9.1

L 9.12
Table 9.11
Treatment That [s Better
Treatment rea 9.13.
Order First Second
AthenB 25 10 9.14.
Bthen A 12 20

Fitting a logistic regression model to difference scores, estimate 8 in model
(9.2.1) applied to Table 9.1. Interpret.
A case-control study has 8 pairs of subjects. The cases have colon canoer;
and the controls are matched with the cases on gender and age. A possiblg
explanatory variable is the extent of red meat in a subject’s diet, meas}lred
“low” or “high.” For three pairs, both the case and the contrql were high; fog
one pair, both the case and the control were low; for three pairs, the case ]
high and the control was low; for one pair, the case was low and the contng
was high. ]
a. Display the data in a 2 X 2 cross-classification of diet fO{ the case aga 5

diet for the control. Display the 2 X 2 X 8 table with partial tables relati 0

diet to response (case, control) for the pairs. Successive parts refer to

as Table A and Table B. »
b. Calculate the McNemar 22 statistic for Table A and the CMH statistic f

Table B. Compare.

9.10.

—_

. Refer to Table 6.3. Viewing the table as matched

- Refer to the previous problem, Using conditional

. Refer to Table 9.6. For the symmetry model,

. Table 9.12, from the 1991 General Sociai
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¢. Show that the Mantel-Haensze| estima
eight partial tables in Table B is identic
d. For Table B, show that the CMH stati;
ratio estimate do not change if one deletes pairs from the data set in which
both the case and the control had the same diet.
This sample size is 100 small for these large—sample tests, Use the binomial
distribution with Table A to find the exact P-value for testing marginal
homogeneity against the alternative hypothesis of a higher incidence of
colon cancer for the “high™ red meat diet.
The estimated variance for the conditional ML estimate ﬁ = log(n2/ny;) of
B in model (9.2.1) is (1/n, + 1/ny,). Show that a 95% confidence interval
for the odds ratio exp(f3) for Table 9.1 equals (1.34, 2.27).

te of a common odds ratio for the
al to 13 /ny; for Table A.

stic and the Mantel-Haenszel odds

4

triplets, one can compare the
proportion of “yes” responses among the three drugs.

a. Construct the marginal distribution for each
sample proportions of “yes” responses.

b. Representing the data witha 3 x 2
subject, use a generalized CMH
homogeneity.

drug, and compute the three

partial table of drug-by-response for each
procedure (Cochran’s Q) to test marginal

¢. Repeat the test after eliminating the 911 + 279 subjects who make the same
response for every drug. What effect do such observations have on the test?

ML, estimate the marginal

parameters in logit model (9.2.2), and interpret using subject-specific odds

ratios.

compute and interpret the adjusted
residual for the pair of categories (1,4).

Survey, reports subjects’ religious
affiliation in 1991 and at age 16, for categories (1) Protestant, (2) Catholic,
(3) Jewish, (4) None or other.

Table 9.12

Affiliation Religious Affiliation Now

at Age 16 1 2 3 P
! 863 30 | 52
2 50 320 0 3
3 1 1 28 1
4 27 3 0 o

Source: 1991 General Social Survey.

2. Test whether the proportions classified as Catholic differed in 1991 and at

age 16. Construct a 90% confidence interval for the change in the proportion
classified Catholic. Interpret.
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b. Show that the symmetry model has G? = 322 withdf = 6. Use restdualg
to analyze transition patterns between pairs of religions.

¢. Show that the quasi-symmetry model has G2 = 2.0 with df = 3. Interpre,

d. Test marginal homogeneity. Show that the small P-value mainly reflects the
large sample size and is due to a small decrease in the proportion classified
Catholic and an increase in the proportion classified None or Other, with no
evidence of change for other categories.

e. Fit the quasi-independence model, and interpret.

9.15. Table 9.13, from the 1991 General Social Survey, reports respondents’ current
region of residence and region of residence at age 16. Analyze these data.
Table 9.13
. Residence in 1991

Resid

at Age 16 Northeast Midwest South West
Northeast 245 16 40 20
Midwest 12 333 31 51
South 14 31 321 16
West 3 51 i2 309

Source: 1991 General Social Survey.

9.16.

9.17.

9.18.

9.19. Refer to the previous problem. Using the ordinal quasi-symmetry model of

Refer to Table 9.6. Fit the ordinal quasi-symmetry model, using , = 1 and
us = 4 and picking u, and u3 to represent sensible choices for distances be-

tween categories that are unequally spaced. Compare results and interpretations §

to those given in Sections 9.3.4 and 9.4.2.

Refer to Table 9.6. Using a generalized CMH procedure, test marginal homo-
geneity.
Table 9.14 is from the 1989 General Social Survey. Subjects were asked their

opinion on early teens (age 14-16) having sex relations and on a man and -

a woman having sex relations before marriage. The response categories are
1 = always wrong, 2 = almost always wrong, 3 = wrong only sometime,
4 = not wrong at all. Analyze these data. !

Table 9.14

Teen Premarital Sex

Sex 1 2 3 4
1 141 34 3 109
2 4 5 23 38
3 1 0 9 23
4 0 0 1 15

Source: 1989 General Social Survey.

proportional odds model, estimate the marginal effect. Interpret.
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9.20.

Refer to Table 6.17. The two-way table relating responses for the environment
(as rows) and cities (as columns) has cell counts, by row, (108, 179,157/ 21,
55,49/5,6,24).

. Fit the symmetry and quasi-symmetry models. Interpret.

. Test marginal homogeneity, and interpret.

. Conduct an analysis that utilizes the ordinality,

»

b.

c and interpret.
d. Fit the quasi-independence model, and interpret.
e

f.

. Compare the margins using a proportional odds model.
Use kappa to describe agreement between responses.

9.21. Refer to Table 6.17. The two-way table relating health (as rows) and law
enforcement (as columns) has cell counts, by row, (292, 1 17,25/72,60,6/ 14,
12,9). Analyze these data.

9.22. Refer to all four items in Table 6.17.

9.23.

a. Generalize the symmetry model, so that the cell probability is identical for
all cells with the same set of response outcomes; that is, Haiji is identical
for all permutations of the subscript. Fit this complete symmeltry model, and
interpret. (Hint: Fit a model with a factor that has a different level for each
distinct combination of the four indices.)

. Fit a generalized quasi-symmetry model by using different main effect fac-
tors for the four items. Test homogeneity of the four margins by comparing
the fits of the complete symmetry and quasi-symmetry models. Interpret.

. Fit a generalized ordinal quasi-symmetry model by adding a quantitative
main effect term for each margin to the complete symmetry model. Use this
model to test marginal homogeneity in a way that uses the ordering.

An alternative ordinal model for square tables, called the conditional Symmetry

model, has form log(u;/u;i) = B, for all i < j. Show that symmetry is the

special case B = 0. Comparing the fit of this model to the symmetry model
provides an alternative ordinal test of marginal homogeneity. Do this for Table

9.6, and interpret. (The ordinal quasi-symmetry model has the advantage of

extending naturally to multiway tables, as discussed in the previous problem.)

&

)

. Table 9.15 refers to a case-control study investigating a possible relationship

between cataracts and the use of head coverings during the summer. Each case

f Table 9.15

Control
Always or
Almost Always Frequently Occasionally Never
Always or almost always 29 3 3 4
 Frequently 5 0 1 1
Occasionally 9 0 2 0
Never 7 3 1 0

e:J. M. Dolezal et al., Am. J. Epidemiol., 129: 559568 (1989).
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reporting to a clinic for care for a cataract was matched with a control of the

same sex and similar age not having a cataract. The row and column categories

refer to the frequency with which the subject used head coverings. Analyze
these data using models presented in this chapter. Interpret results.

Refer to Problem 8.18 with Table 8.13. For both the control and treatment

groups, use methods of this chapter to compare the beginning and ending

cholesterol levels. Compare the changes in cholesterol levels for the two groups,

Interpret.

9.26. Refer to Table 9.13. Fit the independence model and the quasi-independence
model. Describe lack of fit. What can you say about the numbers of people
who moved from the Northeast to the South and from the Midwest to the West,
relative to what quasi independence predicts?

9.27. Table 9.16 displays diagnoses of multiple sclerosis for two neurologists. The
categories are (1) Certain multiple sclerosis, (2) Probable multiple sclerosis,
(3) Possible multiple sclerosis, (4) Doubtful, unlikely, or definitely not multiple

9.25.

13

sclerosis.
Table 9.16
Neurologist B

Neurologist A 1 2 3 4
1 38 5 0 1
2 33 1 3 0
3 10 14 S 6
4 3 7 3 10

Source: Based on data in J. R. Landis and G. Koch, Biometrics, 33:
159-174 (1977).
Reprinted with permission of the Biometric Society.

[

pret.

=2

Interpret.

¢. Use more complex models to study the pattern and strength of agreement, :

between the neurologists. Interpret results.
d. Use kappa to describe agreement. Interpret.

9.28. Refer to Table 9.5. Fit the quasi-independence model. Calculate the fitted oddg]

ratio for the four cells in the first two rows and the last two columns. Interpref
Analyze the data from the perspective of describing agreement between choict
of coffee at the two times. :

9-29. Refer to Table 9.7. Based on the adjusted residuals, explain why the linear-
linear association model (7.2.1) might fit these data well. Fit that model, 3
use the fit to describe the association between the diagnoses.

. Test margipal homogeneity (i) by comparing symmetry and quasi-symmetry ‘
models, (ii) with a test that uses the ordering of response categories. Inter-

. Use the independence model and residual to study the pattern of agreement.
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9.30. In 1990, a sample of psychology graduate students at the University of Florida
made blind, pairwise preference tests of three cola drinks. For 49 comparisons
of Coke and Pepsi, Coke was preferred 29 times. For 47 comparisons of Classic
Coke and Pepsi, Classic Coke was preferred 19 times. For 50 comparisons of
Coke and Classic Coke, Coke was preferred 31 times, Comparisons resulting
in ties are not reported. Fit the Bradley—Terry model, analyze the quality of
fit, and establish a ranking of the drinks. Estimate the probability that Coke is
preferred to Pepsi, using the model fit, and compare to the sample proportion.

=

. Table 9.17 refers to journal citations among four statistical theory and methods
journals (Biometrika, Communications in Statistics, Journal of the American
Statistical Association, Journal of the Royal Statistical Society Series B) during
1987-1989. The more often that articles in a particular journal are cited, the
more prestige that journal accrues. For citations involving a pair of journals X
and Y, view itasa“victory” for X if itis cited by ¥ and a ““defeat” for X if it cites
Y. Fit the Bradley~Terry model. Interpret the fit, and give a prestige ranking
of the journals. For citations involving Comm. Star. and JRSS-B, estimate the
probability that the Comm. Stat. article cites the JRSS-B article.

9.3

Table 9.17

Cited Journal
Citing Journal Biometrika Comm. Stat. JASA JRSS-B
Biometrika 714 33 320 284
Comm. Stat. 730 425 813 276
JASA 498 68 1072 325
JRSS-B 221 17 142 188

Source: Based on Table 4 in S. M. Stigler, Citation patterns in the journals of statistics and probability,
Statist. Sci., 9. 94-108 (1994). Reprinted with permission of the Institute of Mathematical Statistics.

9.32. Table 9.18 refers to tennis matches for several men,players during 1989 and

1990.

Table 9.18
: Loser
- Winner Edberg Lendi Agassi Sampras Becker
| Edberg — N 3 2 4

Lendl 4 — 3 1 2

: Agassi 2 0 — 1 3

Sampras 0 1 2 — 0

6 4 2 1 —

Becker

a. Fit the Bradley-Terry model. Analyze the lack of fit.

b. Estimate the probability of Edberg beating Sampras. Compare the model
estimate to the sample proportion.
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¢. Construct a 90% confidence interval for the probability that Edberg beats
Sampras. Interpret.

d. Which pairs of players are significantly different according to .10-leve]
tests?

9.33. Fit the Bradley-Terry model to Table 9.9.

a. Estimate the probability of Graf beating Sanchez, and construct a 909
confidence interval for this probability. Interpret.

b. By comparing the fit of this model and the simpler model, logit(I1;;) = Qaf];
and , show that the likelihood-ratio statistic fortestingHo : B = -+ = Bs
equals 11.5 with df = 4. Interpret.

9.34. When the Bradley-Terry model holds, explain why it is not possible that 4
could be preferred to B (i.e., I45 > 1/2) and B could be preferred to C,yetC

could be preferred to A.

9.35. For the quasi-symmetry model, show that

log(puij/pji) = AW = A1)~ af —AD).

Thus, the main effect parameters determine departures from symmetry. Explain
the connection with the Bradley—Terry model (9.6.1).

CHAPTER 10

A Twentieth-Century Tour of
Categorical Data Analysis*

We conclude by providing a historical overview of the evolution of methods for
categorical data analysis (CDA). The beginnings of CDA were often shrouded in
controversy. Key figures in the development of statistical science made groundbreak-

* ing contributions, but these statisticians were often in heated disagreement with one

another.

f 101 THE PEARSON-YULE ASSOCIATION CONTROVERSY

Much of the early development of methods for CDA took place in England, and it
is fitting that we begin our tour in London at the beginning of the twentieth century.
The year 1900 is an apt starting point, since in that year Karl Pearson introduced
his chi-squared statistic (X2) and G. Udny Yule presented the odds ratio and related
measures of association.

By 1900, Karl Pearson (1857-1936) was already well known in the statistical
community. Head of a statistical laboratory at University College in London, his work
the previous decade included developing a family of skewed probability distributions
: (called Pearson curves), obtaining the product-moment estimate of the correlation
- coefficient and finding its standard error, and extending work by Francis Galton on
linear regression. In fact, Pearson was a true renaissance man, writing on a wide
variety of topics that included art, religion, philosophy, socialism, women’s rights,
physics, genetics, eugenics, and evolution. Pearson’s motivation for developing the
chi-squared test included testing whether outcomes on a roulette wheel in Monte
Carlo varied randomly, checking the fit to various data sets of Pearson curves, and
lesting statistical independence in two-way contingency tables.

Much of the literature on CDA in the early 1900s consisted of vocal debates
gbout appropriate summary indices for describing association. Pearson’s approach
issumed that continuous bivariate distributions underlie cross-classification tables.

‘¢ argued that one should describe association by approximating a measure, such
#s the correlation, for the underlying continuum. In 1904, Pearson introduced the

257
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term contingency as a “measure of the total deviation of the classification from
independent probability,” and he introduced measures to describe its extent. The
tetrachoric correlation is a ML estimate of the correlation for a normal distribution
assumed to underlie counts in 2 X 2 tables. The mean square contingency and the
contingency coefficient are normalizations of X2 to the (0, 1) scale.

George Udny Yule (1871-1951), an English contemporary of Pearson’s, took an
alternative approach. Having completed pioneering work developing multiple regres.
sion models and related multiple and partial correlation coefficients, Yule turned his
attention between 1900 and 1912 to the study of association in contingency tables,
Yule believed that many categorical variables are inherently discrete. He defined in-
dices directly in terms of the cell counts, without assuming an underlying continuum,
His measures included the odds ratio 6 and a transformation of it to the [—1, +1] §
scale, Q = (6 — 1)/(8 + 1), now called Yule's Q. Discussing one of Pearson’s mea-
sures that assumes underlying normality, Yule stated “‘at best the normal coefficient
can only be said to give us in cases like these a hypothetical correlation between sup-
posititious variables. The introduction of needless and unverifiable hypotheses does
not appear to me a desirable proceeding in scientific work.” Yule also showed the
potential discrepancy between marginal and conditional associations in contingency
tables, later noted by E. H. Simpson in 1951 and now called Simpson’s paradox.

In the first quarter of the twentieth century, Karl Pearson was the rarely challenged
leader of statistical science in England. Pearson’s strong personality did not take
kindly to criticism, and he reacted negatively to Yule’s ideas. In particular, he argued
that Yule's own coefficients were unsuitable. For instance, he claimed that their values
were unstable, since different collapsings of / X J tables to 2 X 2 tables could produce
quite different values of the measures. In 1913, Pearson and D. Heron filled more than
150 pages of Pearson'’s journal (Biometrika) with a scathing reply to Yule’s criticism,
In a passage critical also of Yule’s well-received book An Introduction to the Theory,
of Statistics (London: Griffin, (1911)), they stated

If Mr. Yule’s views are accepted, irreparable damage will be done to the growth of modem!
statistical theory. ... [Yule’s Q) has never been and never will be used in any work done]
under his [Pearson’s] supervision. ... We regret having to draw attention to the manner in}
which Mr. Yule has gone astray at every stage in his treatment of association, but criticism,
of his methods has been thrust on us not only by Mr Yule's recent attack, but also by the,
unthinking praise which has been bestowed on a text-book which at many points can only}
lead statistical students hopelessly astray.

Pearson and Heron attacked Yule’s “half-baked notions” and “specious reasoning
and concluded that Yule would have to withdraw his ideas “if he wishes to maintaif]
any reputation as a statistician.”

In retrospect, Pearson and Yule both had valid points. Some classifications, sucy
as most nominal variables, have no apparent underlying continuous distribution. Ot
the other hand, many applications relate naturally to an underlying continuum, af
it can be useful to direct model-building and inference toward that continuum
ordinal models presented in Sections 7.2 and 8.2 provide a sort of reconcil
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petween Yule and Pearson, since Yule's odds ratio characterizes models that fit well
when underlying distributions are approximately normal.

Half a century after the Pearson-Yule controversy, Leo Goodman and William
Kruskal of the University of Chicago surveyed the development of measures of
association for contingency tables and also made many contributions of their own.
Their book, Measures of Association for Cross Classifications (1979), reprinted their
four influential articles on this topic. One of their articles contains the following quote
from an article by M. H. Doolittle in 1887, which illustrates the fack of precision in
early attempts to quantify association even in 2 X 2 tables.

Having given the number of instances respectively in which things are both thus and so,
in which they are thus but not so, in which they are so but not thus, and in which they are
neither thus nor so, it is required to elimi the general g ive relativity inhering
in the mere thingness of the things, and to determine the special quantitative relativity
subsisting between the thusness and the soness of the things.

10.2 R. A.FISHER’S CONTRIBUTIONS

Pearson’s disagreements with Yule were minor compared to his later ones with
Ronald A. Fisher (1890-1962). In 1922, Fisher introduced the concept of degrees of
freedom, using a geometric representation. The df index characterizes the family of
chi-squared distributions, and Fisher claimed that for tests of independence in7 X J
wbles, X? had df = (I = 1)(J — 1). By contrast, in 1900 Pearson had argued that for
any application of his statistic, df equalied the number of cells minus 1, or IJ ~ 1
for two-way tables. Fisher pointed out, however, that estimating hypothesized cell
probabilities using estimated row and column probabilities resulted in an additional
(I = 1) + (J — 1) constraints on the fitted values, thus affecting the distribution of X2.

Not surprisingly, Pearson reacted critically to Fisher's suggestion that his formula
for df was incorrect. He stated

I'hold that such a view [Fisher’s] is entirely erroneous, and that the writer has done no
service to the science of statistics by giving it broad-cast circulation in the pages of the
Journal of the Royal Statistical Society. . ... 1 trust my critic will pardon me for comparing
him with Don Quixote tilting at the windmill; he must either destroy himself, or the whole
theory of probable errors, for they are invariably based on using sample values for those of
the sampled population unknown to us.

Pearson claimed that using row and column sample proportions to estimate un-

L known probabilities had negligible effect on large-sample distributions. Fisher was
i unable to get his rebuttal published by the Royal Statistical Society, and he ultimately
fesigned his membership.

Statisticians soon realized that Fisher was correct, but he maintained much bit-
ss over this and other dealings with Pearson. In a later volume of his collected
! orks, he remarked that his 1922 article “had to find its way to publication past
Critics who, in the first place, could not believe that Pearson’s work stood in need of
ection, and who, if this had to be admitted, were sure that they themselves had
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corrected it.” Writing about Pearson, he stated “If peevish intolerance of free opinion
in others is a sign of senility, it is one which he had developed at an early age.” In an
article in 1926, he was able to dig the knife a bit deeper into the Pearson family using
12,000 2 X 2 tables randomly generated by Karl Pearson’s son, E. S. Pearson. Fisher
showed that the sample mean of X2 for these tables was 1.00001, much closer to the
1.0 predicted by his formula for £(X2) of df = (I = 1)(J — 1) = 1 than Pearson’s
-1=3

Fisher’s preeminent reputation among statisticians today accrues primarily from
his theoretical work (introducing concepts such as sufficiency, information, and op-
timal properties of ML estimators) and his methodological contributions to areas
such as the design of experiments and the analysis of variance. Though not so welf
known for work in CDA, he did make other interesting contributions to its history,
Moreover, he made good use of the methods in his applied work. For instance, Fisher
was also a famed geneticist. In one article, he used Pearson’s goodness-of-fit test o
test Mendel's theories of natural inheritance. Calculating a summary P-value from
the results of several of Mendel’s experiments, he obtained an unusually large value
(P = 0.99996) for the right-tail probability of the reference chi-squared distribution,
In other words X2 was so small that the fit seemed foo good, leading Fisher in 193¢
to comment “the general level of agreement between Mendel's expectations and his

reported results shows that it is closer than would be expected in the best of severa] ]

LOGISTIC REGRESSION AND LLOGLINEAR MODELS 261

In 1940 Fisher developed canonical correlation methods for contingency tables,
showing how to assign scores 10 rows and columns of a contingency table in order to
maximize the correlation. His work relates to the later development, particularly in
France, of correspondence analysis methods.

103 LOGISTIC REGRESSION AND LOGLINEAR MODELS

In a book of statistical tables published in 1938, R. A. Fisher and Frank Yates
suggested log[m/(1 ~ )] as one of several possible transformations of a binomial
parameter for analyzing binary data. In 1944, the physician and statistician Joseph
Berkson introduced the term “logit” for this transformation. Berkson showed that the
logistic regression model fitted similarly to the probit model, and his subsequent work
did much to popularize the model. In 1951, Jerome Cornfield, another statistician with
a medical background, showed the use of the odds ratio for approximating relative
risks in case-control studies with this model.

Sir David R. Cox (currently at Oxford University) also had considerable influence
in popularizing logistic regression, both through a 1958 article and a 1970 book, The
Analysis of Binary Data. About the same time, an article by the Danish statistician and

thousand repetitions. . . . I have no doubt that Mendel was deceived by a gard

assistant, who knew only too well what his principal expected from each trial made” |

In a letter written at the time, he stated “Now, when data have been faked, I know very
well how generally people underestimate the frequency of wide chance deviations,
so that the tendency is always to make them agree too well with expectations.”

ician Georg Rasch sparked an enormous literature on item response mod-

els, the most important of which is the logit model with subject and item parameters,

now called the Rasch model (Section 9.2.4). This work was highly influential in the

psychometric community of northern Europe (especially in Denmark, the Nether-

lands, and Germany) and spurred many generalizations in the educational testing
ity in the United States.

Fisher realized the limitations of large-sample statistical methods for lab y
work, and he was at the forefront of advocating specialized small-sample procedures,

He was among the first to promote the work by W. S. Gosset {(pseudonym “Student™)

on the ¢ distribution, and the fifth edition of his classic text, Statistical Methods for
Research Workers (Edinburgh: Oliver and Boyd (1934)) introduced “Fisher’s exact
test” for 2 X2 contingency tables. In his book The Design of Experiments (Edinburgh:
Oliver and Boyd (1935)), Fisher described the tea-tasting experiment (Section 2.6.2)
based on his experience at an aftenoon tea break while employed at Rothamsted
Experiment Station. 3

The mid 1930s finally saw some work on model-building for CDA. For instance,
Chester Bliss popularized the probit model for applications in toxicology dealing.
with a binary response. In the appendix of one of Bliss’s articles in 1935, Fisher,
provided an algorithm for obtaining ML estimates of parameters in the probit model.
That algorithm was a Newton—Raphson type method, today commonly called Fisher,
scoring. :

The definition for homogeneous association (no three-factor interaction) in 0011
tingency tables originates in an article by the British statistician Maurice Bartlett in
1935, concerning 2 X 2 X 2 tables. Bartlett showed how to calculate ML estimates]
of cell probabilities satisfying the property of equality of odds ratios between Wy,
variables at each level of the third. He attributed this idea to Fisher.

The quarter century following the end of World War Il saw strong theoretical

8 advances in CDA. For instance, general expressions were derived by H. Cramér and

by C. R. Rao for large-sample distributions of parameter estimators in models for
categorical data. In 1949, the Berkeley-based statistician Jerzy Neyman, who had
already performed fundamental work on hypothesis testing and confidence interval
methods with E. 5. Pearson, introduced the family of best asymptotically normal
(BAN) estimators. These estimators have the same optimal large-sample properties

il s ML estimators. The BAN family includes estimators obtained by minimizing

chi-squared-type measures comparing observed proportions to proportions predicted

" by the model. This type of estimator itself includes some weighted least squares

(WLS) estimators, which generalize ordinary least squares to permit non-constant

J: variance. These are simpler to compute than ML estimators, which was an important
% consideration before the advent of modern computing.

In the early 1950s, William Cochran published work dealing with a variety of im-

f: portant topics in CDA. Scottish-born, Cochran spent most of his career at American

Universities: lowa State, North Carolina State, Johns Hopkins, and Harvard. He intro-

; fhlced a generalization (Cochran’s Q) of McNemar's test for comparing proportions
In several matched samples. He showed how to partition chi-squared statistics into
“omponents that described various aspects of association, such as a linear trend in

omial proportions across quantitatively-defined rows of an / X 2 table. He devel-
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oped sample size guidelines for chi-squared approximations to work well for the x2
statistic. Cochran also proposed a test of conditional independence for 2 X 2 X K
tables, similar to the one later proposed by Mantel and Haenszel in 1959.

In the 1950s and early 1960s, Bartlett’s work on interaction structure in contin-
gency tables was finally extended to multiway tables in articles by J. N. Darroch, %
1. J. Good, L. Goodman, H. O. Lancaster, N. Mantel, R. L. Plackett, and S. Roy, |
among others. These articles as well as some influential articles by Martin W, Birch
in 19631965 were the genesis of research work on loglinear models. Birch’s work
was part of a never-submitted Ph.D. thesis at the University of Glasgow. He showed 3
how to obtain ML estimates of cell probabilities in three-way tables, under varioys
conditions. Birch showed the equivalence of those ML estimates for Poisson and |
multinomial sampling. He also extended earlier theoretical results of Cramér and 4
Rao on large-sample distributions for categorical-data models. The articles by Birch
and others stimulated a great deal of research on loglinear models between aboyt 3
1965 and 1975. A survey article by the French statistician Henri Caussinus (see 7
Caussinus (1966)) provides a good glimpse of the state of the art of CDA Just before §
this decade of advances. In that article, Caussinus introduced the quasi-symmetry
model for square tables.

Much of the work in the next decade on loglinear and logit modeling took place at
three American universities: Chicago, Harvard, and North Carolina. At the University,
of Chicago, Leo Goodman wrote a series of groundbreaking articles, dealing Wiﬂl,
such topics as partitionings of chi-squared, models for square tables (e.g., quasi-|
independence), stepwise logit and loglinear model-building procedures, latent clasg
models (CDA analogs of factor analysis methods), and specialized models for ordinal
data. For surveys of Goodman’s early work, see Goodman ((1968), a R. A. Fisheq
memorial lecture) and (1970). Goodman also wrote a stream of articles for soci ]
science journals that had a substantial impact on popularizing loglinear and log
methods for applications. :

Over the past forty years, Goodman (now at the University of California at Berke-¢
ley) has been the most prolific contributor to the advancement of CDA methodologyd
The field owes tremendous gratitude to his steady and impressive body of work. I
addition, some of Goodman’s students at Chicago have also made fundamental con!
tributions. In 1970, for instance, Shelby Haberman completed a Ph.D. dissertatioq
making substantial theoretical contributions to loglinear modeling. Among topics bl
considered were residual analyses (introducing adjusted residuals), loglinear modelg]
for ordinal variables, and theoretical results for models (such as the Rasch model) fod
which the number of parameters grows with the sample size. -

Simultaneously, related research on ML methods for loglinear-logit models 04
curred at Harvard University by students of Frederick Mosteller (such as Stepl
Fienberg) and William Cochran. Much of this research was inspired by probl
arising in analyzing large, multivariate data sets in the National Halothane Studg
That study investigated whether halothane was more likely than other anaesthetics i§
cause death due to liver damage. A presidential address by Mosteller to the Americsd
Statistical Association (Mosteller, (1968)) describes early uses of loglinear mod
for smoothing multidimensional discrete data sets. Fienberg and his own studeqy

Karl Pearson G. Udny Yule

Ronald A. Fisher Leo Goodman

Figure 10.1  Four leading figures in the development of categorical data analysis.
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advanced this work further. A landmark book in 1975 by him with Yvonne Bishop
and Paul Holland, Discrete Multivariate Analysis, was largely responsible for intro.
ducing loglinear models to the general statistical community.

Research at the University of North Carolina by Gary Koch and several students
and coworkers has been highly influential in the biomedical sciences. Their research
developed WLS methods for categorical data models. An article in 1969 by Koch
with J. Grizzle and F. Starmer popularized this approach, which was extended i
later articles to an impressive variety of problems. In particular, Koch and colleagues
applied WLS to problems for which ML methods are awkward to use, such as the
analysis of repeated categorical measurement data (Koch et al. (1977)). In 1966,
Vasant Bhapkar showed that the WLS estimator is often identical to one of Neyman'g
BAN estimators that minimizes a chi-squared metric. For large samples with fully
categorical data, WLS estimators have similar properties as ML.

104 LATER DEVELOPMENTS

Itis surely unwise to guess which contributions from the fi
are most important. We mention here only some work tl
useful in applications:

nal quarter of this century
hat has already been-very §

1. the modeling of ordinal data, articles b
approach and by Peter McCullagh in
being particularly influential,

. the development of efficient algorithms for im|
methods, available in the StatXact and Lo,
Nitin Patel, and colleagues at Harvard,

. the development of graphical models for multi-way contingency tables (related 3
to the association graphs discussed in Section 7.1), spurred by an article in
1980 by John Darroch, Steffen Lauritzen, and Terry Speed,

conditional likelihood methods for modeling odds ratios in case

ies by Norman Bresiow, Ross Prentice, and colleagues at the

Washington (see Breslow and Day (1980)).

- methodology for longitudinal and multivariate categorical responses using g}

eral estimating equations by Kung-Yee Liang and Scott Zeger and colleagues at

Johns Hopkins and by biostatisticians at Harvard University and the University,

of Washington (see Diggle et al. (1994)). ;

y Leo Goodman in 1979 on the loglinear :
1980 on the proportional odds approach

~

plementing exact small-sample
gXact software, by Cyrus Mehta,

w

»

-control stud-
University of 3

Perhaps the most far-reaching contribution has been
statisticians John Nelder and R, W. M. Wedderbum in |
eralized linear models. This unifies the primary categori
logistic and probit regression models for binomial dat
Poisson data—with long-established regression and Al
response data. Interestingly, the algorithm they used to fit GLMs is Fisher scori
which R. A. Fisher introduced in 1935 for ML fitting of probit models.

the introduction by BritisH
972 of the concept of ge s
ical modeling procedures-
a and loglinear models fog
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modem statistical science. The biography,



APPENDIX

SAS and SPSS for Categorical
Data Analysis

: analyses. This appendix illustrates software use for the analyses presented in this text.
it There is insufficient space to discuss all the major packages, and the examples
B show only SAS code (release 6.10). For more detailed discussion of the use of
¥ SAS for categorical data analyses, see Stokes, Davis, and Koch (1995). We also
[ briefly discuss SPSS, which is simple to use in a menu-driven windows environment.
f See Agresti (1990) for GLIM and BMDP examples. We focus on basic fitting of
k models rather than the great variety of options provided by various procedures. The
¥ material is organized by chapter of presentation in this text. The tables and the full

data sets are available from StatLib. The file is available on the World Wide Web
i at http://lib.slat.cmu.edu/daLasels/agresti. For information about StatLib, send the
b e-mail message i

send index

10 statlib@lib.stat.cmu.edu,

CHAPTER 2: TWO-WAY CONTINGENCY TABLES

ble A.1 illustrates SAS for analyzing two-way tables, using data from Table 2.3.

Phe @@ symbol indicates that each line of data contains more than one observation.
#ROC FREQ conducts chi-squared tests of independence using the CHISQ option,
d provides the estimated expected frequencies for the test with the EXPECTED
Dption. The MEASURES option provides a wide assortment of measures of associa-
Hon and their ASE values. For 2 X 2 tables this option provides confidence intervals
or the odds ratio (labeled “case-control” on output) and the relative risk. One can

267
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Table A.l  SAS for Analyzing Table 2.3

data aspirin;

input group mi count @@,

cards;
|
21

189 1
104

2
2 2

10845
10933

proc freq; weight count;

tables group*mi / chisq expected measures :
Pproc genmod;

model count = group mi / dist=poi link=log obstats residuals;
run;

_——

also perform chi-squared tests using PROC GENMOD (discussed in the Chapter 4
section of this Appendix), as shown in Table A.l; its OBSTATS and RESIDUALS
options provide cell residuals. (The output labeled “StReschi” is the adjusted residua]
(24.4))

Table A 2 shows SAS code for analyzing Table 2.7. The option CMH]1 in PROC
FREQ provides a “nonzero correlation” statistic that is ordinal statistic (2.5. 1). Table
A .2 uses scores 0,.5,1.5,4.0, 7.0) for alcohol consumption. The option SCORES =
RIDIT with CMH1 performs the analysis with midrank scores.

For tables having small cell counts, the EXACT option in PROC FREQ performs
an exact test of independence that treats the variables as nominal. For 2 X 2 tables,
this is Fisher's exact test. Table A.3 shows SAS code
tea-tasting data of Table 2.8,

In SPSS, one can obtain standard chi-squared tests and the correlation statistic
(2.5.1), which SPSS calls the Mantel-Haenszel test for linear association, using the
CROSSTABS procedure, available under the “Summarize” option in the Statistics
menu. CROSSTABS also provides the adjusted residuals, Fisher’s exact test, and
several measures of association, such as the odds ratio and relative risk. /

StatXact provides nominal and ordinal exact tests for two-way tables, as does,
SPSS Exact Tests.

Table A2 SAS for Analyzing Table 2.7

data infants;

input malform alcoho! count @@;

cards;

1 0 17066 1 05 14464 1 15 788 1 40 126 1 70 37
20 48 2 05 3 215 5 2 40 1 2 70 I

proc freq; weight count;

tables malform*alcohol / chisq cmhl1;
proc freq; weight count;

tables malform*alcohol / cmh1 scores=ridit;
nun;

-_—
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Table A.3  SAS for Analyzing Table 2.8

data tea; T
input poured guess count @@,
cards;

13 121

211 223

proc freq; weight count:
tables poured*guess / exact:
run;

_——

CHAPTER 3: THREE-WAY CONTINGENCY TABLES

The CMH option in PROC FREQ in SAS provides the Cochran-Mantel-Haenszel
statistic (3.2.1), the Mantel-Haenszel estimate (3.2.2) of a common odds ratio and
its confidence interval, and the Breslow—Day statistic (3.2.3). Table A .4 shows SAS
code for analyzing Table 3.3. FREQ treats the first variable listed in the “TABLES”
directive (Center) as the control variable; the CHISQ option yields chi-square tests
of independence for each partial table.

StatXact provides exact tests of conditional independence and homogeneous as-
sociation for 2 X 2 X K tables.

CHAPTER 4: GENERALIZED LINEAR MODELS

PROC GENMOD in SAS fits generalized linear models. GENMOD (available begin-
ning with version 6.08 of SAS) specifies the distribution of the random component
in the DIST option (“poi” for Poisson, “bin” for binomial, “nor” for normal) and
specifies the link in the LINK option (including “logit”, “probit”, and “identity”).
Table A.5 shows SAS (GENMOD) analyses for Table 4.1. For binomial models,
the response in the model statements must have the form of the number of “successes™
divided by the number of cases. In Table A.5, the variable labeled TOTAL contains

Table A4  SAS for Analyzing Table 3.3

data cmh;

input center smoke cancer count @@;

cards;
111126112100121351226l
8 1 1 104 8 1 2 89 82121 822 3

proc freq; weight count;
tables center*smoke*cancer / cmh chisg;
run;

-_—
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Table A.5  SAS for Analyzing Table 4.1

data glm;
input snoring disease total;
cards;

0 24 1379

2 35 638

4 21 213

S 30 254

proc genmod; model diseaseftotal = snoring / dist=bin link=identity ;
proc genmod; model disease/total = snoring / dist=bin link = logit ;
proc genmod; model diseaseftotal = snoring / dist=bin link = probit;
un;

-_—

the number of cases at each level of snoring, and DISEASE contains the number of 3
“yes” responses on heart disease. The predictor uses scores (0, 2,4, 5) for snoring,
The models for the probability of heart disease use identity, logit, and probit links,
n regression and logistic
each observation refers 19 4
gression, the first mode]
mode statement
gistic regression &
model (4.2.2) to a constructed binary variable ¥ that equals 1 when a crab has satellites 3
The response in the ;

Table A.6 shows SAS (GENMOD) analyses for Poisso
regression modeling of the data in Table 4.2, in which
a single crab. Using width as the predictor in Poisson
statement fits the model with log link (model (4.3.1)), and the second
fits the model with identity link. The third model statement fits the loy

and equals 0 when she does not. (Chapter 5 discusses this model.)

Table A.6  SAS for Analyzing Table 4.2

data crabs;
input color spine width weight satell;
if satefl > Otheny = [; if satell = Otheny = 0;n=1;

cards;
2 3 283 3.05 8
3 3 26.0 2.60 4
2 2 24.5 2.00 ¢

proc genmod; model satell = width / dist=poi link=log ;
proc genmod; model satell = width / dist=poi link =identity ;
proc genmod; model y/n = width / dist=bin link=logit obstats ;
proc genmod, class color;
model y/n = color width / dist=bin link=logit; contrast *a-d’ color 1 0 0 -1
proc genmod; model y/n = color width / dist=bin link=logit;
proc genmod; class color spine ;
model y/n = color spine width weight / dist=bin link=logit type3;
proc logistic; model y = width / tackfit;
proc logistic; model y = color weight width / selection=backward:
un;

-_—
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Table A.7 SAS for Analyzing Table 4.3
R _—
data crabs;
input width cases satell; log_case = log(cases);
cards;
22.69 14 14

23.84 14 20
24.77 28 67
25.84 39 105
26.79 22 63
2774 24 93
28.67 18 71
30.41 14 72

proc genmod;
model satell
run;

-_—

model statement is the number of successes divided by the number of cases (1, in this
case). The OBSTATS option in GENMOD provides various “observation statistics,”
including predicted values and their confidence limits.

Table A.6 also uses PROC LOGISTIC to fit logistic regression models to these
data. This procedure orders the levels of the response variable alphanumerically,
forming the logit, for instance, as log[P(Y = 0)/P(Y = 1)]. One can use the DE-
SCENDING option to reverse the order, invoking the procedure using the statement
PROC LOGISTIC DESCENDING;.

Table A.7 uses SAS (GENMOD) to fit the Poisson regression model (4.3.3) with
log link for the grouped data in Table 4.3, It models the total number of satellites at
t cach weight level, using the log of the number of cases as the offset. The OBSTATS

option provides Pearson residuals, and the RESIDUALS option provides the adjusted
residuals (labeled “StReschi” on output), which adjust the Pearson residuals to have
approximate standard normal distributions,

SPSS has a general loglinear modeling procedure (GENLOG) having a wide va-
riety of loglinear and logit modeling capabilities. (See Chapter 6 in SPSS 6.1 for
' Windows Update, SPSS Inc., Chicago, 1994.) GENLOG can fit Poisson regression

E models (pp- 95-101 of the SPSS publication). In the dialog box, one specifies a Pois-
son distribution for the cell counts, specifies the predictors as terms in a customized
f model, and specifies the index used for the offset in the “cell structure.”

= width / dist=poi link=log offset=log_case obstats residuals ;

CHAPTER 5: LOGISTIC REGRESSION

One can fit logistic regression models either using software for generalized linear
f models or specialized software for logistic regression. Table A.8 applies SAS (PROC
GENMOD and PROC LOGISTIC) to Table 5.1. In the code, “satell” refers to the num-
Pber of crabs that had satellites at the given width level. In GENMOD, the WALDCI

Option provides the ordinary large-sample confidence intervals for parameters. The
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Table A.8 SAS for Analyzing Table 5.1

data crabs;

input width cases satell;

cards;
22,69 14 5
23.84 14 4
24.77 28 17
25.84 39 21
26.79 22 15
27.74 24 20
28.67 18 15
30.41 14 14

proc genmod; model satell/cases = width / dist=bin link=logit obstats
residuals waldci lrci;

proc logistic; model satell/cases = width / influence;
output out=predict p=pi_hat lower=LCL upper=UCL;

Pproc print data=predict;

mn;

LRCI option presents an alternative set of intervals, likelihood-based, called profile
likelihood intervals. These are beyond the scope of this text; a substantial difference
between the two sets of intervals is a warning that large-sample inference may be
inadequate. In that case, one can instead use software for small-sample inference;
such as LogXact, which provides conditional ML fitting and exact inference for
parameters in logistic regression models.

Like GENMOD, LOGISTIC can also apply some other links, such as the probit:
The INFLUENCE option in LOGISTIC provides regression diagnostics. Following
the model fit, Table A 8 requests predicted probabilities and lower and upper 95%
confidence limits for the true probabilities.

Table A.9 uses SAS (CENMOD) to fit a logit model with qualitative predictors o,

Table A.9  SAS for Analyzing Table 5.5

data aids;
input race $ azt $ yes no @@;
cases = yes + no;

cards;
white y 14 93 white n 32 81
black y 11 52 black n 12 43

proc genmod order=data; class race azt;

model yes/cases = race azt / dist=bin link=logit type3 obstats residuals ;
run;

‘Rx—_
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parameter estimate for the last level of each factor equals 0. SAS lists the category
levels in alphabetical order unless one states ORDER=DATA in the PROC directive,
in which case the levels have the order in which they occur in the input data. In
models with multiple predictors, the TYPE3 option provides likelihood-ratio tests
for testing the significance of each individual predictor in the model.

The fourth and fifth GENMOD statements in Table A.6 use both color and width
as predictors for the crab data; color is qualitative in the fourth model (because of
the CLASS statement) and quantitative in the fifth. The sixth GENMOD statement
in Table A.6 fits the main effects model using all the predictors from Table 4.2. One
can use 2 CONTRAST option in GENMOD to test contrasts of parameters, such
as testing whether parameters for two levels of a factor are identical; when color is
qualitative, for instance, the contrast statement shown contrasts the first and fourth
levels of color,

PROC LOGISTIC has options for stepwise selection of variables, as shown in the
final model statement in Table A.6. The LACKFIT option in this procedure yields
the Hosmer—Lemeshow statistic.

In SPSS, one can fit logistic regression models using the LOGISTIC REGRES-
SION procedure, which is available as a regression option on the Statistics menu
in the windows environment. One identifies the response (dependent) variable and
the explanatory predictors (covariates), and identifies qualitative predictors using
the “categorical” option. This program also has options for stepwise model selec-
tion procedures, such as backward elimination, and can provide a wide variety of
regression diagnostics. Among several options for setting up dummy variables for
categorical predictors, the “simple” contrast constructs them as in this text, using the
final category as a baseline. One can also fit such models using the logit option in the
general loglinear (GENLOG) procedure, identifying qualitative predictors as factors
and quantitative predictors as cell covariates

CHAPTER 6: LOGLINEAR MODELS FOR CONTINGENCY TABLES

One can fit loglinear models using either software for generalized linear models or
specialized software for loglinear models. Table A.10 uses SAS (PROC GENMOD

Table A.10  SAS for Analyzing Table 6.3

data drugs;

input a ¢ m count @@;

cards;
11191111253812144122456
211 3 212 a3 221 2 2.2 2219

Proc genmod; class a ¢ m;

model count = a ¢ m a*m c*m / dist=poi link=log obstats residuals ;
Proc catmod; weight count;

model a*c*m = _response. loglin alm ¢|m ;
Tun;

'x
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and PROC CATMOD) to fit model (AM,CM) 10 Table 6.3. The CLASS statemen
variables for the classification factors. The A-pm
association is represented by A*M in GENMOD and by A[M in CATMOD. CATMOD

in GENMOD generates dummy
codes estimates for a factor so they sum to zero, wher

provides diagnostics, including Pearson and adjusted residuals.

In SPSS, one can fit standard loglinear models using the GENLOG procedure,
With this procedure, one can also conduct chi-squared tests of independence for
two-way tables and display standardized and adjusted residuals for model fits. One
enters the factors and relevant interactions in a customized (unsaturated) model, and
“Weight cases” option in the “Daga”

weights each cell by the cell count using the
menu.

CHAPTER 7: BUILDING AND
LOGLINEAR MODELS

APPLYING LOGIT AND

One can fit ordinal loglinear models
Table A.11 uses SAS (GENMOD) to

the cross-product of row and column
the latter model.

GENLOG in SPSS can also fit the linear-by-linear association model. One Createsa

variable having the cross-product u;v; of the row and column scores, and identifies it ag
acell covariate in a customized model that contains the row and column classifications
as factors.

With the CMH option in PROC FREQ, SAS provides the generalized CMH tests
of conditional independence discussed in Section 7.3. The statistic for the “general
association” alternative treats X and ¥ as nominal, the statistic for the “row mean
scores differ” alternative treats X as nominal and Y as ordinal (this statistic is (1.3.2)

Table A.11  SAS for Analyzing Table 7.3

data sex;

input premar birth count @@; assoc = premar*birth;

cards;
11 38 12 60 1 3 68 1 4 81
21 14 22 29 23 26 2 4 24
3t 4 32 74 33 41 3 4 18
4.1 157 4 2 161 4 3 57 4 4 36

Proc genmod; class premar birth;
model count = premar birth / dist=poi link=log;
proc genmod; class premar birth;

model count = premar birth assoc / dist=poi link=log;
run;

_—
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eas GENMOD sets the estimate
for the last level equal 10 0, The OBSTATS and RESIDUALS options in GENMOp

using software for generalized linear models.
fit the independence model and the linear-by.
linear association model (7.2.1) to Table 7.3. The defined variable “assoc” represents
scores, which has B parameter as coefficient in

SAS AND SPSS FOR CATEGORICAL DATA ANALYSIS

275
Table A.12  SAS for Analyzing Table 7.5

data cmh;

input gender $ income satisf count @@;

cards;

F 3 11 F 3 3 3 F 3 4 11 F 3 52
F10 12 F 1033 F94 F 10 5 3
F 2 10 F 2031 F 4 3 F 2 55
F3 10 F 35 32 F 35 4 4 F 35 5 2
M35 1.0 M35 3 M35 4 9 M3 5 ¢

proc freq; weight count;
tables gender*income*satisf / cmh;
run;

-_—
when K = 1), and the statistic for the “nonzero correlation”
as ordinal (statistic (2.5.1) when K = 1). Table A.12 shows SAS code for Table 7.5,
using scores (1,3,4,5) for Y = job satisfaction and (3, 10, 20, 35) for X = income in
the ordinal test statistics. For average-rank scores, one uses the “SCORES = RIDIT”
option.

PROC LOGISTIC in SAS has a built-in check of whether
regression models exist.

alternative treats X and ¥

ML estimates for logistic

CHAPTER 8: MULTI-CATEGORY LOGIT MODELS

SAS can fit generalized logit models directly using PROC CATMOD. For nominal
responses, CATMOD uses the final response category as the default baseline for
the logits. Table A.13 uses CATMOD to fit model (8.1.1) to Table 8.1. The DI-
RECT statement in CATMOD identifies predictors to be treated as quantitative. The
PRED=PROB and PRED=FREQ options provide predicted probabilities and fitted
values and their standard errors.

Table A.13  SAS for Analyzing Table 8.1

data gator;

input length choice § @@;

cards;

124 1 130 1 130 1 132 F 132 F 140 F 142 1 142 F

368 O 371 F 38 F
Proc catmod; response logits; direct length;
model choice = length / pred= prob pred=freq;
Tun;
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When the number of response categories exceeds two, PROC LOGISTIC in SAS
ovides ML fitting of the proportional odds version of cumulative logit models,
ble A.14 uses it to fit the proportional odds model (8.2.1) to Table 8.6. PROC
ATMOD has options (CLOGIT and ALOGIT) for fitting cumulative logit ang
jacent-categories logit models to ordinal responses; however, those options provide
ighted least squares (WLS) rather than ML fits. For large samples with categorica)
edictors, WLS and ML fits are practically identical. Table A.14 uses CATMOD for
e WLS fit of model (8.2.1) and the adjacent-categories logit model (8.3.2).

SPSS can fit baseline-category logit models using the logit option in the genera]
glinear program (GENLOG), (See pp. 71-78 of SPSS 6.1 for Windows Update,
’SS Inc., Chicago, 1994.) It is also simple to fit continuation-ratio logit models with
s procedure.

When all predictors are categorical, one can fit the logit models of Sec. 8.1 and
3 using any software that fits corresponding loglinear models. For instance, to fit

adjacent-categories logit model with an ordinal categorical predictor, one could
e generalized linear model software (such as GENMOD) to fit the corresponding
ear-by-linear association model for Poisson loglinear models. One can fit the
ntinuation-ratio logit model using ordinary logistic regression software for each
arate binary logit.

TAPTER 9: MODELS FOR MATCHED PAIRS

ble A.15 refers to Table 9.6. For square tables, the AGREE option in PROC FREQ
ovides the McNemar chi-squared statistic for binary responses, the X2 test of fit
the symmetry model (also called Bowker's test), and Cohen’s kappa and its ASE
ue. One can use CMH procedures in PROC FREQ to conduct tests of marginal
mogeneity (Sections 9.2.1 and 9.2.4). (For details, see Section 6.4 of Stokes et al.
95.))

Table A.14 SAS for Analyzing Table 8.6

data politics;

input party ideology count @@;

cards;
11801281131711441[555
013 024 0 3 148 0 48 05 9

proc logistic; weight count;
model ideology = party;
proc catmod; weight count; response clogits;
model ideology = _response. party;
proc catmod; weight count; response alogits;
model ideology = _response. party;
un;
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Table A.1S  SAS for Analyzing Table 9.6

data sex;
input premar extramar symm qi count @@;
cards;
Prl b 1225 20 1335 g 44 45
2125 33 2252 4 2365 2 94 750
3135 84 3265 14 33383 5 34 95 |
4 1 451426 427529 43095 44 10 45
proc freq; weight count;
tables premar*extramar / agree;
proc genmod; class symm;
model count = symm / dist=poi link=log;
proc genmod; class extramar premar symm;
model count = symm extramar premar / dist=poi link=log;
proc genmod; class symm;
model count = symm extramar premar / dist=poi link =log;
proc genmod; class extramar premar gi;
model count = extramar premar qi / dist=poi link=log;
data sex2; input score below above @@; trials = below + above;
cards;
1332 1 142 1251 28 ¢ 2290 3 126 0
proc genmod;
model above/trials = score / dist=bin link=logit noint;
proc genmod;
model aboveftrials = / dist=bin link=logit noint;
un;

-_—

Table A.15 also uses SAS (GENMOD) to fit the symmetry, quasi-symmetry,
ordinal quasi-symmetry, and quasi-independence models to Table 9.6. The defined
“symm” factor indexes the various pairs of cells that have the same association terms
in the symmetry and quasi-symmetry models. For instance, “symm” takes the same
value for cells (1,2) and (2, 1), another value for cells (1,3) and (3, 1), and so forth.
Including this term as a factor in the model represents a parameter A;; satisfying
Aij = Aji. The first model fits this factor alone, providing the symmetry model.

In Table A.15, the second model statement (for quasi symmetry) looks like the
third mode! statement (for ordinal quasi symmetry). The difference is that the second
model statement identifies “premar” and “extramar” as class variables and the third
model statement does not. The main effects are qualitative (nominal) in model two
and quantitative (ordinal) in model three. The fourth model statement fits the quasi-
independence model. The “qi” factor represents the §; parameters in that model. Tt
takes a separate level for each cell on the main diagonal, and a common value for
all other cells; the last level (for cells off the main diagonal) is redundant, and SAS
sets its coefficient equal to 0. Deleting the “qi” term from the final model yields the
ordinary independence loglinear model.
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Table A.16  SAS for Analyzing Table 9.9 Chi-Squared Distribution Values for Various Right-Tail Probabilities
ST T T THOn Yalues

data tennis; - RightTail Probabiliy
input wins matches seles graf sabat navrat sanchez; df 0.250 0.100 0.050 0.025 0.010 0.005 0.001
Ca’zds' s o 0 0 0 | 132 271 3.84 5.02 663 788 10.83
I o - 0 o 2 2.77 461 5.99 738 9.21 10.60 13.82
3 6 \ 0 0 1 0 3 4.11 6.25 7.81 9.35 1134 12.84 16.27
2 2 1 0 0 0 - 4 539 7.78 9.49 1114 13.28 14.86 18.47
6 9 0 1 -1 0 0 5 6.63 9.24 11.07 12.83 15.09 16.75 20.52
3 3 0 1 0 -1 0 6 7.84 10.64 12.59 14.45 16.81 18.55 22.46
7 3 0 1 0 0 Z1 7 9.04 12.02 14.07 16.01 18.48 20.28 24.32
1 3 0 0 1 -1 0 8 10.22 13.36 15.51 17.53 20.09 21.96 26.12
3 5 0 0 1 0 ~1 9 11.39 14.68 16.92 19.02 21.67 2359 27.88
3 4 0 0 0 1 -1 10 12.55 15.99 18.31 20.48 23.21 25.19 29.59
; 11 13.70 17.28 19.68 21.92 2472 26.76 31.26
proc genmod; 12 14.85 18.55 21.03 2334 26.22 28.30 3291
mode! wins/matches = seles graf sabat navrat sanchez / dist=bin link=logit 13 15.98 19.81 22.36 24.74 27.69 29.82 34.53
noint covb; 14 17.12 21.06 23.68 26.12 29.14 31.32 36.12
un; 15 18.25 22.31 25.00 27.49 30.58 32.80 31770
\ 16 19.37 2354 26.30 28.85 32.00 3427 39.25

17 20.49 24.77 27.59 30.19 3341 3572 40.79
18 21.60 25.99 28.87 31.53 34.81 37.16 4231
19 22.72 27.20 30.14 32.85 36.19 38.58 43.82
20 23.83 2841 3141 34.17 3757 40.00 45.32

25 29.34 3438 37.65 40.65 4431 46.93 52.62
30 34.80 40.26 43.77 46.98 50.89 53.67 59.70
40 45.62 51.80 55.76 59.34 63.69 66.77 73.40

The bottom of Table A.15 shows how to fit the symmetry and ordinal quasi-
Symmetry models as logit models. The pairs of cell counts (nij, nj), labeled ag
“above” and “below” with reference to their positions relative to the main diagonal,
are treated as six sets of binomial counts. The variable defined as “score” is the
distance (M; — ) = j— i between the column and row indices. Neither mode] 1
contains an intercept term, indicated by the NOINT option, and the ordinal mode]
uses “score” as the predictor.

=50 56.33 63.17 67.50 71.42 76.15 79.49 86.66

One can fit the Bradley-Terry model by fitting the quasi-symmetry model, or ’ 60 66.98 74.40 79.08 83.30 88.38 9195 99.61
directly using logit models. Table A.16 uses SAS (GENMOD) it fitti 70 77.58 85.53 90.53 95.02 100.4 104.2 112.3
tennis data of Table 9.9, by forming an artificial explanatory vari & g 80 88.13 96.58 . 1018 106.6 1123 1163 1248
For a given observation, the variable for player i is 1 if she wi i ,and '} k%0 98.65 107.6 113.1 118.1 124.1 1283 137.2

0 if she is not one of the players for that match. Each observation [ : k100 109.1 1185 1243 129.6 1358 1402 149.5

Source: Calculated using StaTable, software from Cytel Software, Cambridge, MA.

In SPSS, one can fit models for matched pairs using the GENLOG procedure by:

the cells to which the independence structure applies and O for the other cells and,
specify that dummy variable under “cell structure.” The kappa measure of agreement]
and its standard error are available as part of CROSSTABS in SPSS. 4
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€ancer of larynx and radiation therapy, 50
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chemotherapy and lung cancer, 222-223
cholesterol and cereal, 224, 254
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cigarettes, marijuana, and alcohol, 152-157, 172,
178-180

clinical wial, 58, 192-193

coffee market share, 235-237, 239-240
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computer chip defects, 98-99
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Cross-over experiment, 250
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developmental toxicity, 219-220

diabetes and MI for Navajo Indians, 232-233
diagnoses of carcinoma, 242-246
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diet and colon cancer, 250

drug use (Dayton), 152-157, 172, 178-180

educational aspirations and income, 49

elderly drivers and accidents, 87, 100

environment and city spending, 253

esophageal cancer, 141

extramarital sex and premarital sex, 238-239,
241242

gender gap and party identification, 30-33
ghosts, belief in, 46

government spending, 171-172, 199-200, 253
graduate admissions and gender, 168-169, 202
graduation rates for athletes, 138

8uns in home, 14
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health and law enforcement spending, 253

heart attacks and aspirin, 20-25, 45
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HIV diagnostic test, 5t

HIV and early AZT, | 19-122, 138
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human suffering by region, 222
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218,223

Joumal prestige rankings, 255
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lung cancer and chemotherapies, 222-223

lung cancer meta analysis, 60-62

lung cancer and smoking, 45-46, 47, 60-63, 68,
139, 168

lymphocytic infiltration, 203-204

mammography, 49, 221

marijuana, cigarette, and alcohol use, 152-157,
172, 178-180

mental impairment, life events, and SES,
221-222

meta analysis of lung cancer, 60-62

mice and developmental toxicity, 219-220

migraine headaches, 68

missing people, 138-139

mobility, residential, 252
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multiple sclerosis diagnoses, 254

murder rates, 47, 67

myocardial infarction and aspirin, 20~25, 45

myocardial infarction and coffee, 140

myocardial infarction and diabetes, 232-233

myocardial infarction and smoking, 25-27,
136-137
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osteosarcoma, 203-204
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premarital sex and birth control, 181

premarital sex and extramarital sex, 238-239,
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presidential voting and racial items, 169

Prime minister's performance, 226-229

promotion discrimination, 6566, 69, 70

psychiatric diagnosis and drugs, 48

psyllivm and cholesterol, 224, 254

racial opinion items, 169

radiation therapy and cancer, S0
reincamation, belief in, 14

religious attendance, 170-171, 200-201
religious mobility, 251-252

residential mobility, 252

Russian roulette (Graham Greene), 13

seat belt and death, 169-170

seat belt and injury, 47, 158-162, 225

sex opinions, 252

sexual intercourse and gender and race, 138

silicon wafer defects, 98-99

smoking and lung cancer, 4546, 47, 6063, 139,
168

smoking and myocardial infarction, 25-27,
136-137

snoring and heart disease, 75-80

soccer attendance and arests, 100-101

socoer odds, 46

space shuttle and O-ring failure, 135

strokes and aspirin, 45

tea tasting, 40-44

teenage birth control and religious attendance,
200-201

teen sex and premarital sex, 181, 252

tennis rankings, 246-248, 255

trains and collisions, 101

women tennis players, 246-248
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Adjacent categories logit, 216-218, 276
Adjusted residual, 31
binomial GLMs, 118, 274
for independence, 31, 181, 242-243
and Pearson statistic, 51-52, 155, 235
for Poisson GLMs, 91, 155-156, 262, 271
for symmetry, 235
Agreement, 242-246
ASE, 24
Association graphs, 174-180

Backward elimination, 127-129, 179-180,
273
Baseline-category logits, 206-211
Bayesian methods, 13, 51, 192
Bemoulli variable, 7, 74
Binary data, 19
dependent proportions, 227-229
independent proportions, 19-22
matched pairs, 227-229
models, 74-80, 103135, 229-233
Binomial distribution, 7
comparing proportions, 1927, 227-229
and GLMs, 74

independent binomial / muitinomial sampling,

19

liketihiood function, 8-10, 144

and logistic regression, 77-78

mean and standard deviation, 7

overdispersion, 219-220

Poisson, connection 0,99

proportion, inference for, 8-12, 15

residual, 115, 118
Bradley—Terry model, 246-249, 256, 278
Breslow—Day statistic, 63-64, 66, 122, 269

Canonicat link, 73, 132
Case-control study, 26, 108, 231-233, 264

Categorical data analysis, 1-279

Chi-squared distribution:
df, 28, 32, 111, 154, 259
mean and standard deviation, 28
reproductive property, 32, 52
table of percentage points, 279
Chi-squared statistics:
independence, 30, 52, 267-269
invariance to category ordering, 34
likelihood-ratio, 28-30. See also
Likelihood-ratio statistic
linear trend, 35, 188
normal components, 52
partitioning, 32-33, 52, 261
Pearson, 28. See also Pearson chi-squared
statistic
and sparse dah}, 34,194
Clinical wrial, 27, 192-193
Cochran-Armitage trend test, 39
Cochran-Mantel-Haenszel test, 61
computer software, 190, 269, 274-275
and logit models, 122, 186, 233-234
and marginal homogeneity, 229-230, 233-234
and McNemar test, 229-230
nominal variables, 189-190, 274
odds ratio estimate, 62, 122, 231, 251
ordinal variables, 188189, 274-275
Cochran's Q, 233, 251, 261
Coding factor levels:
logit models, 120-121
loglinear models, 148-149
Cohen’s kappa, 246, 276, 278
Cohort study, 27
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Conditional association, 54,57.152, 176
Conditional distribution, 17
Conditional independence, 58
Cochran-Mantet-Haensze| test, 61, 122, 186,
269,274-275
exact test, 64-65, 269
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logit models, 120-122, 185-18¢
loglinear models, 15§, 156, 173, 185-187
model-based tests, 156, 185-190
Conditional ML estimate, 132, 23], 233,264
Conditional Symmetry, 253
Confonnding, 53,177
Contingency table, 16-17, 258
Continuation-ratio logit, 218-220, 276
Contrast, 273
Controlling fora variable, 53, 55
Correlation, 35, 129, 188, 268
Correspondence analysis, 261
Crossover experiment, 250
Cross-product ratio, 23
Cross-sectional study, 27
Cumulative distribution function, 78, 211-212
Cumulative logit models, 21 1-215, 223, 276

Degrees of freedom:
chi-squared, 23, 259
comparing models, 197
independence, 30, 259
logistic regression, 111
loglinear models, 154, 196
Poisson GLM, 89
Design matrix, 198
Deviance, 96, 114, 127, 196
Dfbeta, 117
Diagnostics, 89-92, 112-| 18, 155-156, 272
Dissimilarity index, 162, 180
Dummy variables, 87, 118-121, 273
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computer software, 44, 133, 268-269
conditional independence, 64-65, 269
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1 X J tables, 4445, 268

logistic regression, 132-135,272

LogXact, 133,267,272

odds ratios, 44, 66, 269

ordinal data, 45, 268

StatXact, 44, 65, 267, 268, 269

trend in proportions, 45
Expected frequency, 27, 30
Explanatory variable, 2, 166
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Expoenential function {exp), 4, 103

Factor, 118, 120-121, 272

Fisher, R. A., 40, 259-261, 265

Fisher’s exact test, 39-44, 268-269

Fisher scoring, 94, 260, 264
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Four-way tables, 158-162, 164-166, 175, 178189
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G | M,), 96, 114, 156, 185,194, 197
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Generalized linear model, 72-73
binomial (binary) data, 74-80, 103-135
computer software, 269-27]
Poisson {count) data, 80-93, 145-167
link functions, 73, 269
normal data, 73-74, 97
General Social Survey, 11
Geometric distribution, 14
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Goodman, Leo, 262
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likelihood-ratio chi-squared, 89, 114-1 15, 196
logistic regression, 112-115, 142
loglinear models, 154-157, 196
Pearson chi-squared, 89, 196, 260
Poisson GLMs, 89-92, 196
Graphical association, 174-180, 264

Hat matrix, 117
H linear-by-linear iation, 203
Hierarchical models, 150
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History. 257-265

Homogeneity of odds ratios, 59, 6364, 66, 122,

269
Homogeneous association, 59-60, 63. 66, 260,
269
logit models, 120-122, 163, 177
loglinear models, 151-152, 158, 163, 185
Homogeneous linear-by-linear association,
187-188, 203, 224
Hosmer-Lemeshow test, 113-114, 273
Hypergeometric distribution, 39-40

Identity link, 73
binary data, 74-76
count data, 85, 101, 102
Incomplete table, 191
Independence, 18, 30
chi-squared test, 30, 267-268
conditional independence, 58, 151, 185-190,
269
exact tests, 3945, 268
logit models, 109-110, 214-215, 217
loglinear model, 145-148, 184-185
nominal test, 188-190
ordinal tests, 34-39, 184185, 188-189, 215,
217
Infinite parameter estimate:
logistic regression, 133-135, 191193, 204
loglinear model, 191193, 203
Influence, 92, 117, 272
Information matrix, 94, 198
Interaction, 59, 128-129, 141, i51, 262
lterative model fitting, 93-94, 195196

! Joint distribution, 17

Kappa, 246, 276, 278
Kruskal-Wallis test, 189

Leverage, 91, 117
Likelihood equations, 14-15, 195
Likelihood function, 8-9, 88, 94-95
Likelihood-ratio statistic, 28-29, 88-89
chi-squared distribution, 28, 196
comparing models, 114-115, 156, 185, 194,
196-198
degrees of freedom, 28
deviance, 96-114
generalized linear model, 96
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8oodness of fit, 89, 113-] 15,196
logistic regression, 109
loglinear models, 154
partitioning, 32-33, 198
and sample size, 194
Linear-by-linear association, 182-18s, 187-188,
201,217.274
Linear predictor, 72
Linear probability model, 74-76, 270
Linear trend in proportions, 34-39, 74-76
Link function, 72-73, 269
canonical, 73, 132
identity, 73
log, 73, 80
logit, 73
probit, 79-80
L XL, See Linear-by-linear association i
Local odds ratio, 183 '
Log function, 4
Logistic distribution, 78, 144
Logistic-normal model, 231
Logistic regression, 77-79, 103-135, 229-234
and case-control studies, 108, 231-233
comparing models, 124-129, 144, 196-198
computer software, 269-273
degrees of freedom, 111
diagnostics, 117-118
exact, 132-135
GLM with binomial data, 77-79
goodness of fit, 111-118, 142
inference, 109-111, 185-186, 195-199
infinite ML estimates, 133-135, 191-193, 204
interpretation, 103-108
linear approximation, 104, 109
matched pairs, 229-233
median effective level, 104-105
model selection, 126-129, 165-167
multiple, 122-129
and normal distributions, 108
probability estimates, 106-107, 110111, 208,
211,275
quadratic term, 108, 136
qualitative predictors, 118129
residuals, 115-118, 274
sample size and power, 269-273
Logit, 73, 77-78, 261
Logit models:
adjacent-categories, 216-218
baseline-category, 206-211
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Logit models (conr. )
continuation-ratio. 218-22(
cumulative, 2{1-216
as generalized linear model, 73
linear trend, 77-78, 104, 125,212, 216
loglinear models, €quivalence. 162-165, 21|
matched pairs, 229233
qualitative predictors, | 18-125
Loglinear models, 73, 80-93, 145-167, 174-199
association graphs, 175180
comparing models, 156, 185,194, 196-198
computer software, 270, 273-274
degrees of freedom, 154, 196
four-way tables, 158-162
as GLM with Poisson data, 73, 80, 145-147
goodness of fit, 154-157, 196
homogeneous association, 151, 158, 163, 185
independence, 145148
inference, 154-158, 185-183, 195-199
logit models, equivalence, 147, 162-165, 211
model selection, 165-167, 178-180
no three-factor interaction, 151. See also
Homogeneous association
odds ratios, 107-108, 149, 152, 157, 160
residuals, 91, 155-156, 181, 242-243, 268
saturated, 148-149
three-way tables, 150-158, 176177, 185-188
XZ,YZ), 151, 154, 156, 176-177, 185, 195
(XY, XZ, Y2), 151, 156, 163, 176-177, 185
Log link, 73, 80
LogXact, 133, 194, 203, 264,272

McNemar test, 227-228, 229-230, 231, 249
Mana-Whitney test, 38
Mantel-Haenszel estimator, 62, 122, 231,251 +
Mantel-Haenszel test, See
Cochran-Mantel-Haenszel test

Marginal association, 57-59, 153, 176-180
Marginal distribution, 17, 57-58
Marginal homogeneity, 227, 234,239-242
Marginal maximum likelihood, 231
Marginal table, 54,57

same association as partial table, 176-180
Matched pairs, 226-249

CMH approach, 229-23]

dependent Pproportions, 227-229

logit model, 230-233

McNemar test, 227-228

odds ratio estimate, 231-233, 251
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ordinal data, 237-242
Rasch modei, 233
Maximum tikelihood, 810
Measures of association:
difference in proportions, 20, 227-229
kappa, 246
odds ratio, 22
relative risk, 21-22
Meta analysis, 62
Mid P-value, 4344, 50
Midranks, 37, 188, 189
Mixed model, 231
ML, See Maximum likelihood
Model matrix, 198
Model selection, 126-129, 165-167, 178-180
Multicollinearity, 126
Multinomial distribution, 8,205
Multinomial logit model, 206
Multinomia] sampling, 8, 19, 205
Multiple correlation, 129
Mutual independence, 15]

Natural parameter, 73

Nested models, 196

Newton-Raphson algorithm, 93-94, 195196

Nominal response variables, 2-3, 188-190,
205-211, 234-237, 239-240, 242246

Normal distribution, 73-74,97

No three-factor interaction, 151. See also
Homogeneous association

Observational study, 27

Odds, 22, 107

Odds ratio, 22, 258
ASE, 24
bias, 25, 191
with case-controf data, 25-27, 108, 232-233
conditional, 57, 59,61-64, 152, 176
confidence intervals, 24, 44, 66, 157, 269
exact inference, 44, 64-66, 269
homogeneity, in 2 x 2 x x tables, 63-64, 66,

122, 269

invariance properties, 23
and logistic regression models, 107-108
and loglinear models, 149, 152, 157, 160
local, 183
Mantel-Haensze! estimate, 62, 122, 231
matched pairs, 231
and relative risk, 25-27, 142
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with retrospective data, 25-27, 232-233
and zero counts, 25, 191 -192
Offset, 86, 271
Ordinal data, 2-3
exact lests, 45, 268
in logit models, 211-220
in loglinear models, 182-185, 187-188
marginal homogeneity, 240242
ordinal versus nominal treatment of data,
36-37, 49
quasi symmetry, 237-24]
scores, choice of, 37-38, 184
testing independence, 34-39, 184-185,
187-188
trend in proportions, 34-39
Ordinal quasi symmetry, 237-241,277-278
Overdispersion, 5, 92-93, 219-220

Paired comparisons, 246-249
Parameter constraints, 120~121, 148-149
Partial association, 54, 57
partial table, 54
same as marginal association, 176-180
Partitioning chi-squared, 32-33, 52,198, 261
Pearson chi-squared statistic, 28, 89
chi-squared distribution, 28, 196
comparing models, 197-198
degrees of freedom, 28, 111, 154, 196
exact test, 42-45
goodness of fit, 89, 113, 154, 196
independence, 30, 52
loglinear model, 154, 196
and residuals, 51,91, 115, 155, 196

sample $ize for chi-squared approximation, 34,

194
sample size, influence on statistic, 34, 52
two-by-two tables, 52
Pearson, Karl, 257-260
Pearson residual, 51, 91
Binomial GLM, 115, 274
independence, 51
Poisson GLM, 91, 156, 196, 271
Poisson distribution, 4
binomial, connection with, 99
mean and standard deviation, 5
overdispersion, 5, 92-93
Poisson loglinear model, 80-93, 145-167,
198
Poisson regression, 80-93
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Poisson sampling, 5-6, 18
residuals, 99, 155-156
Poissan Tegression, 80-93
computer software, 270
degrees of freedom, 89
goodness of fit, 89-93
identity link, 85, 101, 102
interaction, 102
loglinear model, 80-84, 145-167, 198
rate data, 86-87, 99
Polychotomous models, 205-2]1
Power, 130-132
Practical vs. statistical significance, 52, 161-162
Probability estimates, 106-107, 110-1) 1,208,
211,275
Probit model, 79-80, 144, 270, 272
Profile likelihood, 272
Proportional odds model, 212-216, 241-242, 264,
276
Proportions:
Bayesian estimate, {3
dependent, 227-229
difference of, 20, 227-229
estimating using models, 106-107, 110-111,
208,211,275
independent, 20
inference, 10-12, 15
ratio of (relative risk), 21-22
as sample mean, 10
standard error, 10
P-value and Type I error probability, 4143

Quasi independence, 243-244, 277 :
Quasi symmetry, 235-241, 244-245, 248, 253,
256, 262, 277-278

Random component (GLM), 72
Random effect, 231
Ranks, 37, 38, 188, 189
Rasch model, 233, 241, 261
Rater agreement, 242-246
Rates, 86-87, 99, 100, 101
Relative risk, 21-22
confidence interval, 47
and odds ratio, 25-27, 142
Residuals:
adjusted, 31, 91, 118, 155-156, 271
binomial GLM, 115-118
deviance, 96



Residuals (cont)
independence, 31 181, 242243, 268
Pearson, 51,91, 115, 156, 196, 271
Poisson GLM, 91, 155-156
standardized, 91
Response vaniable, 2, 166
Retrospective study, 26, 23 1-233
Ridits, 275

Sample size determination, 130-132
Sampling, 3-8, 18-19
Sampling zer0, 19)
SAS:
CATMOD, 274276
CMH methods, 190, 268-269, 274-275
FREQ, 190, 267-269
GENMOD, 269274, 277278
LogisTic, 270-273
logistic regression, 270-273
loglinear models, 273-274
Poisson regression, 270271
two-way tables, 267-269
Saturated model:
generalized lincar model, 96
logistic regression, 114
loglincar models, 148149
Scores, choice of, 37-38, 184
Score test, 89, 94-95
Sensitivity, S1
Significance, statistical versus practical, 52,
161162
Simpson's paradox, 57, 67, 258
Small samples:
adding constants 1o cells, 25, 191197
exact inference, 3945, 64-66, 132-135

infinite parameter estimates, 13335, 191-193,

203204
X?and G2, 34, 194
Zero counts, 134, 190192
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Sparse tables, 190194

Spearman’s rho” 38

Specificity, 51

SPSS, 267, 268, 271,274,276, 278

Square tables, 226249

Standardized regression coefficient, 142

Standardized residuals, see Pearson residuals

StatXact, 44, 65, 194, 264, 268, 269

Stepwise model-building, 127-129, 179180, 273

Structural zero, 191

Subject-specific effect, 231, 241

Sufficient statistics, 195, 204

Symmetry, 227, 234-235, 239-241, 253,
277-278

Systematic Component (GLM), 72

Tetrachoric correlation, 258

Three-factor interaction, 151, 160-162, 164

Three-way tables, 53-66, 150-158, 176-177,
185-190

Tolerance distribution, 79

Trend test, 34-39, 143, 188, 268

Uniform association model, 183

Wald statistic, 88,109
Weighted least squares, 261, 264, 276
Wilcoxon test, 38

X? statistic, 28, 89, See also Pearson chi-squareq
statistic
XMy | M), 197

Yates continuity correction, 43
Yule, G, Udny, 258-259
Yule's Q, 258

Zelen’s exact test, 66
Zero cell count, 25, 134, 190-193
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